On exceptional values of meromorphic functions

By S. K. SINGH and K. MANJANATHAIAH (Dharwar)

1. Let f(z) be a meromorphic function. For 0= |x| < == let n(r, ) denote the
number of roots of f(z) —x« in |z| =r. Further let n(r, x) denote the number of roots
of f(z) —« = 0in |z| =r each root being counted only once. For o = = let n(r, =) =
=n(r,f) be the number of poles of f(z) in |z|=r and let n(r, ==) =n(r,f) be the
number of poles of f(z) in |z| =r each pole being counted only once. Let

r

f n(t, o) —n(0, x) dr
1

Nlr,T:l:“-] = N(r.n) = +n(0. o) log r

and g
N(r, ) = N(r.f) = f B w’:"“}’ %) &+ nt0; sylog s
0
Let
NG, o) = f Bits “)“;m’ *) dr+7(0, ) log r
and 4

. = Yt o) — (0, o
NG, =) = N ) = [ HED=202)
0
Then clearly n(r, f) = n(r,f)+n(r,f) and N(r.f") = N(r,f)+ N(r.f) see NEVAN-
LINNA [1, 105].
Let T(r,f)=T(r) be the NEVANLINNA characteristic function, Let E denote
the set of positive non-decreasing functions @ such that

dt+n(0. =) log r.

f ~dx— is convergent
J xP(x) Cdsa
Then we say that « is an e. v. E if
ok T(r)
h?}.:.nf 000 0 for some @ ¢ E.

See S. M. SHAH [2].

If
6(r,a) = 6(x) = 1 —lim sup J::g’;)) -

0,
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then o will be called e. v. N (exceptional value in the sense of NEVANLINNA), see
[1, p. 79]): and if

. . o N@r,a
A(r, ) = A(x) = 1 —lim inf =0
(5 )
then o will be called e.v. V. (in the sense of Valiron). Also let
A N (r, o)
1 = ] =
A(x) = 1 ln:liup ")

and

5 _ s NP G-I, &)
u(r, a) = u(a) = ln:lﬂinf o)

2. We prove the following theorem.

Theorem 1. Let f(z) be a meromorphic function such that

S 6@)+ 3 ua) =1,
1 1

L}

where ay, a,, ... are any finite constants pairwise different, then, if *“=<="" is an e.v. E

for [(2),itis also an e. v.E for f(z) and conversely.

PROOF. == is an e. v. E for f(2). so é(==) =1, see S. M. SHAH [2]. But, it is known
that

1 M —ry P =
21 leup T¢.f) =2—0(<)— ji(=)...=1,
see NEVANLINNA [1, 104]. Also it is known that

i & TOTY cad > e
(2.2) hm.inf_T(r:f)- = Zé(a,-)-f—%'p(a,-) =1,

see WiTTICH [6,21). From (2. 1) and (2. 2) it follows that
T(r,f)~T(r,f).
"(raf’) s n(r,f)-l—ﬁ(r,f)EZn(r,f)

Now

Hence
Tnf) o1 0. o i=90ED
)~ 2 anNeE 2 a(n @)

Since “e=” is an e.v. E for f(z), it follows

L y g (% i
b ot e e

Hence < is an e.v. E for f'(2).
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Conversely if == is an e. v. E for f7(z), we prove that it is e. v. E for f(z) also.
Since o(f, =) =1,

lim YL)
sioe ST
But N(r,f') = N(r,f)+N(r,/)=2N(r,f), so
N(rf) _ 1 N(.S) T(r.f)
) 270, 1)70.0)

i N(r, £ N(r,f') . & Y i
e 4 2 pabel L o hare T~y e
SO
= N(r.f)
(= )-l—llm up T
But it is known that [6, 21],
[, /) =2—0(==)=1.

lim s
1m __1up T( f)
But, as before.

(r.f))
lli]linf T( f)

Hence T(r,f")~T(r,f). Now n(r,f)=n(r,f). So for r=rg,
T(r.f) (1—-2)T(r.f)

n(rn Ner)  nlr e

Now since = is an e. v. E for f7(z), so the right hand side of the above inequality
is positive, hence

= \0{: a;) + *u(r,aj-}:l.
l

T¢f)
Celole T T

So = is an e.v. E of f(2).

Theorem 2. If = is an e. v. E for a meromporhic function f(z) and > d(x%) =1,

then
o(f®,0)+0(fW,0)=2 for k=1,2, ....
PROOF. Since = is an e.v. E,
S(f, =) =1.
But
|ll'ﬂ. §up T§ f)) =2 —=0(==)—pu(==) =1,
Again
1(.Sf)_
: Y p + '5 =
llm mf T f) 3 (%) ey =1,

So T(r,f)~T(r,\).



On exceptional values of meromorphic functions 2

As in Theorem 1, since = is an e. v. E for f(2), é(f", =) = 1. Again, we have
[6. 18],

L

a i

So
N lr. ;] m |r. ;_) - mlr. ; ] . 5 .5: m(r,a)+S(r)=T(r. "),
_%; m(r,a;) +S(r)=m 'r? l- ) +O(1).
T &
Hence
5, o0 4 m(r,a;) Sr) .
1 f > - b= J(f", 0).
gl T(r.f) T f)" " ')
So
: S 5(r, a) =5(f", 0).
T(r.f) 1 '
hm.%up T——(r 7
But ‘
ln:nﬂ;s;up ]_"((E-jf')} =]
and
f o(r.a;) = 1.
1
Hence
a(f, 0 =1,
S0

o(f,0)+d(f, =) = 2.
Repeating the argument we get
O(f®,0)+o(f®, ) = 2.
Corollary. If == is an e.v. E for a meromorphic function f(z) and if further
j o(x;) =1, then g. the order of the function. must be a positive integer.
l For an alternative proof of the corollary see S. M. SHAH and S. K. SINGH [5].
Proor. By theorem 2,

S(f.0)=1, d(f. =)=1.

Hence
. N, U )+N@S)
pig e AT 0 L e ),
s T(r. /)
Hence the order of f'(z) must be a positive integer, because for non-integral order.
N(r.a)+ N(r. b)

=0 forall @ and b, (a=bh),

Iim sup

T(r)
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see NEVANLINNA [1, 51]. But the order of a meromorphic function is the same as
the order of its derivative. This proves the corollary.

Theorem 3. If there is at least one e. v. N for a meromorphic function f(z), then 0
must be an exceptional value of f(z) in the sense of VALIRON.

PrOOF. Suppose, if possibile 0 is a normal value for f7(z) in the sense of Valiron,
Then A(f”,0)=0. But, it is known that

ok TR
A(f. 0) IIT,,l_nf_T:(I'—.}:)-.— ; ()(ai)._

see [4]. So, Z"' 0(a;) =0, contradicting the hypothesis that d(a;) =0 for at least
1

one a;. Hence 0 is an exceptional value of f'(z) in the sense of VALIRON,
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