On the type of integral functions
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1. Let f(z)= 2 a,z" be an integral function of order ¢ and lower order A.
n=0
It is known ([1]. p. 9) that f(z) is of finite order if and only if.

i nlogn
(1.1 lim sup T
Further SHAH ([2]. p. 1047) has shown that if aa,, is a non-decreasing function
n+1
of n for n=n,. then
s nlogn
(1.2) lim inf - T

It is also known ([3]. p. 45) that for 0 <g <=

. sup n £ T
1.3 1 . o |0}~ =
el nlﬂ inf ep || t
|

< | forms a non-decreasing function of n
n+l |

for n=ny. Here 7, (0=T7T=-=<) and 1, (0=1= =) are known respectively as the
type and lower types of f(z).

We know that a function of perfectly regular growth is of regular growth, i. e.,
if type and lower type are the same then the order and lower order also coincide.
In this paper we obtain some results connecting the type and lower type of two or
more than two integral functions and we also show that an integral function of
type zero need not be of regular growth.

provided that for the inferior limit, " -

2. Theorem 1. Let f(z)= f a,=" be an integral function of order 9,(0 < p <= =)
n=0
a |

lower oder 4 and type T, (0 <T < ~=). If is a non-decreasing function of n for

Uy

n=nqy, then g(z)= > b,z" is an integral function of the same order g, lower order 7,
n=10
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and type zero if
(2. 1) la,| = ®(n) |b,|,

where ¢ (n) is monotone,

log®(n) = o(nlogn) and lim lognﬂ = o,

PROOF. e
1 1 1
lim sup |, " = lim sup [@(m)] " a,|* = 0.

N— o "=+ o

Hence g(z) is an integral function.

Now
‘ b | _ ‘ ®(n+1) _a,
Batr M) iy
1
Since ‘db(n i, is a non decreasing function of n for n=n,, B represents
P(n) busy

a nondecreasing function of n for n=n,. Let g(z) be of order g,, lower order 4,,
then

| A
fi DB L,
n-= INf  nlogn 1

But
log|b,|~! _ log®(n) logla,~"
nlogn  nlogn nlogn

Proceeding to the limits and making use of (2. 1) we get

2.2) 0,=0, iy=4h

Since f(z) is of type 7, for any =0, we can find ny(7) such that
2.3) e% |4::.',,]j <(T+¢g) for n=ny(2).

Now y

.. & -
i | e - ] "
2g bel” = [0 - o

Again, proceeding to the limit and making use of (2. 1) and of (2. 3), we get

lim sup-‘% |b,,l'7 =0

[ B

and hence the theorem.
Here is an example on the above theorem.
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Let f(z) =Z..' a,z" where
n=0

let n, =10, n.4, =(m)?** (p, q are integers, p,q=2) for k=1,2,3 ...,
logR, = d[nlogn—(m—1)log(n—1)], 6=0, for m=n=n}

and log R, =log R,p for nf<n=m.,, k=1, 2, 3,.... Then f(z) is an integral function

P+q 1 ple=ireatly . S o .
f order , lower order — and t —————, while g(2)= > g e—-mlogn)" zn
E po " Rk R Y 8¢) léo "
(0 =a=1), is an integral function of order %ﬂ lower order 3 and type zero.
It can be very easily seen that ‘iaa" || is a non-decreasing function of ».
n+1
_log|a,|~?
Let 0(n)= et
then
i
2 logR,
| T m=14ng
Ok nf log nf
for sufficiently large k, and
k41 i R"
“Z,:: g {n ., —np}log R,p po

0 44) ~

My sy logm, (P+q)m ., logn, . P+q’

From the assumptions of R, it is easy to see that lim sup 0(n) =4J and lim inf 0(n) =

n=* = n— o

=% . Therefore f(z) is an integral function of order pp_—;q and lower order %
]
n oy
Let Y= la,|".
Since il "
po P

it follows that

1 "
log Y (nf) ~]og£+logn[~% ;;Iog R, ~

~ logé+p]ognk—péglogn,.

Therefore
lim inf s (n) = 0.

A=toa
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Similarly

1 Mg a1
log ¥ (n,+ ) ~log —+ (p+q)logn,——2— 3 log R~
e

Higpq n=nf+1

1 o{ng,—nf}log R, 1
mlogaﬁ-(p%-q)lognk— R ~ IOgW.

Therefore

iy p(ii’* (p+g+1)

limy(n) = ————

nesen ¥ (r+q)

. ’ poe—Pra+l) | T
It can be again very easily seen that W)—w is the superior limit. Therefore
pae‘ (p+a+1)

f(2) is an integral function of type . Now g(z) satisfies the conditions

(p+9
of the theorem 1. If we move on the same lines as above we can see that order and

lower order remain the same while the type becomes zero.

Theorem 2. Let f(z)= f’ a,z" and g(z)= ﬁ’ b,z" be two integral functions of
n=0 n=0

a, |

8.0
amra‘”,l|+1 |

Jform non-decreasing functions of n for n =nq, then f(z) * g(z) = > a,b,z" is an integral
n=0

|
the same order 9(0 < o = =) and lower types t,. t, respectively. If | a l
| “n+1

Junction of lower type t such that
(2.4) 1=2V1,1,.

Proor. We have
1
lim sup |a,b,|" =0,

n = oo

therefore f(z)# g(z) is an integral function. Let this function be of order g,, then

-l - -1
L = lim inFM = lim inf log |a,| +liminf log Ib"l__
€1 o nlogn as= nlogn wew Nlogn
Hence
2.5) 1.2
g, @

Since f(z) and g(z) are of lower types t,, t,, therefore for every &£¢=0 we can find
positive numbers ny(g), ng(g). such that

W
(2. 6) = la ™ = (t;—¢) for n = ny(e)
and

2.7) e—'; by ™ = (1,—€) for n = n}().
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T herefore, in view of (2. 5). (2.6) and (2.7)

o1 1
n L 0 23
— |a,b,|" = — [(t; —&)(t, —&)]?
g lanbal” = L l0 =)t ~2)

for
n=max {ny(e), no(e)}.

Proceeding to limits and making use of (2. 5), we get (2. 4).
Corollary 1. [f(z) ¥ g(2)), = 2 (a,bn)"z" (m=1.2,3,...) is an integral function
n=0

of lower type t such that t=2m V;;r—b where t,,t, are the lower types of f(z) and

¢(z) respectively, and | - a_| > [-—bl'— are non-decreasing functions of n for n=n,.
Auy || Bnsy |
Corollary 2. Let fi(z) = 3 a,,z" represent m integral junrrfans of the same
n=0

a

order ¢ and lower types t,, (k=1.2. 3, ..., m) respectively. If |‘ s ‘ (k=12 ...)
n+1 k
1

are non-decreasing functions of n for n=ny then t=m (1,1,... t,)" . where t is the
lower type of

f‘l(-’-')*.fz(:)* '*./m(—) - Zau 1p,2++ um:"'
Theorem 3. Let f(z)= 2 a,z" be an integral function of order o(0 =0 <= c=).
n=0

1
; — = 1 .
If \a,|® ~ |b,| ¢, then g(z) = > b,z" is an integral function of order 5 and f(z) % g(z) =
n=0

a,b,z" is an integral function of type T such that

F

I
-

T = x e T T‘)
[Q Q]l 142

where T, and T, are the types of f(z) and g(z) respectively.
Proor, It is obvious that g(z) is of order I . Let f(z) % g(z) be of order p,.

then
-1 2
1 liminflogleaba " _ 1+e°
04 PR nlogn 0
Now
o1 T ]
" labi® ~n X 0w
e €g
Therefore,

lim sup% la,bal™ = (14 09T, .

=+ '
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Similarly we can show that

-

i n e l‘+‘0"
lim sup;-é-[a,,b,,l = 792 Ts.

r
e oo 1

o1

Therefore, ‘
1] s
T=|oe+—-|VT,T,.
l&’ 0 VT, 2

I am thankful to Dr. R.S. L. Srivastava for his kind guidance in prepa-
ring this paper.
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