On transformations of certain hypergeometric functions
of three variables

By H. M. SRIVASTAVA (Jodhpur)

1. Introduction

In the year 1893 LAURICELLA ([S]) conjectured the existence of ten hypergeo-
metric functions of three variables in addition to F,, Fg, Fc and F, defined and
studied by him. These ten functions, namely Fg, Fyp, F;, Fgx, Fy, Fy, Fp, Fg. Fs
and Fp, have been defined and studied by SARAN ([7]). In §§ 3 and 4 of this paper
I have obtained certain hypergeometric transformations associated with the func-
tions Fgp, Fp and Fp.

It may be remarked here that the functions F, and Fi chosen by me have
not been dealt with hitherto'), so far as their transformations are concerned. On
the other hand, no transformation into a known function has been previously
obtained for Fp. PANDEY [6]. however, gave the transformation

Fp(oy, oy, 0, By Bas Bis 71572, Y23 X, 0,2) =
X z

sl sy Ly Gl =y Bl sr—Ti 5=

+z—1" y—1" x+z-1)°

where y, +7y, = 1 +a,, and the new function
Ga(@, B, B v x,3.2) =
(x,n+p—m)(B,m+p)(f,n)

= X }’H:P.
m,n,p=0 (l-« m](l, ")(l.p)(}-‘, n+p— "l)

The four linear transformations of Fjp, given by me in this paper. connect this
function with either F,,; or Fy. Besides, I have been able to show that. under certain
conditions, the function Fy is reducible to Appell’s F,.

In the last section I have given some interesting cases of reducibility of the
remaining functions Fg, F;, Fg, Fy, Fy. Fs and Fy. Some of these reductions
yield very interesting results by putting two of the variables equal. For instance,
by putting y =z, the reduction formulae for Fg lead to well-known relations between
Appell’'s and Gauss’s hypergeometric functions.

) Vide [8], p. 294, last paragraph.
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2. Definitions

Following the notation of [7] the ten hypergeometric functions of there
variables are defined by the equalities

Fs(alya]!al!ﬁl!ﬁZQﬂz; }'1&)"2* '}’3;1',.1":5-') =

= < % S (2, m+n+p)B,,m)(B,,n+p)
i iS5 S (L, m)(1, (1, P) (71, mM)(V2, M)(73, P)

[r+ (V5 + V1) =1];
Fo(oey,ap,%,B15 B2, B1s 715725725 X 0,2) =

Q.1

Xy as

(2.2)

NS — (al m+ﬂ+P)(ﬁxam+P)(ﬁza")
; Z Z (L,m)(1, m) (1, p) (71, m) (72, n+P)

[(A=9)(s—1) = rs];
Fg(og, gy %5 By Bas B3l V15725725 X%, 0, 2) =

Xy

2.3)

_ sy v (g, m+"+1{)(ﬂlam)(ﬁz (B, p)
= 2 Z Z L,m)(1, n)(1, p) (71, m)(72, n+Pp)

[r+s=1=r+1];
FK(“I!“Z:-QZS Blsﬂlsﬁl; ?19?29 Tas X ) Z) e

mynzp

=
M
o
I
o
f""‘\

(2.4

v N 5 (2. m)(2y, n+p)(By, m+p) (B, n)
; Zo Zo Lm)(1, m)(1, p) (71, m) (72, 1) (73, P)

[(A—=r)(1—-5) =1];
Fy(aty, 02, %, By Bas Brs 715 V25 V25 X, 0, 2) =

x’”},\"vf’

@2.5)

-, j‘ <5 (23, m)(2y. n+p)(By, m+p) (B, n)
i=h it =6 (1, m)(L, (1, p) (31, m) (72, n+p)

[r+t=1=s];

X" P

Fy(oty, 23,03, By, B2y B1s Y15 V2, V23 X, ¥, 2) =
(2.6)

(1, m)(L m)(1. p) (712 m) (7. n+p) 3 s

[(1=r)s+(1—5)t = 0];
Fp(oty, %3, %y, Bys Brs Bat V1o V25 V23 X, 05 2) =

||M!

= a, m)(ay, n)(2y, ,it:r)(ﬂ1 m+p)(p,.n

2.7

[\4;

Zw, S? (oly s m+p)(:h n) (B, m+n)(B,.p) e
n=on=o =0 (L,m)(1,m)(1,p)(7,, m)(y2,n+p)

]
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[(st—s—1)% = 4rst);
Fr(ay, %3, %4, By, B2y Brs 715 V25 Y23 X 0, 2) =

(2.8)
- >y v .mtp)@,nBmtp)Byn)
B m;r: ; ; (1. m)(1, n)(1, p) (71, m) (2, n+p) ~ e
[s(1—V7)’+(1 -9t =o0];
Fs(oy, @2, 05, Bys Bas Bss Y15 V15 713 X, 05 2) =
(2.9)
oy s s (. m)(ay n+p) By, m)(By. ) (By. p)
™ & A o, m A mankn T
[PHe=rt 3= 1¥l;
and
Fr(oy, %,%, B1s B2y B1s V15 V1s V13 X 05 2) =
(2.10)

-

o r § % “lem)(&'z»""'P)(ﬁ: ’"+P)(ﬁ2 ") o
=2 2 Zo (L)L (L o) minip) ~

[r—rs+s=1];

where, as usual, (4, k)z.’._"‘ﬁ(_':;)@ )

m=0n=0

and |x|<r, |yl<s and |z] <.

3. Transformations of F..

BaiLey ([3]) has proved the theorem that
(3.1)  Fya, 857,75 2(1—2Z), Z(1-2)] = ,F(a, B; v; 2)2.Fi(a, B; 7’5 Z),

provided that y+y" = x4+ f+ 1, this formula being valid inside simply connected
regions surrounding z=0, Z=0 for which

Iz(1-2)|"2+|Z(1-2)|"2 < 1
From definition we have

Fe(oty, @3, 04, By B2y Bys 715725725 %, ,2) =

_ > @, 0,0
= 2 M m

Therefore, using (3. 1) we get
(3.2) Frlay, 29, 25,B15B2, 815 1+ 23+ B1 =72, 72, 725 x(1=2), 3, z(1 = x)] =

Fy(ag+n, By; 71, 72+n5 X, 2))".

S (%1, n) (B, n)

2Fy(ay+n By 14+ay+By—7,35 x)Fy(ag+n, Bys v24+n; 2y
(l H)(Pz,
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Applying Euler’s transformation [2]

-

3.3 2Fi(@, B v;2)=(1-2) ﬂzFl[}’—a,ﬁi?;'E—:_l .

we obtain

Flag, ag, 0y, Bys B2y Brs 1+ a3+ By — 72, 72, V25 x(1—2), 3, z(1 —=x)] =

G4 =-9n>3 (f;“,j'))((,f_’,:;’ Fi@+m Bis 142+ By =725 %)-

2 F; [}’1_11.- Bii v2tn; E-—l >

On expanding Gauss’s functions , F, inside the summation and comparing the
resulting triple series with (2. 6), we obtain the transformation

B.5) Felay, 00,2, 84,85, 81 1+ +By—72, 72, 725 x(1=2), y, 2(1 = x)] =

=(1-2) mFN[ﬁl*}‘2_'21'062'1[*{}1*11; 1+, + By — 725 V25 725 X, "-—l’y]'

Now, using the transformation [2]

(3 0) 2Fl(1$ ﬁ; j x) o= (l_-\‘) azFl [CI. }'—ﬁ; y “—;-—l]

in (3. 4) and comparing the resulting triple series with (2. 6). we get the transfor-
mation

Fploty, 04,01, B1s Bas Bas 1+ 0+ Bi—72, 72, V23 X(1=2), y, 2(1 = X)] =

3.7 =(l-x)"*(1-2) 'B'F.\'[l + oy — V2, Y2— %1, Bay 2y By 245

L+ay+ By — 72, Y25 V23
If we use the relation [2]
(3.8) 2Fi(a, B;y;2) = (1—2)—*8,F (y—a, y—B; 7; 2)

in (3. 2) and compare the resulting triple series with (2. 5), we obtain the transfor-
mation

3.9 Fplay, o0, 20, Bys B2y Brs 1+ + By — 72, 725 725 X(1=2), y, 2(1 = x)] =
= (1=2)2= =21 Fy(Bys Bas B2y @1 72— 045 %15 V15 V25 V25 X, 2, D),
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and if we use both (3. 6) and (3. 8) in (3. 2) and proceed as above, the transformation

Feloag,ay, 00, B1, B2, Brs 1+a,+ By =72, 72, 72: x(1=2), », z(1 —X)] =
(3. 10)

= {1 =X {1 =2)fm ﬂ'FM[l+11—Yz'ﬁzsﬁz~~'xh3'3—9‘1-'113

s e
T V2 V2 B T 1‘]

is obtained. both the transformations being valid when y, = f, +f, and
T1+72 =1+ +5;.
Now, let us write

Fe(ay, 00,00, By, B2, P15 71572, Y25 %, 0,2) =

= ,,2:, -(%1—'45)-(%—5) 2@ +p, By +p. B2: 11, 72+ P; X, Y)2P

Using then the transformation [1]

(3. 11)

* * ’ » “'
(3.12) Fz(a:ﬂ,ﬁ:?,?:-r,y)=(l—y)"Fz(m RY=P 0T T {1

and expanding the resulting Appell’s function F, inside the summation, we get the
interesting reduction

Fe(ay, 00,00, B1,72=B1s Bri 715725 725 X, 0, —Y) =

(3.13)
—X
= (1—=y) " F |y, B V15 V23 )—,-_—l.}:v_—l]
4. Transformations of F, and Fy
On writing _
Fp(oy,0,0, By BrsBas V13 Y25 725 X, 0,2) =
4.1

-

Z (23, 2) (B2, P)
(1.p)(72.0)
and using the relation (3. 12), we obtain

Fp(ay, @, %, Bys Brs V2—%23 Y15 V20 V25 X 3, 2) =

Fy(By, 04 +p, %55 71, V2+P;5 X, )27,

4.2)

=(1=y) B H, |2y, Brs 72— %25 V15 V23 l—
where the new function
H,a,B,;77:xy2)=
4.3)

(2, m+p)(f,m+n)(f',n+p)
o n=o = (1, m)(1, m)(1, p) (7, M) (Y, n+p)

Ms

xmynzP,
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Similarly, on rewriting

Fp(ay, 0z, a5, By, B1s Bas V1 V25 V23 X, 0,2) =

_ 5 @2 m(Biun)
n=0 (ls ")(}'2’ n)

and using (3. 12), we get the transformation

(4.4)

Fy(ay, By+n, By 71, 72+0; X, 2))",

FP(xlsazaalfﬁliﬁls Y2—%5 V1725 V25 x, 2=
.5)

X —

v I—Z “H L] ] y 713 g Tt Yy et §
( ) a2 Brs%2i 715 72 1—2' "1z

The equality (2. 8) can be written as

Fr(oty, o, a1, By, B2y Brs V1572, 725 X, 0, 2) =

: n;; (?_i%)z‘%i;‘)* Fa(@y, By 715 Y215 X, 2) Y™

Using the relation [1]

(4. 6)

1 1 1 —~—2a 1
Folvat—; v —sx,y| = = (0+Vy) " ,F |, a+—; 7;
4[ 51 y] ; ¥, 1[ >
4.7)

X ] &
(1+Vy)?

| X
+ — (l-—l’ I[I,d—l— sy
: (1-V3)
we obtain
1 )
Fy anaza“lsar‘l‘i,ﬁzsﬁh‘l‘i;'i,'}’zs}'z,-\'-}"e-’ =
4. 8) =l(l+V§) e u. e +—l-'y N =, ¥
i 2 S b YT
':"l(l—V..‘.;)__z:’F} ﬁz,ﬂl, ﬁz, C(l+-1‘; }'2;}", __"—'E'___zl.
2 3 (1-¥x)
5. Some reducible cases
On writing
Fg(oy, 00,0, By, B2y Bas V15725 V33 X, 0,2) =
(5.1)

Zu' P)(ﬂzsP)

Fy(xy +p, +2; V1> V235 X, Y)2P,
S W) 7, p) (2@ P Brs B2 p; Y15 725 X, 9)
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and using the relation [1]

(5.2) Fy B BBy %) = (1—x) ’zﬂ(a,ﬁ’;?’; . ]

l—x

we obtain

Fe(ag, @y, a5, By, B2y Bas Brs V2. V35 %, 0,2) =
(5.3)

y z
= (1=-x)""F|ay, B; '}'z-.}’s;'l'_—x‘ l--.\‘]'

Similarly, we get

Fo(oty, 2,00, By, B2, B35 Brs ¥2:72: %, 0,2) =

(5.4)
15 z
= (l—x)"F, ['951: Ba. B 72 Ti_x' 451 _\]
Fy(ay, 25,0, By, B2 Bii 74 Bas 733 X3, 2) =
5. 5)
=(1-y)2F, [Ifl- Xys %2y VisVas X l:_};]’
Fy(ay, 05,9, By B3, Bys @1y Y25 735 X, 0, 2) =
(5. 6)
_— R By ‘,‘ X LN ;-’r_“ e t_._: .
=9 5F [ss Bs B 720 1330 12
Fag (@, 2, %5, Bys B2y Brs 21,5 V25 725 X, 0, 2) =
(5.7) _
= (1—-x)""1Fy |2y, By, By: V25 ) li\’l
and
Fy(ay,03,%3, By B2 B1s 215 Y24 725 X, 0, 2) =
(5.8)

.——(l—-.\‘) ﬁ'lpj(qzaz_]- ﬁz-ﬁl;}’l:y‘-_ij I.

X

71

It may be mentioned that the transformation (5. 8) was previously given by
PANDEY [6] by using Pochhammer’s double loop type integral for Fy, namely

Fy(oy, 03,03, By, Bas B1s s 0+050+¢05 x,5,2) = — (2ni)?

-f(~r)<" Y=t F (2, Bas 3 D F3 By 2y 23: 710 075 X, (1= 1)2] d,

where |x|+|[(1—1)z| <=1 and |ty| <1 along the contour.

r(—eor(1-o)re+e).
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Also. on writing

Fp(oty,25,%, B1s B2y Bis 715 V25723 X, 0, 2) =
(5.9)

e 3 (12‘")([}29 n)
- n;l‘l (l.. n)(}’!’ ")

Fy(Bys 21593+ 05 74, Y2+ 05 X, 2) )7,
and using the transformation [1]

’ ] x
(5. 10) Fy(a, B,8;:7.0;: x5 = (1—y)*F | B; 7: m]
we obtain the interesting reduction

Fy(ag, a3, 0, Bys By Brs 11,92, 025 X, 0,2) =
(5.11)

X
==y "t(1-2)"#,F, |as, B1; 113 _lj]
Now, writing
Fs(oty, 23,25, By, ﬁzs ﬁsi YisT1s 713 X ), 2) =

i s (2, m)(By, m)
m;r‘a (1, m)(yy, m)

(5.12)

Fy (23, B3, B3s 71+ m; p, 2)x™,

and using the transformation [1]

Fi(a, B, B’ v; x, ) =

(5.13)
y—a—§ -p’ ’ 7] J’_x
ol e ) i ¢ Lo R ?fa,?—ﬁ——ﬁ,ﬁ;?;x,y_,
we get
FS(alaaz’zhﬂhﬂzaﬁﬁ }'u}'ls'}'l;-\'»}',:):
(5. 14)

= (1-yy1=t(1—-2)"PF, |y, By, Bs; Y15 X+Y— X, ::{]’

where y; = o, +a, = B+ B, +B;.
Two particular cases of (5.14) are

Fs(ay, 5,0, B1, B2, B35 71571 V15 =0 )5 2) =
(5.15)
==yl )t F ai.-ﬂ.,ﬁ;:?l:yz,l—:-%

-
-
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and

Fglag, o2, 0, Bys Bas Bas 714 715 715 l%y’y’:] =
(5. 16)

= (1=y)y1-F2(1 —2)~PsF, |ay, B:, B3; 71: 2), : {]
where, as before, y, = a; +a, = B, +B,+8;.

It is interesting to note that by putting y =z in (5. 14), we get the well-known
transformations [1]

Fy(@, 71—, B1s 1—B1s 113 X, ¥) =

= (1=y)+br=1,F [ay, By 715 1 = (1 =x)(1 =Y)]
and

Fy|ay, Bys Bat Bas Byt Ba+ B x, ﬁ]=

= (1=y)"2F %y, By; Br+ B2+ B3 x+(1—=x)y],

the latter being a particular case of (5. 18) below.
Lastly, writing

FT(“I*'Iz'erz-ﬁlsﬂz,ﬁl; Ti> V15715 X% ), 2) =

j’ %y, m)(fy. m)

F s, L) +m; +m; ’zxm=
el (l m)(fl,m) I( 2 ﬁz ﬁl },1 y )

(5.17)

= Sy PO m s v 1

and using the relation [1]

, , x_
(5. 18)  Fi(w BB B+F X, 0) = (1=p) %2 F, [“~ﬁ;ﬁ+ﬁ'? ‘i?f?]
we get the reductions

FT('IIDIZ*‘IZ‘BI)?l-ﬂl*ﬁl; Y1s Y1s Y1 -“9.}’1:) =
(5.19)

= (1=y)"F, [ﬁl Ay A3 Fri Xy 1:)’

=(l=-2z)2F, lﬁl-. oz Bis V1—B1s 115 X, i}:;]’
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and
Fr(og,0p,%,B1, B2, B1s 1+, 2+ 05,0, 4+0; X, y,2) =
(5.20)

zZ—Xx
= (1=x)"2Fy |ay, B2, Bys @y + 235 ¥, 5— ] g

-_—
4

p—

X~z
= (1—-2)"MF, ['119'-'12, Bys Bai oty + 25 l__,‘."]-

On putting y =z in (5. 19) and x =z in (5. 20), we obtain the interesting reduc-
tions

(5.21) Fplay, az, %3, By, B2, Brs 715 715 715 X, 0, 9) = (1=p)=%2, Fy(2y, By; 715 X),
provided that y, = B, +f,, and
(5.22) Fplog, 03,02, By, B2, Bys V15 V15 715 X% 0, X) = (1=x)"P1, Fi (a3, B2: 713 )),

valid when y, = o) +a,.
I am thankful to DR. S. SARAN for his interest in the preparation of this paper.
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