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A note on M-harmonic Besov p-spaces

By MIROLJUB JEVTIC (Beograd)

Abstract. Two new characterizations of the M-harmonic Besov space MBP |1 <
p < 00, are given.

1. Introduction

The class of MBP-harmonic (and thus holomorphic) Besov p-func-
tions was studied by several authors (see [2], [3], [4], [5], [7], [9], [10], [12]).
Motivated by the characterizations of M-harmonic Bloch space M B>
obtained in [7] we give two new characterizations of the space MBP 1 <
p < 00, (Theorem 1).

The class of MBP-functions, 1 < p < oo, which contains the space
MB?, was defined and characterized by M. PAVLOVIC and the author in
[6]. We close this note by stating several additional characterizations of the
class MBP (Theorem 2 and Theorem 3). Since they are straightforward
extensions of the well known results on M-harmonic and holomorphic
Besov p-functions, the proofs will be omitted.

Let B be the open unit ball in C™ and S the unit sphere in C™. We
denote by v the normalized Lebesgue measure on B and by o the rotation
invariant probability measure on S.

Let A be the invariant Laplacian on B. That is, ﬁf(z) = A(fo
©.)(0), f € C?(B), where A is the ordinary Laplacian and ¢, the standard
automorphism of B taking 0 to z ([11]).

As in [11], we say that a function f € C?(B) is M-harmonic in B,
feM,if &f(z) = 0 for every z € B.
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For f € CY(B), Df = (g—i, e %), denotes the complex gradient
of f, Vf = (%,...,%) , 2k = Togp_1 +ixok, k = 1,2,...,n, denotes

the real gradient.

For f € CY(B) let Df(z) = D(f 0 ¢.)(0), z € B, and Vf(z) =
V(f o ¢.)(0), z € B, be the invariant complex gradient of f and the
invariant real gradient of f respectively.

Let 1 < p < oo and let B? be the linear space of all functions f €
CY(B) such that || |[Vf] |Lr(r) < 00, where d7(z) = (1 — |z[*)7" dv(2).
We shall call MBP = M N BP, 1 < p < oo, M-harmonic Besov p-space.

Theorem 1. Let f € M, 2n < p < oo. Then the following statements
are equivalent:
(i) feMmBr,
(i) [(1—|2>)P "V f(2)|Pdv(z) < oo,
(iii) [p(1 =[P HIRf(2)|P + [Rf(2)P)dv(2) < oo

n n

N L0 RN~z O : e

Here, as usual, R = '21 %5 B = > %5 are radial derivatives.
J:

2. Proof of Theorem 1

For the proof of Theorem 1 the folowing lemmas will be needed.

Lemma 2.1 ([7]). Let 0 < r < 1. There is a constant C' such that if
f € M then

(a) |TyRf(w)] < CL—|w)~V2 [ ) [Rf(2)ldT(2), w € B,
(b) Ty Rf(w)] < C(1L— |w*)712 [y () IRF(2)|dr(2), w € B,

(© 1Ty f(w) < C(1—wl?)V2 [, ) [F()ldr(z), w e B.
Here, T;; = ziaizj — Zja%i denotes the tangential derivative.
For z € B and r between 0 and 1, E,.(2) = {w € B : |p,(w)| < r}.
We set |E,.(z)| = v(E.(2)).
In this note we follow the custom of using the letter C' to stand for a
positive constant which changes its value from one appearance to another
while remaining independent of the important variables.
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Lemma 2.2. If s > 1, then

/1 dt - C B
< ,  Z,W .
0 |1_t<zaw>|8 |1_<Z=w>|s_1

Lemma 2.3 ([11], p. 17). If « > 0, then

/s |1 —Oéz,(§>)|n+a =0 (m) , 2 € B.

Lemma 2.4. For 0 < s <t we have

1 s—1
(1-p) —t
<C(l—r)° < 1.
/0 (1—rp)tdp_c( ), 0<r<

PROOF of Theorem 1. In [8] it is shown that
Vf(2)* =2(Df (=) + |Df(2)?)
(2.1) =2(1 = [zP)(IDf(2)* = |Rf(2)]* + |Df(2)]* = IRF(2)]?).

An application of Cauchy—Schwarz inequality shows that |€ f(z)] >
(1 —12|%)|Vf(2)|. Thus, (i) = (ii).
(ii) = (iii). It is easy to see that if (ii) holds then

por o a | OF P |
/(1—\z| Pt | 2 o () < 00, 1<j<m,
B 823
and
por o a | OF P |
/(1—|z| Pt 5L (2)] du(z) <o, 1<j<nm,
B 8Zj

which in turn implies that

/B (1= |22 | Rf ()P (z) < oo
and

/ (1= |2 | RF()Pdv(z) < oo,
B



310 Miroljub Jevti¢
(iii) = (i). Assume, now, that
/ L =[P THRF ()P + [Rf(2)|P)dv(2) < oo
B
It is easy to check hat

2*|Df ()" = [Rf(2)]* + Z T3 f (2)]%.

Using this and (2.1) we find that

LRIV =201 = 2 [(1 = RSP + IRF()P)
+ DI )2+ 3 T F)R)

i<j 1<j
Hence, to show that f € MBP it is sufficient to show that
[ =B T TG + TP <o, 1<i<j<n
B
An integration by parts show that
1 —
£ = [IRF() + Ri(e2) + )i
0
From this we conclude that it is sufficient to prove that
P 1 1 P
[a-EeE ([nutai) avs <o 1<i<i<n
B 0

where u(z) = Rf(z) or Rf(z) or Rf(z) or Rf(z) or f(2).
We will show that, for fixed 1 <i < j < n,

I= /B (1—]2?)7 """ </01 ]Eij(tz)]dt)pdy(z) < 00.

The remaining cases may be treated analogously.
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Using Lemma 2.1, Fubini’s theorem and Lemma 2.2 we find that for
any s > 0

R 1 RE)I(~ )"
/O |T;;Rf(tz)|dt < C/O (/Er@z) 1= (tz,w)|ro+i d( >> dt
1 |Rf(w)|(1— ]w|2)8dy(w)
SC’/ (\/B ’1_t<z’w>’n+s+% )dt

0
s [ dt
= ¢ [ i) (| S v
RE)I(1— w]?)’

|n+s+%

dv(w).

B |1—{(z,w)

Applying the continuous form of Minkowski’s inequality we obtain

1
I< c/ (1—r)s 1
0
p

'  )do(€)\” 1/p
) </0 (/s( S |]T{(—p§(3~|§(}p§>|p2+cj+(;)) dU(Q) dﬂ) dr.

By Holder’s inequality

/ [Rf(p€)|do (&)
s |1 —(r¢, p&)ntets

. /p . /v’
oo s () (et

C ( / R (p)[Pdor(€) )/

= ey nto+]
(1 —rp)tet=)ip 1= (r¢, pg)|" o2

by Lemma 2.3. Now we substitute (2.3) into (2.2) and use Fubini’s theorem
and Lemma 2.3 to get

. L—n-1 ' (1_ )s
24 1= C/o = </0 (1- rp)<sp+;>/pf

(L) o) )
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B 0/1(1 —F (/01 a —(ip_)gf 7
< ([ I1Rseraso [ - - = |n+s+2)1/pdp>pdr
<o [a-ns n—l( [
x ( / \Rf(pfnpda(f)) v d,o)pdr.

A simple observation shows that it is possible to select positive pa-
rameters s, ty, to, t3, t4 such that

(i) s =11+t =13+ 14,
33 1 _ 3 _ ntl
(11) 7 < i3 1 < 5 p
(i) 1—25 <t

Applying Hélder’s inequality on (2.4) and Lemma 2.4 we obtain
/ /v’
! P 1 1— t1p d p
Iso/ (1—r)8-n-1 / d=p)”dp
1 t
(1—p)=P (/ ) )
X 1 R Pdo d dr
</0 (1 — rp)tatdr \ Jg [Rf(p§)|Pdo(E) | dp
1 . 2
< C/ (1 — T)STp_“+(t1—t3)p—2 / (1 — p)t pl
- o o (1 —rp)tatar
< ([ Irrperan) dp> >
1
_C /
0
! — 3710_”"’('51—153)17—2
X / (1-r) : dr i
0 (1 —rp)tatzp

= w2t w)|Pdv(w 0.
—C/B<1 W) R f () P () <

o ([ Rrporaso)
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This finishes the proof of Theorem 1.

3. Class MBP

For fixed r, 0 <r <1, 0<p< oo and f € C(B), we define

~ 1
f(zr) = O] e f(w)dv(w),

1 N 1/p
MOpf(Z;T)=<W ET(Z)If(w)—f(Z,T)IpdV(%U)> :

0 <p< oo,
MOuf(z7) = sup {|f (w) = f(z.7)| s w € B ()}

1/p
: = ! w) — f(2)|Pdv(w
MOpf(z,r>—<|Er(Z)| [ 1) = s >> ,

0<p< oo,

and

MO} f(z,7) =sup{|f(w) — f(2)| : w € E.(2)}.

A function f € C?(B) is said to be of class My, 0 < L < oo, if
IAf(2)] < Lr2MO?, f(z,r), for all z € B, 0 < r < 1, and of class M if

f € My, for some L > 0.
The following characterizations of the M-Besov p-classes MBP =

M N BP are extensions of the well known results on M-harmonic and

holomorphic Besov p-spaces.

Theorem 2. Let f € M, 1 < qg<o0,0<p<gq. Then the following

statements are equivalent:

(1) [1QpfllLecry < oo, where Qpf(z) = [|f o . — f(2)llLrw),
z € B,

(i) f e MBY,
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(iii) [|Qfllze(r)y < 00, where

((DF(2), @) + |(DF(2), @) [2) "/
lw|=1 (G,w,w)

and

1/ &
G, = (82]32 log(1 — |z*)~" ) :

Theorem 3. Let f € M, a > —1,1 < g< oo and 0 < p < co. Then
the following statements are equivalent:

(i) fe MBY,

(ii)) MO, f(-,r)€ Li(r), for all v, 0 <r <1,
(iii) MO, f(-,r) € L), for somer, 0 <7 <1,
) MO,f(-,r)e Li(r), forallr,0<r <1,

) MO,f(-,r)e Li(r), for somer, 0 <r <1,
q

. z 1—12|)%1 = |w®)”
(vi) //’f )~ |1—)’(z(,w>|’2”|+)2+(20‘ [wl”) dv(z)dv(w) < 0.
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