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On integervalued generalized g¢-additive solutions
of linear recursions

By CS. SARVARI (Pécs)

Abstract. Let be given a natural number ¢ > 1. The system {Ro, R1,...} of
sets
R,=q¢'{0,1,...,q—1}={¢" - m|m=0,1,...,q—1} (=0,1,...)

is called the numbers system of basis q. Fuctions being additive with respect to the
numbers systsem of base q are called g-additive functions. (A. O. GELFOND. [1]) Let

P(z) = agz® + - 4+ a1z +ao, P(x) € Zlz],

and
P(E)f(n) =arpf(n+k)+ - +aif(n+1)+aof(n),

where f : Ng — Z.
We give necessary and sufficient condition to existence of an integervalued gener-
alized g-additive solution of the linear recursion

P(E)f(n)=c-n (Vn € Np)

Introduction. We write Z, N, Ny and C for the sets of integers,
positive integers, non-negative integers and complex numbers, respectively.

Definition 1.1. Let R; C Ny (i =1,...). The system R ={Rg, Ry, ..}
is called an R-system if
(a) 0€ R;and 1 <cardR; < oo (i=0,1,...);

(b) for every 0 < i < j, the least positive element of R; is less
than the least positive element of R;;

(c) each n € Ny admits a unique decomposition of the form

(1.2) n:Zri (ri € Ri; s>1).
i=0
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Definition 1.3. Given an R-system system R, a function f: Ny — C
is said to be R-additive if

f(0)=0 and f(n) = f(ro) + -+ f(rs)

with the decomposition (1.2) of the number n. Given a natural number
q > 1, the system {Rq, R1,...} of the sets

Ri=q¢{0,1,...,q—1}={¢"-m|m=0,1,...,¢q—1} (i=0,1,...)

is called the number system of basis q. Functions being additive with
respect to the number system of base ¢ are called g-additive functions.

The concept of ¢g-additivity goes back to A. O. GELFOND [1]. The
concept of R-additivity was introduced by J. FEJER [2] as a generalization
of ¢g-additivity. For any complex constant ¢, the function f(n) = c-n is
R-additive with respect to every R-system. Let

P(x) = apa® + -+ axz+ag, Px)cZx].

For any function f : Ny — Z we write

(1.4)  P(E)f(n)
=apf(n+k)+ap1fin+k—1)+-+af(n+1)+aof(n)
Consider the condition
P(E)f(n)=0 (mod n) (Vn € N).
Hence, for R-additive functions f : Ny — Z, it follows
(1.5) PE)f(n)=c-n (Vn € N)

with a suitable rational integer ¢ (see [3], [4]). In the case ¢ = 0, (1.5)
can obviously be solved and the only interesting task is to investigate the
structure of the solutions. Our aim in this paper will be the investigation
of the solvability of (1.5) for ¢ # 0.

Theorem. Given an R-system R, let d > 2, P € Z[x] with deg P <
d—2 and let Ry ={0,1,...,d — 1} in the system R. Furthermore let

Pi(z) = (P(a:), il 1) P = g((f;))

r—1

and let ¢ # 0 be a fixed constant. Then the linear recursion

(2.1) P(E)f(n)=c-n (Vn € Np)
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admits an integervalued R-additive solution if and only if
P(1) #0 and P»(1)]|c, furthermore

(a) 2P5(1) | ¢ whenever deg Py(x) > 1 and P'(1) =0 and
(z+1) | P(z),

(b) P2(1)| P5(1) - ¢ whenever degPi(z)>1 and P'(1) =0,
(c) P'(1) =0 whenever Pi(z)=1.
We shall make use of the following lemma.

Lemma. Let ¢ # 0 be a complex constant, Ry = {0,1,2,...,d — 1}
and let P*(x) € C[z] be a polynomial of degree at most d — 2. Then there
exists an R-additive function f(n) satisfying the condition

P*(E)f(n)=c  (Vne€Np)

if and only if the polynomial P*(x) is of the form P*(x) = (z — 1)P(x)
where P(1) # 0. The solutions are precisely the following functions f(n):

C c

d—1
(2.2) f(n) = gy + 2™ = iy o)
§=0

where p = exp(2mi/d) and the coefficients b; (j = 0,...,d — 1) have the
following properties

(i) bj=0 if P*(p))#0 (j=0,1,....d—1),
d—1

(i) > by =0.
§=0

PROOF. See [2].
PRrOOF of the Theorem. If f(n) fulfills the equation (2.1) then
(2.3) P*(E)f(n) = AP(E)f(n) =c (Vn € Ny)

where P*(x) = (x—1)P(x). According to the Lemma, the linear recursion
(2.3) has an R-additive solution f(n) if and only if P(1) # 0. The solutions
have the form (2.2) and satisfy conditions (i) and (ii).
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Let P(n) be of the form (1.4) and let f(n) be a solution of (2.3).
Then, on the one hand, we have

PE)f(0) = PUE) e+ 0) ) = PUE) s+ PB) )

= akﬁOﬁ—k) + ak_lﬁ(nﬂc—l) T +a1ﬁ(n+ 1)

C
+ap=—~n—+0+bo(ag + -+ ag)

P(1)
- P(E)%n + P’(l)% +boP(1) =c-n,
that is
(2.4) ]; ((11)) ce+boP(1) = 0.

On the other hand, since f(n) is integervalued,

Hence for n = 0 we get
(2.5) 1;1/((11)) c+boPi(1) € Z,

and for n = 1 we get

(2.6)

Thus necessarily
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I. a) If P’(1) = 0 then by (2.4) we have by = 0. Then (2.6) implies
o c —I—Pll(l)c: c +P1’(1) o c
P@1)  P(1) P(1) Pi(1) P(1)

thus
P{(1) c

Pi(1)  P(1)
Since P;(z) is a symmetric reciprocal polynomial, it is easy to see that

h

"R = P()
where h denotes the degree of Py(x). If (x + 1) | Pi(x) then h is odd,
otherwise h is even. Therefore, by the relation

P{(1) ¢ _ ¢ h

) BO - Ra) 2L
necessarily 2P5(1) | ¢ whenever (z + 1) | Py(x).
b) If P'(1) # 0 then, by (2.4),
_ P(1)-c
©= TR
and, by (2.5),
Pl(1)-¢  P'(1)-c
Py~ Py W
_B()e BMBOPO PO PO e
TP PM-RL T TRMe ROST

or equivalently

P(1) | Py(1) - c.
We show that some integervalued solution exists whenever the conditions
are fulfilled.

We have to prove now that some integervalued solution satisfying (2.4)
always exists. Namely, if (2.4) holds then the solutions of (2.3) satisfy also
(2.3).

Let the solutions of (2.3) be the functions

d—
(2.7) f(n) = %n +3 b= A, (YneNy)
j=0
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where A,, € Z (Vn € Np). It is not hard to see that f(n) € Z (Vn € Ny) if
and only if f(n) € Z for n =0,1,...,d — 1. From (2.7) we deduce

d—1
c
9. Y bt = Ay — —0,1,...,d—1).
(2.8) S_Obp P(l)n (n=0 d—1)

Multiplying the respective equations in (2.8) by p=/" forn =0,1,...,d—1
and then summing up, we get

d—1d—1 d—1 d—1 d—1 d—1 c

(s—j)n _ (s—j)n . 0 _ _ —jn
D DINESLES DU DASRTI) DL B (I P
n=0 s=0 s=0 n=0 n=0 n=0

s#]
d—1 c
= ap " i =0,1,...,d—1; ¢, = Ay — =—n).
nzoc p (j c "

Hence
db; =C(p™)  (j=0,1,...,d—1)

where C'(p~7) is a polynomial with rational coefficients in p=7. If P(p?) # 0
then b; =0 (j =0,1,...,d — 1). Thus then we have C(p~7) = 0 whence

C(p?) = 0. Therefore, with the notations

xd — T
K@ =21 g - fjf(;}
the polynomial
C(x) =Ag+ (A1 — %)x o4 (Agoy — (dP_(ll))C)xdl

where Ag = 0 (since f(0) = 0) satisfies

Q(z) | C(x)
and Q(z) is a product of circle division polynomials.

a) If P’(1) = 0 then, according to (2.4), the condition by = 0 is
necessary and sufficient for a solution of (2.3) in order to be also solution
of (2.1). Then necessarily (x — 1)|C(z). Thus, with the notation C(z) =
xS(z), we have S(z) = (z — 1)Q(x)B*(z) where B*(z) is a polynomial
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with rational coefficients. Let ¢y be an integer satisfying condition (a)
and let co
A= ——
P (1)

where A\ = 21, A1 € Z whenever (z + 1) | Pi(z). Then

C(x) =aS(x) = Ayx + -+ Ag_12%7 1 — C—O(:U 4o (d = 1)z,

P(1)
Hence, with the notation A(z) = Ay + Az + - + Ag_12972,
S(x) = A(x) — P1>E1) (142244 (d—1)z?7?)
= Alw) = K@) = (0= DQ) B (a).
Therefore
Ao =1) = FsK @) =1) = (0= 17Q() B (0)

Since K'(z)(x — 1) + K(z) = dz?~ !, we have

A(z)(z —1) — %xd_l — Q) (2 — 128" (z) — %(UPl(x) .

Here Q(x) is a principal polynomial with rational coefficients and P;(1)|d.
Consequently, the polynomial

L(z) = (z — 12B"(z) %(Dpl ()

has integer coefficients. We show that the polynomial B*(x) can be chosen
in a manner such that we have
L(z)=ax+b
with suitable constants a,b. We have then
A
L(1) = b=-\; L'l)=a=—-—=—P/(1)eZ
( ) a -+ ) ( ) a P(l) 1( ) <

and hence a,b € Z. Therefore B*(x) and then the polinomial A(z) for the
solution can be constructed.

b) Case P’'(1) # 0. Now let
P(1)C(x) = B(z)Q(z) where B(z)=x-B(x) =z P(1)B*(x).
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Then (z — 1) 1 Q(z)B(x) since B(1)Q(1) = P(1) - d - by # 0. Taking into
account that (by (2.4)) by = —P’(1)c/P?(1), we have

BA)Q(1) = P(1) - d- by = — LA P ()d __ edP'(1)

P PO
Since d = P(1) - Q(1),
B(1)- Q) = - PRSI,
B(1) = —p 5 P/ = =5 g (BP0 + P (DF5(1),
B(l)=—c-P/(1) —c- P1(1)P2(1)£22;((?)
Thus we have obtained that
(2.9) B(1) = —cP}(1) — P(1) - c- 22((?)

On the other hand, now we have
$(@) = Q) B*(@); C(a) =z S(z) =2 Q(x) - B(x).

Hence, with the transformations used in a),

A= 1) = 5o = Q) |0 = DB (@) = 555 Al
Lw) = (e = DB (@) = Al (L) € Ziz)),

We shall seek the functions L(z) in the form of a constant. We have
L(1) = —X and hece L(x) = X identically. Since A\ = ¢/P5(1), with the
notation B(x) = P(1)B*(x) it follows
— Py(x) ) c (Pl(x) >
x—1)B(x)=P(1) [ A —-A) =P(1 —-1].
(r= 278 =20 (3 Wem R
Thus

(z = 1)B(z) = c(P1(z) — Pi(1))

Cpl(sc) — Pl(l) .

Blz) = r—1
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Therefore lim,_.; B(z) = B(1) = ¢P|(1). Since B(z) = 2B(x),

(2.10) B(1) =1-B(1) = cP/(1).
The coefficients of B(x) are (mod P(1))-uniquely determined, since
d—1
P(z)C(x) = > (P(1)A; —ic)a’ = Q(z) - B(x).
i=1

However, we shall show that the polynomial B(z) satisfying (2.9) can be
constructed by modifying the coefficients of a polynomial B(x) satisfying
(2.10) in a manner such that B} = B; (mod P(1)) should be preserved for
i=1,....d—1.

Observe that we have

—2¢P{(1) =0 (mod P(1))
because P»(1) | ¢ and 2P{(1)/Py(1) € Z. Let kP(1) = P/(1)(—2¢). Then
po Bi)(=20)  PI(1)(=2) ¢

P(L)Py(1) (1) P(1)
Pi(1)(=2) c

I Ry XY

= —hA\.

Thus
P/(1)(=2c) = —=hAP(1) = h(=AP(1)).

Since deg Py (z) = deg B(x) = h, By = 0 and c- Py(1)/PZ(1) € Z, we can
construct the polynomial B(z) satisfying (2.9) by subtsracting P(1) from
every coefficient of a polynomial B(z) satisfying (2.10) and then modifying
the coefficients by appropriate multiples of P(1).

I1. It is easy to see that if Pj(x) = 1 identically then by = 0 because
of (ii). Thus necessarily P’(1) = P5(1) = 0. Hence necessarily

Pi(E)f(n) = 1%7” 0= Pa)n - P;El)” €Z  (VneN).
Hence for n = 1 we get
c
m e .
Since g(n) = 0 identically, the only existing solution is the trivial
f(n) = C h=_"_n
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