A note on translative mappings™)

By P. K. SHARMA (Aligarh)

In [1] M. HosszU has defined that a system of mappings F,:x — F,(x) of a set
X into itself, where u ranges over elements of a set U is called commurable if

(1) Vu,velU, xeX, F F(x)=F,F/(x)
holds. A system of mappings F,:x — F,(x) is transitive if
Vx€X, Fy(x)=X

holds, where the set of elements F (x) (u< U) is denoted by Fy(x). We., in this paper,
define that if X is a groupoid with respect to operation of multiplication then a
system of mappings F,:x —~ F,(x) of X into X is called right translative or left trans-
lative or translative respectively according as

(2) vx,yeEX,uelU
F(xy)=xF[(y)

or
Fxy)=F(x)y
or
F(xy)=F(x)y=xF[(y)
holds.

Theorem 1. A given mapping F, of a translative system of mappings over a
semigroup X is 1 —1 if the (rt. or It.) cancellation law holds with respect to every
element of F(X).

PrROOF. We shall prove the theorem supposing that the right cancellation law
holds w. r. to every element of F(X). Let for x, yeX

F(x)=F(y).

Then
F(xy)= F )y =F,00)y=F(»?).

F,(xy) =x F(y)=x F(x)= F(x?).

Also
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Hence,
Fo(x?) = F,(y?) = xF,(x) = yF,(y) = xF,(x) = yF,(0) >x =y

This completes the proof.

Theorem 2. If X is a semigroup such that yX =X for some yc X then:

(a) Every mapping F, of a transitive system of translative mappings over X maps
X onto irself.

(b) Every translative mapping F, of X into X is 1 — 1 if left cancellation w. r. to
F.(y) holds.

Proor. (a) We have
F(X) = F(Fy(x))=F(y Fy(x)) = F(Fu(y)x) =
= Fy(p) F(x) = F(y F(x)) = X.
(b) Let x,,y;€X. We have
FUx)=F(y))=F(yx")=Ff yx") where X', x"€X=
=2FR'=Fln)x"=x'=x"23x"=yx" =%, = ¥;.
Hence the proof is complete.

Theorem 3. If X is a semigroup with identity e then:

(a) Every system of translative mappings over X is conimutable.

(b) If there exists a transitive system of translative mappings over X then X i
abelian.

(c) The system of all translative mappings over X is an abelian semigroup. If
there exists a translative mapping F, such that F,(e)=e then it coincides with the
identity mapping.

PROOF. (a) VxeX, u,ve U,
FF(x)= F ,F(ex)=F/[F(e)x)=
= F,(e)F,(x) = F (e F,(x))= F,F(x).
(b) Let x, y€X be arbitrary, then if ucU s. t.

Fle)=y
(such a w always exists by supposition of transitivity)., then we have
F(x)=F/(ex)=F/(xe)=>F/f(e)x=xF (e)=>yx=Xxy

(¢) Yx,y€X, u,veU

F F(xy)=F(F/x)y)=(F,F(x))y.
Also,
Fuﬁlxy) = Fu(x Fv(J’)) = -\‘(Fu-ﬁg(}’)l

Hence F F, is a translative mapping over X.
Thus, in view of (a), the system of all translative mappings over X is an abelian
semigroup.



A note on translative mappings 305

Finally, for any x€JX,
F.(x)=F,(ex)=F,(e)x=ex=x.

Hence F, is the identity mapping for elements of X.

Thus the proof is complete.

Corollary 1. If the system of all translative mappings over a semigroup X
with identity is transitive, it is an abelian semigroup with identity where the identity
is the identity mapping.

Remark. We can very easily varify. as in the above theorem, that if the system
of all (rt. or It.) translative mappings over X is transitive, it is a semigroup with
identity.

Theorem 4. Every (rt.or It.) translative mapping over a group G is a (rt. or It.)
multiplication mapping determined by an element of G and conversely.

Proor. If F, is a left translative mapping over G, then for any element g<G,
we have
Flg)=F/(eg)=F[(e)g=g,g

where e is the identity in G and F,(e)=g,.

Hence F, is the left multiplication of G determined by g. Similarly, we can see
that a rt. translative mapping over G is a rt. multiplication of G. The converse is
trivial.

Hence the theorem is proved.

We note that in a group G all rt. or It. multiplications form a transitive system
of rt. or It. translative mappings over G respectively, and hence, in an abelian group,
they give rise to a transitive system of translative mappings. Further, the theorem
in [1] yields the following important consequence in view of result (a) of theorem 3:

Theorem 5. Every transitive system of translative mappings over a multiplicative
semigroup X with identity has the form

x—F/(x) = x+ ®(u),

where + is an abelian group operation on X and ®: U ~ X is a mapping of U onto X.

We can easily verify that a translative mapping F, over a semigroup X satis-
fies the following properties:

1. Vx€X, FF(x?)=F(x)F(x). .

2. For x,yeX, F(x)=F/(y) implies F/(x')=F,(y") for all positive integers /.

This study is useful in connection with the study of commutable mappings
over a semigroup with identity and properties of mappings in algebraic structures.

The author is much indebted to Prof. M. A. Kazim for his valuable suggestions
in the preparation of this paper.
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