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Some structural considerations on the Finslerian
gravitational field

By SATOSHI IKEDA (Noda)

Abstract. Some generalized connection structures of the Finslerian gravitational
field are constructively considered from the vector bundle-like standpoint, where the
independent internal variables are generalized in various ways: The Finslerian inde-
pendent variables (z;y%) (k,i = 1,2,3,4) are generalized to (z%; (y%,y°)) (y° is a
scalar), or ((z",29);y%) (2 is a scalar), or (z";y*; 2z%) (2% is a vector), or (z; y(®)?)
(¢=1,2,...,n; y(®7 s a vector).

In this paper, some generalized connection structures of the Finslerian
gravitational field are considered by generalizing the independent internal
variables in various ways: The Finslerian independent variables (z; y°)
(k,i = 1,2,3,4; y* is an internal vector associated with each point z*)
are generalized to (x; (y%,4%)) (y° is a scalar), or ((x%,2°); y*) (2° is a
scalar), or (z"; y; 2%) (2% is a vector), or (z"; y(¥?) (a = 1,2,...,n; y(®)?
is a vector).

§1. Introduction

In the Finslerian gravitational field [3], the independent variables are
chosen as (z%;y") (k,i = 1,2,3,4), where y means the independent inter-
nal vector associated with each point xz. That is to say, the Finslerian
gravitational field is regarded as a nonlocal field [7] nonlocalized by the
internal vector y.

In other words, the Finslerian gravitational field is considered a unified
field between the external (z)-field spanned by points {x} and the internal
(y)-field spanned by vectors {y}. Therefore, from the vector bundle-like
standpoint [6], the Finslerian gravitational field is regarded as the unified
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field over the total space of the vector bundle, whose base manifold is the
(z)-field and fibre at each point z is the (y)-field. The base (x)-field is
nothing but the Einstein’s gravitational field.

In the total space, the so-called adapted frame is set properly in the
form [6]

d¢?t = (dz®, oy’ = dy' + Nidz?),
(1.1) 0 _( 5 9 L0 0 )

= - L I -
o¢A Sz Ox AoyiT Oy
where N denotes the nonlinear connection, which represents physically
the interaction between the (z)- and (y)-fields. On the basis of (1.1), the
connection structure I' is prescribed by
0 4 0

(1.2) Vo — =T

A K i K 7
o2 5CB B CaC_AJ el = (F\"u, Fj'u, O\, Cj'x) -

Then, the covariant derivatives, for an arbitrary vector V4 = (V*, V1),
can be defined as follows:

DV = (V5 )dz" + (V" |1,)6y", DV' = (V' )da" + (V'|)oy";

sV" v
(1.3) Ve = S0 + F\5, V2, Vi = By + C\% VY
i V" i y/j i V' i 1/J
Vi =5 + FjuV?, V|k:a—yk+0jkw.

By the way, the metrical structure G of the total space is expressed
as

(14) G = Gapd(?* @dCP = gyu(z,y)dz™ @ da* + gi;(x, y)oy' @ 5y

And the metrical connection can be determined by the metrical conditions
Irelp = 0, @xxle = 0, gijjp = 0 and g;;|x = 0. The orthogonal formula
(1.4) with respect to the adapted frame (1.1) is obtained from the (general)
unorthogonal formula such as

(1.5) G = Gon dz™ @ dx™ + 29\ da™ @ dy' + Gi; dy' @ dy?
where the following relations are induced:

e =0 — GiiNAN? (= 0w — 90 9k 97)
(1.6) g = NG (or N =5xi5")

9ij = Gij-
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As is understood from (1.2) or (1.3), the connection structure depends
essentially on the independent variables or the adapted frame, so that the
connection structure can be generalized by generalizing the independent
variables in various ways. From this viewpoint, in this paper, we shall con-

sider some generalized connection structures of the Finslerian gravitational
field.

§2. On the generalized connection structures I

In this Section, we shall generalize the independent variables to the
form (z*; (y*,y°)) or ((z*, 2°); ¥*), where y° or 2° is an independent scalar.
First, in the case of (z%; y* = (y% y°)), the fibre becomes the 5-
dimensional vector space. Then, the adapted frame is generalized as fol-

lows:
(d:z:”, Sy = (6y' = dy' + Nida?*, 69° = dy® + Ngdx’\)) ,
) 0 0 0 .0 0
29 N L C N LN D
(2.1) <5ch ox* Aoy T Oz A Byl A 9y’

0o (0 o
oye  \ oyt oyo ) |

One new nonlinear connection N9 must be introduced additionally. There-

fore, the generalized connection structure can be written in the form
(2.2) Tpc = (P, By, C\%, Cb%); By = (Fy'u Fobl)
Cr"e = (Cy", %), Gy = (C', Co%, Cj'o, Co'%)

The metrical structure is expressed as

G = 9rk dz" X dl)\ + Gab 5,ya X 5yb

(23) A i i 0 0
= gar dz" @ dx” + gi5 0Y" @ 0y’ + goo Oy ® Yy .

Second, in the case of (x = (2%,2°); y%), the base manifold becomes
5-dimensional. In this case, the adapted frame is given by

(dz® = (dz",dx®), 6y'=dy' + Nidz®=dy' + Nidz* + N¢da®),
(2.4) (5_((5 9 P R 2-5)3)
6:1/:01 - 78y7x .

sz oxr oyt 620 020 T 09yt
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Another new nonlinear connection N} must be introduced. Then, the
connection structure is introduced in the form

Tpc = (B, Fj', Cv%, Ci') ;
B = (F\", Fo%, Fa", Fo') ,
Fyi'e = (Fj'u, Fy'%)

Cy% = (Cx"k, Co%) -

(2.5)

The generalized metrical structure is given by
G = Gab dz® & dl‘b + 9ij 5yz X 6;1/]

(2.6) R R S
= gandz” @ dx” + goodz” ® dx” + g;;0y" @ dy’.

Here, different from the Finslerian gravitational field, if we take the
Riemannian (Einstein’s) gravitational field and decompose the coordinate
x® into the 3-dimensional space part ® and the 1-dimensional time part
zY = ¢, then we can adopt the following adapted frame:

50 ) a)

¢ — 0 ¢’ —_— — — - ~,
(2.7) (dz?, 0t = dt + Nydz?), (5w¢ oo ot ot

where the fibre 2° = t is associated with each point 2% of the 3-dimensional
base manifold (with the Riemann metric 74y). On the other hand, if the
3-dimensional vector space spanned by {z?} (with the Riemann metric
hey) is attached as the fibre to the 1-dimensional base z° = ¢, then the
adapted frame is given by

5§ 0 s, 0
(2.8) (dt, 0x® = dx® + Ny'dt), <5t ot~ V0 gue 3$¢> '

Comparing (2.7) and (2.8), we can say that the nonlinear connections
Ng and Ng’ play the different role in each case. These situations have
been considered [2] with respect to the difference of the Threading metric
(96w = Yow + NGNQhoo) and the Slicing metric (goo = Yoo + Ny N§ hy),
where Yax = (You,Y00) and hyag = (hgy, hoo) mean the 4-dimensional
Riemann metrics of the total spaces of the corresponding 4-dimensional
Riemannian vector bundles.
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§3. On the generalized connection structures II

Now, the generalized connection structures mentioned in Section 2
are considered within the framework of the first-order vector bundle-like
standpoint. If another vector 2% (a = 1,2,3,4) is chosen, besides 3°, as
the independent variable at one more microscopic level than the Finslerian
one, then the connection structure of this case must be considered from
the second-order vector bundle-like standpoint. Then, the adapted frame
is generalized as follows [4]:

(dz®, 6y' = dy' + Nidz>, 62° = dz® + M{dx> + Lidy'),
(3.1) <5 9 0 o9 4§ 9 9 a>

7 a _Ta
" 0za’ Ozo

5 o Moy Mg g T oy

Three kinds of nonlinear connections N /{, MY and L{ must be introduced.
In this case, the connection structure is generalized as follows:

FBAC - (F)\Kua Fjipn Fbap,; C)\H]w leka Cbak;
(32) .
Hk,ic; HjZCa Hbac>-

Nine components of connection coefficients must be introduced. For ex-
ample, the covariant derivatives are defined in the form

ovr . oV o
Vﬁ\ = + F\" V/\, Vz|k:—+CjZij,
Y . dyk
(3.3)
ove
Ve = 5o + H%V?,
0z¢
etc. And the metrical structure is given by
(3.4) G = grpdz” @ dz™ + gijdyi ® 0y + gapdz® @ 62°.

Further generalizations such as ((z*, 2%); y*; 2%), or (z*; (v%,9%); 2%),
etc. can be considered in various ways. Of course, 2% can be specialized to
a scalar 2%, as in the case of (z*; y*; 20).

According to several authors [1] [6], if the intrinsic transformations of
the independent variables are regarded as the gauge transformations, then
the second-order gauge transformations, which are defined as the gauge
transformations over the second-order vector bundle, should be expressed
in the form

(35)  T=X"("), ¥=Y'@"y), 2=20"y20),
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which respond suitably to the adapted frame (3.1). Such specializations
as J' =Yyl (Y] = ay] Y, 20 = Zg2b (78 = %f:), etc. can be considered

properly. If the gauge invariance of the adapted frame is required in the
sense that 505 = X550 (X§ = 9XT =V/ % and -2 = Z0-2; then

oxr /1’ 6y i oyl 520 adzh
the gauge transformatlons of the nonlinear connections Can be obtained as
follows: Because of 6; = Bm"”" —N¢ 8‘2 - M,‘j%, 5; = ayj L? aia , ete.,
~ . M s —\ oY?
N. =X, Y/Nj — Xﬁw,
~ =X 0Z% . —\0Z°
(3.6.) M,f—X Zb]\f/\—l—X,_ﬁ8 =N} Xﬁw,

fe=vigers vi%%
oy

where 72, Y7 (and 72) are the inverse matrices of X%, Y/ (and Z}),
respectively. In the same manner, if the gauge invariant conditions are
imposed on the covariant derivatives (3.3) in the sense that for example,
Vy = XEXAVS 5 with Ve 5 = 920 4 F o1 (v7 —XW@) etc., then
the gauge transformations of the Connectlon coefficients (3.2) or (3.3) can
be obtained as follows: For example,

- K ,{,_ﬁ_ﬂy o _/3_7 6Xg
B\ = XEXOX Py = XX, <5,
~ —n 51/z
(3.7) Cile =YY Y.C,m — YV, 2 5
y"
~ a ase=S —f 6Za
Hy", = 287, 2, H. Y — Z, 7., N

etc. The gauge invariant metric tensors are also considered in the sense
~ Q=5 ~ —m— - —c—d
that gr. = X)\Xigaﬁ7 Gij =Y, Y g and Gab = Z o2y Ged-

§4. On the generalized connection structures III

If we further generalize the second-order vector bundle-like standpoint
by adopting many vectors y(o‘) ( = 1,2,3,...,n) at more microscopic
level, then we must take the higher-order space-like standpoint [5], because
we must take account of the interactions of internal vectors y(®) and y(®).
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Then, the form 6y(®) is prescribed as, by adopting the base connection-like
form of y(*) [5],

a—1
(4.1)  oyl@i = M<O;>Z dy' ™ + Y AEZ‘% dy % 4 AT g |

(0)X
B=1
from which we can obtain
a—1
()i a)j )i (a)i k (a)i A
(4.2) MY dy( @) = gyl — ZH(B)k dy® — Iy da™,
B=1

()i _ pr(a)ip(a)j ()i _ pr(a)ip(e)j
where H(B)k = M, A(ﬁ)i and H(O))\ = M A(o)i' In general, the fol-

lowing conditions hold good («, 8,7 =0,1,2,...,n):

a—1
(@i (@), p(ei 3715 (@i 1 (8 (B _
(43)  MGAGRATEM + 3 TEMUTAC, = 0.
B=y+1

Taking account of the above formulations, we can write the adapted frame
in the form

a—1
s a)i ()i A (a)i k
(4.4) da®, 3y = N da + 3 WG dy ")
=1
0w O 0 _ N~ gy 9
N g gyer = 2 (T gy |

p=a+1

ot N2 B = 50005
Those quantities such as Aggg, Kgg)), \Ifggg, etc. represent the interactions
of y(®) and y®.

On the basis of the adapted frame (4.4), the connection structure is
given by

A K a)i K )i
(4.5) I'p'c = (F/\ 1 F(ﬁ)j( Yius O (k> C'(/6’)3'( )(7)k>7
and the metrical structure is given by
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The most generalized connection structure (4.5) can be specialized in var-
ious ways: For example, we can reduce F(ﬂ)j(a)iu and C’(g)j(o‘)i(y)k to
F(a)j(a)iu and C(a)i(a)i(v)k, and further C(a)j(a)i(v)k to C(a)j(a)i(a)k, etc.

Thus, as is understood from the above, the generalized connection
structures of the Finslerian gravitational field can be considered by gen-
eralizing the independent variables or the adapted frame in various ways.
Of course, these theories can be applied to any kind of internal variable
such as scalar, vector, spinor, etc.
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