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On the geometric means of integral functions*)
By SATYA NARAIN SRIVASTAVA (Lucknow)

1. Let f(z) be an integral function of order p. Let n(r) denote the number of
zeros of f(z) for |z|=randlet N(r)= f@ dx, f(0)#0. Let G(r) and g(r) denote
0

the geometric means of |f(z)| on the circumference |z| =r and |z| =r respectively.
Then ([1], pp. 144, 108)

2x
(1.1 G(r) = exp {51;:__/ log If(re"’)ldﬂ}
r OZR
(1.2) g(r) = exp {;"l_-_z_ [f log | f(xe®®)| x dx d }

Consider a function ¢@(r) with the following properties: (i) @(r) is continuous for
r=rq; (i) @(r)=0 for r=>r, and (iii) @(Ir)~@(r) as r—-= for every constant
!=0. Further, for 0<=p<-ee, let
(1.3)

im SuPlogg(r) _ {P
M inf repry g

We shall obtain some of the properties of G(r) and g(r).

y (0=g=p<); limSup N(r)

C

2. Theorem 1. If f(z) be an integral function of finite order ¢

2.1) e SHE T sup oggtr) . 2 ¢

(e+2) c remist N(r) ~ (e+2) d’

where ¢ and d are given by (1. 3).

ProoF. From (1. 2), we have

r lx r x

logg(r) = ml‘—z- ff log | f(xe'?)| x dx dO = ’_22 f{f{l—g!—)d:-{-log !f(O)t} x dx,
00 0

0
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on using Jensen’s theorem,

4 5 = riz f N(x)x dx+log |£(0).
0

Therefore,
r2 g(r) /
(2.2) log{lf(ﬁ)l I N(x)xdx.
Writing (2. 2) as
r (148)r
r2(1+0)? log [3{7}1((;"5)} ] fN(x)x dx + fN(x)x dx + f N(x)x dx

<0(1)+(c+e)fx='+l<p(x) dx+N{r(1+8)}r?s [1 +.§.]~

~(r:+£)(p(r)( +2) +N[r(l+b)}r26[l+—] by [2], Lemma 5 =0

Proceeding to limits and using (1. 3), we get
2 1 o+ 2 = 5 e L
(2:3) ( +0)t2p = ( +2) +cd(1+0) [l+ )
Similarly, we obtain
: q '
o+ 2
(2.9) 5 (1+6) = oy —tdb (1+2

Putting =0 in (2. 3) and (2. 4), we have

d
(e+2)

C
(e+2)

[IA

b
(2.5) >
From (1. 3), we obtain

g
and y =

g—e _logg(r) p+e
c+e N(r) d—e’

Taking limits and using (2. 5) we get

& .8 =1im SUP logg(r) _ 2 B
@+2) ¢ —,.ninf "N@) T @+ d

Corollary 1. If ¢=d,
(0+2)log g(r)~2N(r).
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3. Theorem 2. If log g(r)~ pre®(r) then N(r)~ (0 ; 2 preo(r) and conversely.

Proor. From (2. 5), if ¢=d, p=q=a—%:2.

Suppose now p=gq. We shall show that c=d. If 0<n<1, we have from (2. 2)

Fenr

1 x gir+nqr)| 1 gir) | _
N =z f N@)x dx = 2-(1+'r)"°8{ (0)] } ilog{lf(O)l}_

1 1
=5 p(L+n)r*2reo(r+nr)—5pre o(r)+o(rto(r)).
Hence,

lim sup N(?_) = ‘!2’ (e+2)+pn,

where f§ is a constant. Since 5 is arbitrary we get

lim sup ﬂN(‘(')) = 2-( 0+2).

—n)? s
By considering the integral —- log{ g 1_(-n log{g(r qr)}, we get

|£(0)| 2 |£(0)|
Nr) . p
'l_l_.nlmf ol = ~(+2)

and hence

N~ 5 (e +Drt o).

4. Theorem 3. If f(z) (f(0)#0) is an integral function of order g,

ol Sl _
lim sup — logT =

where G'(r) is the derivative of G(r) and r —~ <= through almost all values of r.
Proor. From (1. 1), we have

2=

4.1) logG(r) = : flog | f(re'®)| db = f"(t) dx +log | f(0)],
0 0

on using Jensen’s theorem.
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Differentiating (4. 1) with respect to r, we get

G'(r) _ n(r)
5% G(r) r

for almost all values of r.
Taking limits on both the sides of (4. 2), we get

G'(r)}

1

h s °g{’ Gn| .

lim sup ———IBE;—— = lim su

5 log n(r) Z
logr

where r — < through almost all values of r.
Further, we note that if f(z) (f(0)#0) is an integral function of finite non-

integral order o,
G'(r)
s {' G(r)}

lim sup — —']—‘-)—g—}-"*—'— = 0,

where r — = through almost all values of r.

5. Theorem 4. If f(z) (f(0)#0) is an integral function of order o and finite-
type T,

: g logG(r) _ .. n(r)
(i) .!Lr?,sup_r?—logr =Ex_.n:sup—re = eoT,
. .. o 10gG() _ .. . o 5()
(i1) '!Lrtmf T laa §}Ln:mf e = oT.

Proor. From (4. 1), we have

logG(r) = f f(ri) dx+0(1) = n(r)(logr—"logry)+0O(1).
Taking limits and using (2. 5. 14) and (2. 5. 15) [3], p. 16, we get (i) and (ii).
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