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A congruence equation involving the factorisation in residue
class ring mod n.

K. NAGESWARA RAO (New Delhi)

1. Introduction

If n is any integer =1 and r, s are any two non-negative integers, the object
of the paper is to obtain the number of solutions N, (a, n) in x{? (mod n) (i=1, ...,
r+1; j=0,...,5) of the congruence

(1.1 a=apx{®..x9 +a;xV... xY +... +a,x§ ... x¥,(mod n)

Where (a;, n)=1 (i=0, ...,5), in terms of the Ramanujan’s sum C(m, n)
(see (2.1)) and establish the related arithmetical identities involving N, J(a, n)
and some known functions. We also establish the multiplicative property of the
function N, ((a, n) in the sense of Vaidyanathaswamy [8; Section I; 1] i.e.

(1. 2) N, (a,a;,n ny)= N, s(ay,ny)-N, (a,, ny).

Whenever (ayn;, a;n,)=1.

We observe that these results generalise some of the results of GYIRES ([7]) and
also COHEN ([6], Theorem 3). In the proofs we use representation theorems due
to Cohen ([1]), which in fact simplify the discussion, and also employ Cauchy
Composition to evaluate N, (a, n).

2. Preliminaries and notation

Let F be a field of characteristic zero containing the nth rooths of unity. We say
that an arithmetic function f(a) is said to be (n, F)-arithmetic or simply arithmetic
when there is no ambiguity, if it defines a single valued function in F for every
rational integer a, with the condition f(a)=f(a') for a=a' (mod n).

Ramanujan’s trigonometrical sum ¢(m;, n) is defined by the following formula.

2.1 c(mn) = 2 &(m)

(z,m)=1

where the summation is over all Z of a reduced residue system (mod n) and
2mizm)

g (m)=e "
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E. CoHEN ([1]; Theorem 1) has shown that every (m, F)-arithmetic function
can be represented uniquely in the form

(2 2) f(a) - Z axaz(a)
z(mod n)
where
@.3) o= 5 foe(-0)
v{mod n)

An (n, F) arithmetic function f(a) is said to be even (mod n), if f(a)=/(2),
where g=(a, n), for every integral a. E. COHEN ([2]; Theorem 1) has also shown
that an even function f(a) has the unique representation given by

(2.4) fla) = g agc(m, d)
Where

1 n n
(25) d‘=—r;‘2h:f[§]6'[3',ts].

If f and g are two (n, F)-arithmetic functions we define their Cauchy product
h by the relation

(2.6) hmy= 3 }f(a)g )

m=a+b(modn

If fand g are any two (n, F)-arithmetic functions having the representations

f (m) - Z a:a:(m)

z(mod n)

g(?ﬂ) = Z b,s,(m)

z(mod n)

2.7

then their Cauchy product 4 is given by

(2.8) him)=n 3 a,be.(m) (see CoHEN [1], (2. 6)).
z(mod n)

If fand g are even functions (mod n) and have the representation
Mla) = > ayc(a, d)
din

2.9
gla) = ;.’ﬂ.m(a, d)

then their Cauchy product / is given by

(2.10) h(m) = n 3 a,f,c(m,d)  (see CoHEN [1], (3.10)).

din

We now go to the main results of this paper.



A congruence equation 31

3. Main results
Let N,(a, n) denote the number of solutions of the congruence in X; (mod n)
i=1,..,r+1)
3.1 =Xy, ...; X,4y (mod n)

two solutions X;=b; and X,;=c; being considered identical if and only if b,=¢,
(modn) (i=1,...,r+1).
We now have the following theorem.

Theorem 1. The function N/(a,n) is even (mod n) i.e.
(3.2) N,(a, n)=N/(a, n), n).

PrROOF. It is clear that N,(a, n) depends on @ (mod n) and hence it has the
Fourier expansion by (2.2) and (2. 3)

(3.3) N,@a,n) = 2 a.e(a)
z(mod n)
Where
1 1
e ="z 2 Nr(u’ ”)8:(—“) o 2 2 8:(_x1 “‘xr+l) —
N y(mod m) N uimod n) xy...xs 4 1 2u(mod n)
(.4) O O S
N :x,.. .x,=0(modn) zx1...X, = 0(mod n)

= dq" ) 1, Where (z,n) =d.
XlwXp =0 [mod %]

(see CoHEN [1], (2.2))
a,=d'N,_, [o, 3]

This shows that a, as a function of Z, is even (mod n) and hence so is N,(a, n).
This completes the proof.

We now obtain a recurring relation for N,(a, n) in terms of the Ramanujan’s
sum.

Theorem 2.
- o o

Proor. This is a direct consequence of Theorem 1, since a,’s are even (mod n)
as functions of Z.

We now extend the above result as follows.

Let M, (a, n) represent the number of solutions of the congruence equation
m x? (modn) (i=1,....r+1; j=0,...,95)

(3.5 a=x{9.. . x9+..+x ... x%,(mod n)
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We now evaluate M, (a, n). Set X;=x{" ... x{2,. Now it is clear that
(3 6) Mr,s(as") — Z H Nr(Xi’ H)
a=Xo+...+Xs(modn) i=0

But the right side of the equation (3. 6) is the Cauchy product of (s+ 1) functions
N,(m, n) at a (mod n). Also we have that

3.7 N,(a,n) = X a,c(a,d)
din
Where
(3.8) o = [3] N,_,(0,d)  (from Theorem 2)

By (2. 9) and (2. 10) we have
r(s+1)
M, @n=n> [g] N:*i(o,d)c(a, d)

din
Hence we have

Theorem 3. The number of solutions M, [(a, n) of the congruence (3. 5) is equal to
n Ms+1)
"y [E] N:ti(o,d)c(a, d)
din

We note that for r=1, this reduces to a result of CoHEN ([6], Theorem 3).
For similar discussions see also CoHEN ([4], § 3, [5], (3. 7)1).

Theorem 3 aids us in obtaining the number of solutions of the congruence
equation (1. 1)

Theorem 4. The number of solutions of (1. 1) is same as the number of solutions
of (3.5) ie.
N, s(a, n)=M, (a, n).
ProOF. Observe that the congruence equation
3.9 as=aqx, ..., X,4+(mod n)

has the same number of solutions as

(3. 10) ba=x, ... x,4, (mod n),
where
(3.11) a;b;=1 (mod n).

So the number of solutions of the congruence (3.9) is N,(ab;n)= N/(a, n), since
N,(a, n) is even (mod n) and (ab;, n)=(a, n). Hence the result now follows as on
the lines of the proof of Theorem 3.

For a discussion of some other equation of similar nature we refer to COHEN
([3]; Theorems 5 & 6).

We now obtain some identities involving N, (a, n).
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Let E(m)=1 for all integral m, then E(m) is even (mod n) and by (2. 4) and
(2. 5), E(m) has the representation given by

(3.12) E(m)= 3 9,C(m, d).
din
Where
{l if d=1
G.13 74 =10 otherwise.

Now consider the Cauchy product of N, (a, n) and E(m) namely

2 N, (a,n)E(b)

m=a+
(mod n)

By (2. 9) and (2. 10), this is equal to
nen* -G+ Nt (o, 1)e(m, 1)
But N,-,(0,1)=1 and also c(m, 1)=1.

(3.14) 3 N, i@ E®) = ne+0es,

m=a+
(mod n)

If we put m=0 in (3. 14) we obtain the following result:

(3.15) 2"" N, .(a, n) = ne+ D0+ 1,
a=1

Hence, we state the following Theorem which reduces to a result of GYIRES
(171, (9)) when s=0.

Theorem 5.
ZNr,s(a! ?l) w 2 ,u & [—:;] Nr(d, ﬂ) = pr+i+1)
a=1

din

We note that the intermediate result follows since N, ,(a, ) is an even function
of a(modn), @ being Euler’s totient.

We now establish the multiplicative property of N, ((a, n). Let us first obtain
a lemma which is useful in establishing the multiplicative property of N, (a, n).

Lemma The function NJa,n) is multiplicative.

The lemma follows by inductive hypothesis on r and from the fact that C(a, n)
is multiplicative with respect to both the arguments i.e. C(a,a,, nyn;)=C(a,, ny)
C(a,, n,) whenever (ayn,,a,n,)=1 (see VENKATRAMAN [9], § 4).

Now we go to the proof of Theorem 6.

Theurem 6. The function N, (a, n) is multiplicative.
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Let a,,r,,a,,n, be integers such that (a,n,,a,n;)=1. If Dln,;, n, then
there exist two integers d,, d, so that d,|n,, d,|n, and d;d,=D.

nyny
d,d,

rs+1)
N, s(ayay,nyn;) = (n, nz}’d ,;' [ ] N,-,(0,d,dy)c(a,a,,d,d,) =
14z2/mynz

n, s+ 1) n r(s+1)
(3.16) = mn Z E‘] [gz'] N,-(0,d\)N,-,(0,dy)c(ay, dy)c(ayd,) =

dyfmy
dafnz
n ris+1) n, r(s+1)
- [”’1 Z _l] N,-1(o, d:)c(alsdl)] ["sz Z [—] N,- (0, dy)c(ay,d)| =
dyny dl dafn2 dZ

= r,s(alanl)Nr.s(ahnz)
This completes the proof.
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