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Kolmogorov automorphisms in o-finite measure spaces

By J. K. DUGDALE (London)

Introduction

It is well known (see [3]) that for finite measure spaces Kolmogorov auto-
morphisms are ergodic. The aim of this paper is to extend the concept of Kolmogorov
automorphisms and the above theorem to o-finite measure spaces.

Notation

Let X be an arbitrary space, ¢ be a o-algebra of subsets of X, u a o-finite
measure on (X, ¢) and 7' a measure preserving automorphism on (X, & u). By a
o-algebra « we mean a sub-g-algebra of ¢ and by a set 4 we mean a subset of X
such that 4€e. For any set 4 we put

e,={B: B€e, BC A}
and define a mesure u, on (4, ¢,) by putting
ps(B)=u(B) for Bee,.
We define the induced automorphism S, by putting
Si(x) = {TVx: T'x€c A, T'x¢§ A, 1=sj=i—1 for x€A}
and lastly for any o-algebra « and any set 4 we put

o, = {B: there exists a C€a such that B=ANC}.

Preliminaries

We say that a set A is a wandering set if ANT‘A=0@ for i=1,2,.... Itis
well known (see [1]) that if (X, ¢, 4, T) has no wandering sets of positive measure
then for all A€¢ we have
UT-i4= | T-i4

i=0

i=1
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up to a set of measure zero and that
A = U A‘
iw=1
up to a set of measure zero where
Ai={x:x€A, T'x€A, T'x¢ A, 1sj=i—1}.

Lemma 1. If there are no wandering sets of positive measure in (X, e, pu, T)
and o is any o-algebra such that o= To then for all sets A with 0<pu(A) we have

k-1
PrOOF. Forany B€ux, (and hence to x) we put B,=T*ANB— |J B;, k=1,2,...
i=1
Then B,SB and S;'B,=T"*B, for all k. If C=B— |J B, then CNTIC=0
k=1

fori=1, 2, ... and hence we must have u(C)=0i.e. B= |J B, up to a set of measure
k=1

zero. Further By, € T*x for k=1, 2, ... and so up to a set of measure zero we have

B=|) By=8,5:' U B,=5,U T*B,.
k=1 k=1

k=1

Now T-*B,ca, T"*B,S A and so we get that El T-*B,ca, i.e. BES,a,. But
k=1
B was any set in o, and so we conclude that a,=S,a,.

Corollary 1. With the hypothesis of the lemma «,=(Ta),=S,0,.

PrOOF. Since o= Tx we have a,=(Tx),. The second inequality is proved
by taking B€(Tua), in the proof of the lemma.

Corollary 2. With the hypothesis of the lemma if v T'a=¢ then

oo i=—oo
V Shay=¢,4.

PROOF. &, =[ V T"ct)] =|V Sjad]ésd.
= =00 A

Lemma 2. If there are no wandering sets of positive measure in (X, &, p, T)
o is a o-algebra such that a=Ta, \| T'a=e, A€a satisfies 0<p(A)<e< and
i==—eo

B¢ce, then S,B=B implies B€u,.

Proor. Foreach k=1, 2, ... there exists By, n, such that B, € Sixa,, y(BA B) <
<27% But B=S,B and so

H(BAS;™By) = p{S-™(BAB)} = p(BABy) < 2-*
If C,=8""B, for k=1,2, ... then C,€a, for each k and
B = ﬂ U Cy
ne=]lk=n

up to a set of measure zero. Hence B€a, as required.
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Lemma 3. If there are no wandering sets of positive measure in (X, e, p, T),
Ace, u(A)=0 and S, is ergodic, then T is ergodic in (B, ¢y, ug) where B= |JT~'A.
i=1
PrOOF. See S. KAKUTANI ([2]).

The main resolt

We say that T is a Kolmogorov automorphism if there exists a o-algebra «
such that

() a=T«

G) V Ta=e

im=1

(iii) A T'z=v, where v is the o-algebra consisting of the two sets: @ and X.
i==1

(iv) for at least one A€o we have 0 < u(A4) < =.

Theorem. If there are no wandering sets of positive measure in (X, e, u, T)
and if T is a Kolmogorov automorphism then T is ergodic.

Proor. If o is a o-algebra satisfying (i)—(iv) then 1f A€a, 0<p(A) <o we

have U T'A to be invariant and hence by (iii) we get U T'A=X. Thus we can
i=1
find 4,,n=1,2,... such that 4,€a, 0<pu(A4,) << each n,A NA,=9 if n=m

and |J 4,=X. We write &,, u,, S,, @, for &4, p4,, Sa,,%4,. By Lemma 1 and

n=1]

its corollaries we see that «,=S,2,, V Sia,=e,. If S, is not ergodic for some

-!!—ﬁ

n then there exists a B€e, with 0< p(B)-c: u(A4,) and S,B= B By lemma 2 we have
B¢a, and hence B€a. Now B=A4,0N U T-*Band if C= U %8 then TC=C,
k=1

k=1

Céx and so C€ A Ta=v ie. u(€)=0 or u(X—C)=0. But 0<u(B)=u(C) and

so we get u(X —C)=0, which in turn gives 4, NC=A, i.e. u(B)=u(A,). This is
a contradiction and so we deduce that S, is, ergodlc The result then follows from
lemma 3.
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