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Radius of convexity of a certain class of meromorphically
starlike functions.

By R. M. GOEL (Patiala)

1. Introduction: Let S denote the class of all univalent functions f(z) given by

1) f@) = T 4+by+byz+ ...

regular and starlike of order « for 0< |z| <1, that is f(z) satisfies the condition

zf’ (@)
Re {
f@)
M. S. ROBERTSON ([1]) determined the radius of convexity for the class S for =0, 1.
In a recent paper [2] K. S. PADAMNABHAN solved the problem for the case
4 =a<1. His method fails to give a sharp result for 0 sSa <.
In this short paper we shall obtain the radius of convexity for the class §
for 0=a=1.
2. We shall need the following lemma:
Lemma I. Let H(z) be regular and satisfy Re {H(z)}>ua, 0=a<1, for |z|<1
and let HO)=1. Then we have

H(z) =

}-c:—a, O0=a<l

1—QRa—1)w(z)

l—w(z) °
where w(z) is any regular function satisfying w(0)=0, |w(z)|=|z| for |z|<]1, and
any function H(z) given by the above formula is regular and satisfies Re {H(z)>o
in |z|<1.

The proof can be found in [4], p. 99.

We prove the following

Theorem 1. Let

1
f(Z) = ;-}-bo-{—blz-f- A

be regular and starlike of order a, 0=a =4, for 0<|z|<1. Then f(z) maps
2V 1—-a2—= (1 +a)|?
2| <
3—5a
on to a domain the complement of which is convex. The estimate is sharp.
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PROOF. Since f(z) is starlike of order «, therefore

Re {zf’(z)} <—a, for 0<]|z| <1,
/@) =M
and hence f(z) does not vanish in |z| < 1. The function — z;(g) is regular in |z] <1

and satisfies the conditions of lemma. Therefore, we can write

zf'(z2) _ 1-(Qa—1w(2)

. 1-w@ °

where w(z) is regular for |z| <1 and satisfies w(0) =0, |w(z)| = |z|.
By differentiating and simplifying (2), we have

2

3) =~V

say.

zf"(z)] _ M+ 0 =20w@P-2(1-2)zw'(2) _ . ®
S (@) [1=w(@][1+ (1 =22 w(2)] ’

We wish to find the largest circle with centre at the origin with in which f(z)
satisfies the inequality.

zf” (Z)}
(4) . Re {1+ 7@ =0,
that is
(5) Re {K(2)} =0,

where K(z) is given by (3). In turn, the inequality (5) is equivalent to

( Ep-1] . . U=® [(1=2a)(w(2))? +(w(2) — 2w’ (2))] :
K(z)+1 1 =2aw(z)+ (1 —a)(w(z) —zw/(2)) — a(1 = 2a) (w(2))?

©6)
(1 =) [(1 —20) [w(2)|* + |w(z) — 2w’ (2)]]

= 12w - (=) W@ — 2w @) —a( =2 WP =
This will be satisfied if
™ (12 20)|w(2)|? +2(1 — )| w(z) — 2w/ (z)| + 2e|w(z)| — 1 =O.
Let
®) o) =22,

then ¢(z) is regular and satisfies |@(z)| =1, for |z| = 1. Also for such functions ¢(z)
we have ([3], p. 18),

(9) '@ = 1= lo(2)?

I-[g*

We shall show that the estimate (9) is sharp.
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Take

- gex A

0@ =-1=2, <1

Then

TN o 1 |

il (=7

st =722 =ly=2* _ 1—|e(2)]?

i @ = G52 = 1-12P

Differentiating (8) we get
(11 ¢ () =

zw (z):- w(z)

z!
From (10) and (11) we obtain
(12 v @ - wee)| = LI
Consequently (7) becomes
(1 —-20:)](9(2)|2+2(l—a)rz%a:_(zz)lz+2a|w’(z)!—l =0,

here r=|z|, or

[w(2)|2[1 + (1 —20)r?] — 2a(1 —r?)|w(2)| + 2x —3)r? + 1 =0,
or

—p2 2 2(1 —r2)2
{1+(l-—2a)r2][|co(z)|-r_‘_ir(§la%2§] +[((2a—3)r2+l)—ﬁl-£a—))72 =0

This last inequality is satisfied if

kot _.M
e e O —gp =
or if
(3 —5a)rd +2(1 +a)r? — (1 +2) =0,
which holds for

(13) P <

21— —(1+a) _

2
3= 5x i R

Therefore, f(z) is convex in 0 < |z|<b.
Now we shall show that the estimate (13) is sharp. Let

z(z—y)

o L 1—yz

where y is defined by
1—b*(4x—1)  —7b%—5b*+3b*—1
(14) VE T —a)  8b(b —1)
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o= };) satisfies (12)

It is easy to show that |y|<1. Then the function w(z) = — =

and makes
[14+(1—=20)w(2))> —2(1 —a)zw’(z) =0, for z=b,
which implies that K(b)=0. It follows that the function f(z) defined by

zf’'(z2) _ 1-Qa—1w(2) _=2z(z—9)
- T T R o S 7~

is not convex in 0 < |z| <R if R exceeds b. Therefore the bound b is sharp.
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