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On the structure of crossed products of
groups and simple rings

By S. V. MIHOVSKI (Plovdiv)

Abstract. Let K * G be a crossed product of the group G over the ring K with
a factor set p: G x G — U(K) and a map 0 : G — Aut K, and let Gyer = {g €
G | go is inner} be the kernel of o. If for some central subgroup H of G the ring K
has no H-invariant ideals, then there exists an one to one correspondence between the
H-invariant left K-ideals of K *G and K *Gyer. Thus, K *G is a simple ring if and only
if K % Gyer is G-simple. If [G : Gyer] < 00, then the ideals of K * G satisfy ACC (resp.
DCQC) if and only if the ideals of K * Gye, satisfy ACC (resp. DCC). In consequence,
necessary and sufficient conditions are given for some classes of crossed products to be
simple rings. Simple rings of skew Laurent polynomials in n variables are also studied.

Let R = (K, G, p,0) be a crossed product of the multiplicative group
G and the associative ring K with a factor set p and a mapping ¢ and let
H be the kernel of o [5]. A well known result of A. A. BovbI [6] asserts
that if K is a simple ring, then the intersection Ay = AN (K, H,p, o) of
every nonzero ideal A of R and the subring Ry = (K, H, p, o) is a nonzero
G-invariant ideal of Ry. Furthermore, every G-invariant ideal Ay of Ry
generates an ideal A of R such that AN Ry = Ag. If K is a field, then
this correspondence is one to one [5, Theorem 3|. These results have some
interesting applications when we discuss the structure of R. In this paper
we investigate the correspondence between the G-invariant ideals of Ry
and the ideals of R in the case when K is not a field.

The work was supported by the National Science Fund of the Ministry of Science and
Education in Bulgaria under contract MM 431/94 and by the Hungarian National Foun-
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§1. Preliminary notions and definitions

The crossed products of arbitrary finite groups over fields were in-
troduced by E. NOETHER in 1929 in her lectures in G&thingen (see [14]).
N. JACOBSON [8] extended the notion of crossed products allowing coef-
ficient rings other that fields. Crossed products (K, G, p,0) of arbitrary
semigroups G over general rings K with factor sets p and mappings o were
introduced by A. A. Bovp1 [4]. Here we recall this construction.

Let K be an associative ring with unity and let G be an arbitrary
semigroup. Suppose that we are given a single-valued mapping ¢ : G —
Aut K of G into the group of automorphisms Aut K and a family p =
{p(g,h) | g,h € G} of elements of K such that

(1.1) p(f,gh)p(g,h) = p(fg,h)p(f,9)",
(1,2) a(gh)Up('% h) — p(g’ h)agaho

for all f,g,h € G and a € K. Here 97 is the image of a € K under the
action of the automorphism go € Aut K. The family p is called a factor
set of the semigroup G in the ring K with respect to the mapping o.

We associate to each element g € G a symbol g and consider the free
right K-module R, generated by the elements g (¢ € G). If the factor
set p is invertible, i.e. p C K* = U(K), and the K-basis G = {g | g € G}
satisfies the conditions

(1.3) gh = ghp(g,h), ag=7ga?” (g9,h€ G, a€K),

then R is an associative ring, where the product of arbitrary elements of
R is defined by using the distributive law and the conditions (1.3). This
ring R is called a crossed product of G and K with respect to the factor
set p and the mapping o, and A. A. BovbpI denotes it by (K, G, p,0) [4,
5, 6]. A number of properties of this ring can be found in [5, 15].

This definition shows how we can construct the ring (K, G, p,0), if K
and G are given. But, at times it is necessary to verify that some right free
K-module R is a crossed product. It appears that there is no necessity at
all to verify that the factor set p is invertible and satisfies the conditions
(1.1) and (1.2).

Suppose now that R is both left and right free K-module with a basis
G = {g | g € G}, where G is the set of indices of the elements g € G. The
basis G of the free K-module R is said to be a diagonal basis if the elements
of G satisfy the conditions (1.3) for all g,h € G and « € K, where p(g, h)
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are nonzero elements of K, a9? € K and gh € G. The diagonal basis G of
the free K-module R is called projective if

(14 F(gh) = (Fg)h, a(gh) = (ag)h

for all f,g,h € G and a € K. It is clear that if R is an associative ring
containing K, then every diagonal K-basis of R is projective. Further-
more, if the K-module R has at least one projective K-basis, then R is an
associative ring.

Obviously, if G is a projective basis of the K-module R, then the
mapping (g,h) — gh defines an associative binary operation of G and
therefore G is a semigroup. Moreover, the mapping a — «a97 is an auto-
morphism of K and o maps G into the group of authomorphisms Aut K
of the ring K. Furthermore, from (1.3) and (1.4) we obtain that the factor
set p = {p(g,h) | g,h € G} of the basis G satisfies the conditions (1.1) and
(1.2). Hence it follows that p is a factor set of the semigroup G in the
ring K with respect to the mapping 0. And so, the mapping g — ¢ is a
projective representation of GG into the multiplicative semigroup of R (see
[8], p. 154), and this explains the name of the projective bases.

These arguments show that we have the following proposition:

Proposition 1.1. Let K be an associative ring with unity. The K-
module R is a crossed product of K and some semigroup G if and only if
R is both left and right free K-module with a projective basis G and an
invertible factor set p.

Thus we obtain

Corollary 1.2. Let R be an associative ring containing the subring
K with unity. Then R is a crossed product of K and some semigroup G if
and only if R is both left and right free K-module with a diagonal basis
G and an invertible factor set p.

Indeed, each diagonal K-basis of R is projective.

For example, let KG be an ordinary group ring and let H be a normal
subgroup of G. Then KG is both a left and a right free K H-module with
a diagonal basis T'(G/H), a transversal of H in GG, and an invertible factor
set p C H. Thus, as it is well known, K G is a crossed product of G/H and
K H. By analogy, (K, G, p,0) is a crossed product of G/H over (K, H, p, o)
with a basis G/H ={g | g€ T(G/H)}.

Throughout in this paper we shall assume that 1 € K. Recall that the
element o € K is said to be regular if a is neither a left nor a right divisor
of zero. The following proposition shows that it is not often necessary to
verify that the factor set p is invertible.
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Proposition 1.3. Let K be a simple ring (or a direct sum of simple
rings). The K-module R is a crossed product of K and some semigroup G
if and only if R is both left and right free K-module with projective basis
G such that each element of the factor set p is nonzero (or respectively,
regular) element of K.

Indeed, by Proposition 1.1, it is enough to prove that each factor
p(g, h) is an invertible element of K. Since go, ho € Aut K, the condition
(1.2) shows that p(g,h)K = Kp(g,h) for all p(g,h) € p. Thus, if K is a
simple ring, then p(g,h)K = K and p(g, h) is invertible. Moreover, if K
is a direct sum of simple rings, then p(g,h)K is also an ideal of K and
p(g,h)K = K, because p(g, h) is a regular element. Hence, p(g,h) € K*.

Observe that if in the preceding proposition R is an associative ring
containing K, then as in Corollary 1.2 the condition (1.4) for projectivity of
G can be replaced by condition (1.3) for diagonality. If G is not projective,
then R is nonassociative crossed product. Such constructions are studied
by TIHOMIROV [17] and ALBERT [1].

We shall assume throughout below that G is a group. The crossed
product of G and K with a factor set p and a mapping o we shall denote
also by K7 G or simply K*G. One knows that then KxG has an identity
element e = 1p(1,1)~! and that each g is invertible in KxG [5].

After replacing the basis element 1 (1 € G) by the identity element
e € K+G we can assume that the factor set p is normalized [15], i.e.

p(g9,1) =p(1,9) = p(1,1) =1, al? =« (9 € G,a € K).

Moreover,

g =p(0he) o =997 (9EG).

Each element a € K*G is uniquely expressible in the form a = ) goy
(9 € G, oy € K), where Suppa = {g € G | oy # 0} is a finite set, called
the support of a. The subgroup (Suppa), generated by the elements of
Supp a is said to be the supporting subgroup of a.

It is worth to mention some special cases of this construction. If we
assume that p = 1, i.e. p(g,h) =1 for all g, h € G, then we obtain a skew
group ring, denoted by K?(G. In this case the mapping g — ¢ is an affine
representation (see [8], p. 155) of G into the multiplicative group of units
in K?G. If we assume that 0 =1, i.e. 9 = a for all g € G and o € K,
then we obtain a twisted group ring K,G. Here it is clear by (1.2) that
each p(g,h) must belong to the center of K. Finally, if p =1 and 0 = 1,
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then the mapping g — ¢ is a linear representation of GG. In this case we
obtain the ordinary group ring which we denote by KG.

If H is a subgroup of GG, then the subset S of K*xG is said to be
H-invariant (respectively H-fized) if nlshes (respectively 7 lsh = s)
for all h € H and s € S. The set of all H-fixed elements of S is denoted
by SH. We say that K is H-simple if K has no H-invariant ideals.

Let Inn(K) be the group of the inner authomorphisms of K. Then
Gier = {9 € G| go € Inn(K)} is a normal subgroup of G and Gy, is called
a kernel of the mapping o [5]. It is clear that Gxer C Ginn [15] and if K
is a simple ring or a commutative domain, then Gyer = Ginn [15].

If H is any subgroup of G, then K x H = {a € K * G | Suppa C H}
is also a crossed product of H over K with Hyer = H N Gier-

If L is a ring or a group, then the center of L will be denoted by
C(L) and we set Cy (L) = {x € W | xr = rz for each r € L}. By A(G)
we denote the maximal F'C-subgroup of G' [10]. We recall that a group
G is said to be hypercentral or ZA-group [10] if every nontrivial factor
group of G has nontrivial center. One example of a hypercentral group is
of course a nilpotent group.

§2. Relations between the ideals of K *xG and K *Gyer

In this section we discuss the bonds between the ideals of K * G and
K err-

Lemma 2.1. Let K x G be a crossed product of G over K and let K
be a H-simple ring for some central subgroup H of G. If the H-invariant
K-subbimodule L of K x G contains an element a with gy € Supp a, then
L contains an element b = g, + ay such that go ¢ Suppa; and Suppb C
Supp a.

ProOOF. Let a = gyao+ g1 +---+7g,,an € L (o; € K) and ag # 0.
We define
L,={xz € L|Suppz C Suppa}.

Obviously, a € L, and L, is an H-invariant K-subbimodule of L. Now let
0(Ly) = {ﬁ e K ‘ there exists Z?iﬁi € L with Gy = 5} )
0

It is easy to see that 6(L,) is an ideal of K. Moreover, if 8y € 0(L,) and
bzgoﬁo +§1ﬁ1 4o +§n6’l’b € LCL (ﬁl € K)7



22 S. V. Mihovski

then for each element g € H we have

V=g g =Y g9, = Y5 Geloi 0)5"
0 0

n

_ —1 o

= E g:0(9,9:)"" plgi,9)57°.
0

Since b? € L and Supp(b9) C Suppa, we conclude that b9 € L, and
p(g,9; )p(9i,9)35° € 0(L,). Thus we obtain that 35” € 6(L,) and there-
fore 0(L,) is an H-invariant ideal of K. Hence it follows that 0(L,) = K
and 1 € 6(L,). This implies that L, C L contains an element b =
Jo+9.01+ - +79,0n (B € K), and the lemma is proved.

Lemma 2.2. Let K+G be a crossed product and let H be a central
subgroup of G. If the ring K is H-simple, then every nonzero H-invariant
K-subbimodule L of K +G contains an element a = gy + gooa + -+ - +
Jo,0n (a; € K) such that g1,92, ... ,9n € g1Gxer and ay, g, ...ay, € K*.

PROOF. Suppose that among all nonzero elements of L the element
a=73 17, (a€ K) has a minimal support size. In view of Lemma 2.1
we may assume that vy = 1. Then for all g € H and € € K* the element

r=ca—g 'ag=>» ;[0 — plg,9:) " pgi» 9)a’]
1

belongs to L. If we take e = p(g, g1) " ‘p(g1, g)(gl")fl, then we obtain that
the coefficient of g1 of the element z is zero. Hence | Supp x| < | Supp a|
and the minimality of Suppa implies x = 0, i.e. all coefficients of = are

equal to zero. Therefore, there exist elements ¢;(g) € K* such that
(2.1) 47 =¢ei(g)a; (g€ H; i=1,2,...,n).

(2

Moreover, the element
n
y=7a—ay"? =Y g (Y a; — a;y")
1
belongs to L for all v € K and |Suppy| < |Suppa| because y91%q; —
17919 = 0. Thus y = 0 and
(2.2) Y0 = iy (i=1,2,...,n).

Since gi0 and g;o are automorphisms of K, by (2.2) we conclude that K«;
is a two-sided ideal of K and the condition (2.1) shows that this ideal is
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H-invariant. And so, Ka; = o, K = K (i = 1,2,...,n) and therefore
a1, Q9,...,a, are invertible elements of K. Then by (2.2) and (1.2) we
obtain that

“lgi)o - *
Y97 = BBt (B € K¥)

and therefore g7 'g; € Gyer (i =2,3,...,n). Hence g1, o, ... , gn € 91Gxer
and the lemma is proved.

Recall that the left ideal I of K*G is said to be a left K-ideal [5] if
aa € I for each a € I and a € K, i.e. the elements of K act on I as rigth
operators.

The next result is a useful consequence of the above lemma.

Proposition 2.3. Let K xG be a crossed product and let H be a
central subgroup of G. If the ring K is H-simple, then for every nonzero
H-invariant left K-ideal A of K+G the intersection AN KxGyeris a nonzero
H-invariant left K-ideal of K *Gyer.

Proor. If A is a nonzero H-invariant left K-ideal of K*G, then by
preceding lemma there exists a nonzero element a € A such that Suppa C
¢Gier where g € Suppa. Then g la € AN K%Gyer. Moreover, AN K*Gier
is an H-invariant left K-ideal of K *Gyer.

Lemma 2.4. Let K*xG be a crossed product of G over K and let K
be a H-simple ring for some central subgroup H of G. If A; and As are
H-invariant left K-ideals of K*G such that A1 C As, then A1 N KxGyer C
Ao N K xGyer.

PROOF. Suppose that A7 N K *Grer = Ao N K % Grer. Let a =
> 1, (a; € K) be an element with a minimal support size n such
that a € A3\ A;. Since A, is a left ideal of K« G we may assume that
g1 = 1. In view of Lemma 2.1, A5 contains an element

b=9,+G:02+ - +7,6, (Bi€K).

Suppose that b € A;. Then bay € A C As and ¢ = a — ba; € Ay, where
the element ¢ has a support size smaller than n. Thus we conclude that
c € Ay and hence a = ¢+ bay € A;. But this contradicts the condition
a € Az \ A;. Therefore b € Ay \ A7 and for the element a we may assume
that g1 = 1 and a; = 1. Now we define

Ay ={x €Ay | Suppz C Suppa\{g:}}.

Certainly, we think that 0 € A;.
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Suppose that A; = 0. Since A, is a K-bimodule and a € A, the
element

r=va—ay =g,y a;— o)
belongs to A, for all v € K. Furthermore x has a support size smaller

than n, since the coefficient of g, is zero. Hence x € A; and z € A; for all
v € K. But A1 =0 and thus x =0, i.e.

(2.3) Yila; =a;y (veEK, i=1,2,...,n).

Since A, is an H-invariant left ideal of K*G, we have g lag € A, for all
g € H. Then the element

y=a—g lag=> g, [oi — plg.9:) " plgi, 9)0!"]

belongs to A, for all g € H and | Suppy| < n. Thus we conclude that
y€ Ay and y =0, i.e.

(24) Oé;ga = p(ghg)_lp(gagl)al (g € Ha 1= 1727 s 7n)'

From (2.3) and (2.4) we obtain that Ko; = o; K is an H-invariant
ideal of K for all t =2,3,... ,n. So as,as,...,a, are invertible elements
of K. Then (2.3) implies that g1, 9o, ... ,gn € Gker and

a € As N KxGyer = A1 N K *Gyer,

ie. a € A;. But this is impossible and therefore A; # 0. Let d =
> 53 (vi € K) be a nonzero element of A; C A; and suppose that
v2 # 0. In view of Lemma 2.1 we may assume that 75 = 1. Then the
conditions @ € A and d € Ay C Ay imply that z = a — das € Ay and
| Supp z| < n. Therefore z € A; and a = z + dag € A;. But this is also
impossible and the lemma is proved.

Theorem 2.5. Let KxG be a crossed product of G over K and let K
be an H-simple ring for some central subgroup H of G. Then the mappings

A2 AN (K % Gyer) and B -2 (K+G)B

set up a one to one correspondence between the H-invariant left K-ideals
of KxG and the H-invariant left K-ideals of K+Gyer. Furthermore, under
this correspondence, ideals of K xG correspond to G-invariant ideals of
K *err-

PRroOOF. If A is a nonzero H-invariant left K-ideal of K *G, then, by
Proposition 2.3, ¢(A) = AN K*Gye, is a nonzero H-invariant left K-ideal
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of K*Gyer. On the other hand, if B is a nonzero H-invariant left K-ideal
of K*Gyer, then

Y(B)=(K«G)B= Y  gB

g€T(G/Gxer)

is a nonzero H-invariant left K-ideal of K*G and
(2.5) (KxG)B N K+Gyer = B.

Hence
B Y (K+G)B -2 (K+G)B N K+Gyer = B,

i.e. 1y =1id. To see that ¢p = id, it is enough to show that
A2 (AN (K #Grer)) — (K#G) (AN (K 5Gher)) = A

for each nonzero H-invariant left K-ideal A of KxG.

It is clear that A; = (K*G)(AN K*Gyer) € A. Suppose that A; C A.
Then in view of Lemma 2.4 we have A1 N (K *Gyer) C AN K*Gyer. Now
applying the equality (2.5) for the left K-ideal B = AN K*Gye we obtain

B D AN K*xGyer = (K*G)B N K*xGyrer = B.

But this is impossible. Therefore, A; = A and the equality ¥¢ = id
is proved. Finally we observe that if A is an ideal of K %G, then A is
simultaneously an H-invariant and G-invariant K-ideal of K *(G. Thus
AN KxGher 1s a G-invariant ideal of K*Gy,, since KxGhe, is a G-invariant
subring of KxG. This completes the proof.

The above theorem yields the necessary reduction of some problems
from K*G to K*Gyer. As will be apparent soon, some results facilitate
the further reduction to C'(K)*Gyer-

First let us recall a well known standard definition. A family of subsets
{M; |ie€I}in aset M is said to satisfy the Ascending Chain Condition
(ACC) if in the family does not exist an infinite strictly ascending chain
M, Cc M;, C...C M,;, C.... The Descending Chain Condition (DCC)
for a family of subsets of M is defined similarly.
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Corollary 2.6. Let KxG be a crossed product of G over K and let K
be an H-simple ring for some central subgroup H of G.

(i) The ideals of K xG satisfy ACC (resp. DCC) if and only if the
G-invariant ideals of K xGye, satisfy ACC (resp. DCC);

(ii) If |G : Gyer] < 00, then the ideals of K xG satisfy ACC (resp.
DCCQ) if and only if the ideals of K %Gy, satisfy ACC (resp. DCC);

(iii) If K is a simple ring, then the left K-ideals of K*G satisfy ACC
(resp. DCC) if and only if the left K-ideals of K*Gye, satisfy ACC (resp.
DCQ).

PROOF. (i) and (iii) follow immediately from the preceding theorem,
as H =1 in (iii). Therefore it is enough to prove (ii). Let A be any ideal
of Kx«Gyer and g € G. Then g = hgy, where h € Gyer and g1 € T(G/Gxer),
a transversal of Gy, in G. Hence we obtain A9 = g 1Ag = g, 'Ag,. It
is clear that AY is an ideal of K*Gje,. Thus G acts on the set of all ideals
of K *Gyer by conjugation as finite group of authomorphisms. Then (ii)
follows by the preceding theorem and [7, Corollary 2.1].

The following propositions enable us to enlarge some well known re-
sults on the semiprimitiveness of twisted group rings (see [16]) to the case
of crossed products. Recall that the ring R is said to be semiprimitive if
the Jacobson radical J(R) of R is the zero ideal of R [2].

Proposition 2.7. Let K+G be a crossed product of G over K. Then

(i) K*Gyer Is a twisted group ring with a central factor set p and
R = C(K),Gxer is a subring of K ,Gyer;

(ii) If K is a C(G)-simple ring, then AN R is a nonzero ideal of R for
each nonzero ideal A of K*G;

(iii) If K is a central simple F'-algebra, then J(K*G) N F,Gyer C
J(FyGxer). In particular, if F,Gyer is semiprimitive, then KxG is semiprim-
itive too.

ProOOF. (i). If g € Gyer then by definition there exists an element
gg € K* such that 97 = ggae, ! for all @ € K. Now we define G =

{9 =70¢ey| 9 € Gker}. It is clear that ag = ga for all @« € K and g € G.

Therefore, K*Gye, is a twisted group ring of Gy, over K with K-basis G ,
ie. K*Gyer = K,Grer where p is a central system of factors. Hence we
conclude that R = C(K),Gyer is a subring of K *Gier.

(ii). Now suppose that K is a C(G)-simple ring and let A be any
nonzero ideal of K*G. In view of the above theorem we obtain that A; =
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ANK ,Gyer is a nonzero ideal of K,Gyer. Let @ = > 7 gia; 0 (o € K) be
an element of minimal nonzero support size in A;. Since we can multiply
x by any g € Gye without changing the support size, we may assume that
g1 = 1. From Lemma 2.1 we may assume also that a; = 1. Then A;
contains the element

Y =ar—ra= Z'g}(aai — a;q)
1
for all « € K and |Suppy| < |Suppz|. This shows that y = 0 and
aa; = q;a fora € Kand 1 =1,2,... ,n. Hence o; € C(K) and = € R,
i.e. AN R # 0 and (ii) is proved.

(iii). Next assume that J(K*G) # 0. In view of (ii), it is enough to
show that I = J(K+G) N F,Gyer is a quasi-regular ideal of F,Gye,. Since
K is a linear space over F, as a right F-module F' is a direct summand
of K. Write K = F' & L, where L is a suitable right F-submodule of the
F-module K. Hence

K*err = Kkaer = Fkaer D Lkaer

is a direct sum of F-modules, where

LPerr = {CL = Zgag | g € erm Qg € L} .

The proof will be completed if we can show that » € I implies that 147 is
left-invertible in F,Gye,. The element 1 + r is invertible in K *G because
r € J(K*G). Moreover, 1 + 1 € F,Gyer so that t = (14 7)7! € K,Gxer.
Let t = tg + t1, where tg € F,Gxer and t1 € L,Gxer- Then

I=t(1+r)=to(1+7r)+t:(1+7).

Since 1, to(1 +r) € F,Gker and t1(1 + r) € L,Gyer, this implies that
1 =1to(1+r), as desired.

If K+G is a skew group ring, then we have the following proposition.

Proposition 2.8. Let K°G be a skew group ring of G over the com-
mutative C(G)-simple ring K. Then

(i) F = K€ s a field and AN FGyer is a nonzero ideal of the group
ring F'Gye, for each nonzero ideal A of K°G;

(ii) J(K°G)NFGyer C J(FGyer). In particular, if FGye, is semiprim-
itive, then K°(@G is semiprimitive too.

PROOF. (i). Obviously, F' is a subring of K. If & € F' is a nonzero
element, then oK is a nonzero C(G)-invariant ideal of K and therefore
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aK = K. This yields « € K* and a~! € F. Thus F is a subfield of
K. Let x = Y] g;0i # 0 (a; € K) be an element of minimal nonzero
support size in the nonzero ideal A of K?(G. Obviously, we may assume
that g1 = 1 and a; = 1. Then A contains the elements y = hx — zh and
z =ax —xa for all @« € K and h € C(G). Moreover, | Suppy| < | Supp z|
and |Supp z| < |Suppz|. Thus we obtain that y = z = 0 and therefore
al’ = q; and 09%q; = a;a (e € K; h e C(G); i=1,2,...,n). Hence
we conclude that a; € F, a9 = oziozai_l and g; € Gyer (1 =1,2,... ,n).
This shows that © € F7G N F?Gyer and (i) is proved.

The part (ii) may be proved as (iii) in the preceding proposition.

§3. Simple crossed products of groups and rings

In this final section we study crossed products K*G which are simple
rings, i.e. K*G contains no proper ideals. From Theorem 2.5 we obtain
immediately the following theorem.

Theorem 3.1. Let K *G be a crossed product of the group G over
the C(G)-simple ring K. Then KxG is simple if and only if K %Gye, Is
G-simple.

Observe that this theorem is proved in [5] and [6] when K is a skew
field or a simple ring respectively.

It is clear that if A is a G-invariant ideal of K, then (Kx(G)A is an ideal
of Kx(@G. Therefore, if K*G is simple, then K is G-simple. In a different
way, in [3, Proposition 5.7] it is proved a result, which is analogical to the
following proposition. In [3] G is an Abelian or a torsion free ZA-group
[10] and K is a commutative G-simple ring. Here K is G-simple, but G is
arbitrary.

Proposition 3.2. Let K°G be a skew group ring of G over a com-
mutative C(G)-simple ring K. Then K°G is a simple ring if and only if
err = 1.

ProoF. If Gyer = 1, then K°Gyer = K contains no G-invariant
ideals, because K is C(G)-simple. In view of the preceding theorem we
conclude that K?G is a simple ring. Conversely, let K°?G be a simple skew
group ring and assume that Gye; # 1. Then K?Gyer = KGyer is a group
ring which contains the proper G-invariant ideal w(Gyer) generated by the
elements {h — 1| h € Gker}. Indeed, if a € w(Gyer) then

a= Z ap(h—1) (an € K).

hEerr
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Since Gyer is a normal subgroup of G,

g lag= > af’(g " hg—1)
heerr

is an element of w(Gyer) for each g € G. But this contradicts the preceding
theorem and the result follows.

Corollary 3.3. Let K°G be a simple skew group ring of an Abelian
group G over a commutative ring K. Then K°(G is simple if and only if
K is G-simple and Gyer = 1.

ProOF. The necessity follows from Theorem 3.1 and the sufficiency
follows from Proposition 3.2.

Proposition 3.2 is incorrect for arbitrary crossed products. For exam-
ple, let K*xG be a field (see [16]). Then Gyer = G, but K*G is simple.

The next assertion is announced in [12, Theorem 7] for torsion free
Abelian groups. For torsion free Z A-groups it is proved in [3, Theorem 5.6].

Lemma 3.4. Let KxG be a crossed product of a torsion free Z A-group
G over a ring K. Then K*G is simple if and only if K is G-simple and
there is not a nonidentity central element h € H such that

o =epae;t, €17 = p(h,g) " p(g, h)en

for all « € K and g € G, where ¢}, is an invertible element of K.

The proof of this lemma is based on the fact that each ideal of KxG
contains a nonzero central element of KxG (see [13, Corollary 2.2]). More-
over, if an element h € G satisfies the conditions of the lemma, then the
element a = 1 + hey, is central, but it is not invertible in K *G.

Recall that the factor set p of the crossed product K*G is symmet-
rical [5], if gh = hg yields p(g,h) = p(h,g) for all g,h € G. Then from
Lemma 3.4 we obtain immediately the following corollary.

Corollary 3.5. Let K*G be a crossed product of the torsion free Z A-
group G over the commutative ring K with a symmetric factor set p. Then
K x(G is a simple ring if and only if K is G-simple and Gye, = 1.

Observe that the preceding corollary takes place also in the case when
K is not commutative, but the factor group K*/C(K)* is torsion and
C(K) contains the factor set p. Indeed, if 1 # h € Gie and a7 =
€ha€,:1 (o« € K, g € K*), then there exists an integer n such that

e € O(K). Thus o' = a (a € K) and the elements h" € G and
epn = 1 satisfy the condition of Lemma 3.4. The rest of the proof is clear.
If GG is a torsion group, then the field of complex numbers shows that
Corollary 3.5 is incorrect.
Now we will prove the following theorem.
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Theorem 3.6. Let K+G be a crossed product of a finitely generated
torsion free Abelian group G over an arbitrary ring K with a symmetric
factor set p. Then Kx*G is not simple if and only if either

(i) K is not G-simple, or

(ii) G has a basis g1, ¢a, . .. ,gn such that 917 = cae™! (¢ € K*) for
some natural number r and every a € K, and €9 = ¢ fori=2,3,... ,n.

ProoF. First assume that K«G is not simple, but K is G-simple. In
view of the above lemma there exists an element h € G such that

A" =caeT!, €97 =¢ (e € K¥)
for all @ € K and g € G, because the factor set p is symmetrical. Let
H = (h) be the cyclic subgroup of G, generated by h. Then there exists
a basis ¢1,92,... ,9n of G such that H = (g7) for some natural number r
[10, p. 120]. Thus h = g7 or h = (g7 )" and the condition (i) follows.
Conversely, it is clear that if K is not G-simple, then K %G is not
simple. Assume that K is G-simple, but G satisfies the condition (ii). Via
a change of the basis G = {g{lgg2 ceegn | € Z} with the basis G =
{91'95% ... q,» | rs € Z}, there is really no loss of generality in assuming
that K«G is a skew group ring K?(G. This is possible since G is a torsion
free and p is a summetric factor set. We will prove that K?G is not
simple using the method of JORDAN [9]. Indeed, if K is commutative,
then the assertion follows from Corollary 3.3. If K is a noncommutative
ring, then we define g = £e917£917 | 91 7 Since 917 = ¢ we conclude
that g9 ¢ = 917 for | = 1,2,...,7—1 and

o o 2o o o 2o r—1_ gio
BT =N | 917 = (919917 N €
2 r—1
=¢ (egl"sgl" ... U) = 0.
Furthermore, the conditions gjo.gic = giogjo and €99 = ¢ yield

(egf)gig =e9% fors=1,2,...,r—1landi=2,3,...,n. Thus we obtain
that (8 is a G-fixed invertible element of K. Moreover,

—1 o r-ls o r-ls -1
Baf™ =917 .. . eh a(segl co.ed )

T
o rfla o 'r'flo_ -1 919
= |99 .. &N a(sgl LN )
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gr+1o_
gio 91 %0 g7t g0 P
= |9 . g% T (e e )
_2r+41
2 r—2 -1 2 po2 \ 191 9
= |eN%e97 g% TN U(egl"sgla...e:gl ")

Thus we conclude that

rs+s—1
g
rTr—Ss

-1 o _g%c o g7 o _g%c o L
Baf™ = |e97¢N? g9 TN (591 e . eh )

for all s =1,2,...,r. In particular, if s = r then

r2+r71
1—r 91 g r2

ﬂaﬁ_l = (a91 U) =9 .

Therefore, the element h = g{Q € @ satisfies the conditions of Lemma 3.4
with €, = (8 and the proof is completed.

From here we obtain the following corollary.

Corollary 3.7. The crossed product K*G of the infinite cyclic group
G over the ring K is a simple ring if and only if K is G-simple and Gye; = 1.

Proor. If G is a cyclic group, then it is easy to see that the factor
set p of K*G is symmetrical. Then the assertion follows from Theorem 3.6
with n = 1.

It is clear that the ring K[z, 2™ !; 0] of skew Laurent polynomials is a
skew group ring of the infinite cyclic group over K. Hence, the main result
of [9] (see also [11, Theorem 3.18]) follows from the above corollary.

Obviously, the ring K{z;, x; L2o; | i = 1,2,...,n] of skew Laurent

polynomials of zq,29,...,2, is a skew group ring of the torsion free
k
Abelian group G = (x1) x{x2) X...x{x,) over K, where az? = zFa]" (a €
K),ie 2foc =0F (1<i<n, k€ Z). Then with the help of Lemma 3.4.
we obtain the following result, which is well known when K is commutative

(see [18]).

Proposition 3.8. The ring Klz;, xi_l; o; | i =1,2,...,n] of skew
Laurent polynomials of x1,xs, ... ,x, over K is simple if and only if there
exists no nonzero system of integers my,ms, ... ,m, and a nonzero ideal A

of K such that a1 192770 = cae™! % =gand A% = A (1<i<n)
for some ¢ € K* and all « € K.

If K is commutative, then it is clear that in the above proposition we
have ¢ = 1.
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