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Toeplitz matrices in quasi Hilbert algebras I11.

By BELA GYIRES (Debrecen)

Dedicated to B. Barna and L. Gyarmathi at the occasion of theirs 60th birthd ay

§ 3. Generalized Toeplitz matrices

The concept of a quasi Hilbert algebra makes possible to give a new general
foundation of the theory of Toeplitz matrices. This is the subject of the present
paragraph.

1. First of all we generalize the concept of a Toeplitz matrix.

Let R be a symmetric Banach algebra in wich the norm is determined by a positive

functional. Let ¢, (k=1,2,...) be a complete orthonormal system in the quasi
Hilbert algebra H* over R. The infinite matrix

all a|2 als TS

.’W(x) = m2| azz az_‘; .

where
o =(ex, €) € R,

will be called the Toeplitz matrix generated by the element x<€ H*. (with respect
to the given complete orthonormal system).

By the sum of the Toeplitz matrizes M(x)=(z,), M(y)=(p.) belonging to
the element x, y€ H* we understand the matrix

M(x) + M (y) = (o + Bro)-
By the product of x€ R and of M(x) we understand the matrix
o M(x) = (atotyy).
By the product of M(x) and of M(y) we understand the matrix
M(x)M(y) = [Z’ uh.ﬁ‘.,]

(by (6) this matrix always exists).
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By the conjugate of M(x) we understand the matrix
M*(X) =(yu)s Vit =%k

We show that the mapping x — M(x) is a * -isomorphism of the quasi Hilbert
algebra H* onto the algebra of the Toeplitz matrices generated by the elements
of H*

The properties

M(x+y) = M(x)+ M(y),

M(xx) = aM(x) for any complex number o,
M(x*)=M*(x)
are evident, so we show only that

: M(xy) = M(x)M(y)
By definition _
T = (exy, €)= (ex, e y*)

and so, making use of the relations

oo (=] oo
ol
QX ~ D Uyly, Y~ 21 Biveys Xy~ 2, Taveys
v=1 v v=1

and of the equality
(ey™, e,) =(ey, e,y) =(e,y, e)* =By,
we get

(8) m=§%M-

After these considerations of algebraic character we are going to represent
Toeplitz matrices by linear operators.

Let R be a symmetric Banach algebra in which the norm is determined by
a positive functional £. Let V' be the space of all sequences (2, #,, ...) of elements

of R, for which fmiz exists (addition and multiplication by a complex number

are defined for these sequences in the usual way, i.e. component-wise). By the
inner product (a,b) of two such sequences a=(x,,,,...), b=(f,, f,,...) we

mean the complex number > f(2,f;). (This surely exists because > |«,/* and
=1

o v= v=1
> |B,|* both exist.) Thus ¥ becomes a Hilbert space. Now we make correspond
v=1

to the Toeplitz matrix M(x) generated by the element x of the quasi Hilbert algebra
H* over R the linear mapping of the Hilbert space V, which maps the vector

2=($y, 82, ... )EV
to the vector

IM(x) = ;l’f:‘.a,,, é’ivm‘,z,... .
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We prove that the linear mapping thus corresponding to M(x) is a bounded

operator of the Hilbert space V.
For this purpose we first consider the smallest Banach algebra H* which contains

the normed algebra H*. Clearly, if x=(¢], &3, ...)€ V, then s=§'{,,e,€ .1t

v=1
also clear that — if we apply the usual notation for the inner product to the case

of arbitrary sequences —

[(xM(x), x)| = f[k 12='1 e f?‘]

= ‘f[“Z;l Culexx, e:)f?]

= A%, 9)| =

= If[.Z(‘fx"a)X, Z faek]
k=1 k=1
= Vf((sx, sx)) - Vf((s, 8)) = |sx]||s| = |s|?]x],

where we have made use of the known fact that the positive functional f defined
on R is bounded. Applying this to xx*, we get in the case |x| =1 that

xM(x)|? = (xM(x), tM(x)) = EM(x)M*(x), x) = xM(xx*), x) = |xx*| = |x|?

and so the mapping in question is in fact a bounded operator of the Hilbert space V

We remark that if H* is a quasi Hilbert algebra with unit element, then the
spectrum of the bounded element x € H* is contained in an interval and the spectrum
of the operator belonging to M(x) is also contained in the same interval.

As a matter of fact, the spectrum of the element x coincides with the spectrum
of M(x) with respect to the algebra of Toeplitz matrices (for this algebra is isomorphic
to H*) and the spectrum of the operator belonging to M(x) cannot be larger than
this, since the algebra of Toeplitz matrices is isomorphic to a subalgebra of the
algebra of bounded operators of the Hilbert space V.

2. Let R be a symmetric Banach algebra in which the norm is determined by
a positive functional /. Now we shall deal with the finite matrices formed by the
elements of R.

We make the space V, of the vectors (&,, ..., ¢,) consisting of elements of
R to a Hilbert space (the dimension of which is not necessarily finite) by letting
the inner product (a, b) of the vectors a=(a,, ...,,)€V,, and b=(g,, ..., B)EV,
be equal to f(x, f1)+... +f(«,pfy). By the trace of the linear operator L of the
Hilbert space V, we understand the number

trL ={e;L,e)+...+(e,L,¢,),

where ¢, €V, is the vector the k-th component of which is the unit element of R,
while all its other components are equal to zero of R (k=1,2, ..., n).

Let us make correspond to the matrix 4 of order n, consisting of elements
of R the linear operator of the Hilbert space V,, which maps the vector x¢ V, to
the vector xA. Clearly, the operator thus corresponding to 4 is bounded. One easily
sees that if we make correspond to any matrix of order n, consisting of elements
of R, the operator just defined, we get a * -isomorphism of the algebra of the matrices
considered onto the Banach algebra of those bounded operators L of the Hilbert
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space V,, which have the property that for any element x€ R and any vector x€ V,,
the relation (xx)L =a(xL) holds.

Now we are going to investigate the sections of the Toeplitz matrix M(x)
generated by the element x of the algebra H*. By the n-th section of the matrix
M(x) we mean the matrix

Oy oee Oy

M,(x) =

' S A

We remark that if H* is a quasi Hilbert algebra with unit element and the
spectrum of the bounded element x£ H* is contained in a finite interval, then the
spectrum of the operator belonging to M, (x) is contained in the same interval.

As a matter of fact, the spectrum of the operator belonging to M,(x) lies in
the interval bounded by the numbers

ku(x) = inf (xM,(x),x) and K,(x) = sup (xM,(x), x)
lx[=1

|e|=1

whereas the endpoints of the least interval containing the spectrum of the operator
belonging to M(x) are

k(x) = inf (xM(x),x) and K(x) = sup (xM(x), x).

x|=1 |x|=1

So, in view of the evident inequalities k(x)=k,(x) and K,(x)= K(x) our assertion
follows from our previous remark concerning the spectrum of M(x).

Now, on the basis of what has said above, it is easy to define continuous
functions of the n-th section of the Toeplitz matrix belonging to the bounded element
x of the algebra H* with unit element. Suppose that the spectrum of the bounded
element x€ H* is contained in the finite interval [a, b] and let F(Z) be a continuous
real function defined on the interval [a, b]. We have just seen that in this case [a, b]
contains also the spectrum of the operator belonging to M,(x). Therefore we can
define F(M,(x)) by the formula :

b
F(M,(x)) = [ F()dE,(),

where E,(4) is the spectral function of the operator belonging to M,(x).

Finally we remark that our above results remain valid without modification
also in the case of complete orthonormal system for which the indices run through
all integers and not only through the positive integers. Of course, we then have
matrices which are infinite in four directions, instead of matrices infinite in only
two directions. The case when the complete orthonormal system under consideration
consists of the powers with integer exponents of a unitary element u of the algebra
H* with unit element, is of particular importance. In this case, if x € H* is a Hermitian
element which commutes with w, then it is easy to see that z,, depends only on the
difference /—k, for :

2 = (i) = (5, 1)) = (i),
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therefore we can put oy =0o,_,. So in this case the Toeplitz matrix generated by
the element x can be written in the form

Qg O Oy O3 Oy .
o @t B By U . Wy
T(x) =]. ap 3 ag &5 o5 .
vl BBy Ny s
s oy By Oy By Mo s

By the n-th section of the matrix 7(x) we mean the matrix
oy O .

a_q Oo i D

T,(x) =

Xop Tpp - %o

( Received June 28. 1967.)



