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Linear and quadratic predictability for homogeneous
bilinear time series of Hermite degree two

By J. MATH (Debrecen)

Abstract. The linear and quadratic predictors are considered for bilinear realiz-
able Hermite degree-2 processes. We give a sufficient condition for the equivalence of
the two predictors based on the bispectrum of the noise of the best linear predictor.
This gives an example, where the two predictors are equivalent but the process is not
Gaussian.

1. Introduction

It is a well known fact that the best least squares predictor with
respect to the past of stochastic process is the conditional expectation. A
method has been given by MASANI and WIENER (1959) for finding the best
predictor for stationary processes. It has been shown that under certain
circumstances the Hilbert space spanned by all the polynomials of the past
is the same as the Hilbert space generated by the random variables with
second moments, measurable with respect to the o- algebra generated by
the past.

In this paper we are considering cases when the linear predictor is
as good as the linear and quadratic ones together and the process is not
necessarily Gaussian. The assumption of the best linear predictability is
concerned with the bispectrum of the innovation series originating from
the best linear predictor. We focus on bilinear realizable Hermite degree-
2 processes with separable kernel. That is an example of the situation
when although the process is non-Gaussian, the linear predictor is the
best among all possible nonlinear ones. We are giving a necessary and
sufficient condition of the linear predictability in a simplest but nontrivial
case.
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2. Linear and quadratic predictor

Suppose there is given a zero mean time series Y; stationary up to the
third order with finite fourth moments.

The construction of the linear predictor Y7, (t 4+ 1) = > reoakYi—g is
well known (see PRIESTLEY (1981)), and based on the spectrum Sy of the
process. One needs only the Szeg6 assumption, i.e.,

(1) /0 log Sy (2)dA > —oc

to be fulfilled. Let R
et =Y, =Yy (t)7

be the innovation process. Note that under the assumption (1), Y; has a
moving average representation

The spectrum Sy is denoted by

oo

Sy (z) = Z cy (k)z7F,
k=—oc0
where z = 2™ X € [0,1], cy (k) = EYpY%.
The quadratic predictor of one lag is of the form

(2) t+1 Zaky;f K+ Z agkY;t jl/;) ks
7,k=0

and the coefficients ay, a; ; are chosen such that the mean square error

E|Yit1 — Yo(t +1)

2
B

is minimum.

It is well known that if the process Y; is Gaussian then the conditional
expectation of Y; 1 with respect to Y, Y;_1,Y;_o,... is linear, i.e., YL(t) is
the best predictor. However if the process Y; is non-Gaussian then it can
happen that the variance of the error process according to the quadratic
predictor, i.e., Y; 11 — YQ (t + 1) is smaller than the variance of the linear
innovation process e;. Recently it was shown by TERDIK and SUBBA RAO
(1989) that the variance of the best linear predictor of a bilinear process
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driven by Gaussian white noise u; is greater than the variance of the noise
process ;.

Our question is whether the contribution of the quadratic term in (2)
is significant or not, i.e., whether the linear predictor Y7, (£+ 1) is the same
(in the mean square sense) as the quadratic one Yo (t + 1).

The main tool we base our analysis on is the bispectrum of the pro-

cess Y;
o0

By(zl,ZQ) = Z CYY(kaj)Zl—kZQ_j7

k,j=—o00
where 21 = €™\ 29 = 2722\ Xy € [0,1], and cyy (k,j) = EYoY:Y;.
By exists for all Ay, \y € [0, 1] if

o0

Z |ny(/€,l)| < oQ.

k,l=—o0

The following symmetry properties are fulfilled for the third order mo-
ments cyy

ny(k, l) = ny(l, k) = ny(—k,l — k)
= ny(l - ]{?, —k) = ny(—l, k — l) = ny(k‘ — l, —l)

From the definition of By and from (3) one can prove the following prop-
erties

(3)

By (z1,22) = BY(Z1_1722_1)7

By (21,22) = By (22,21) = By (21,21 "2, ")
= By (27 251, 21) = By (22,27 '25 1) = By (27 Y25 1, 22).
Let L be the backshifting operator, i.e., LY; = Y;_1 and let P and @) be two
polynomials with roots outside of the unit circle. The operator P(L)/Q(L)
defines a linear filter on Y;. It is known that the spectrum of the process
Vi = [P(L)/Q(L)Yi] is given by
2

P(z) Sy (2),

Q(2)

Sy (z) = ‘

moreover the bispectrum is

B?(zla 22) =
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We use Masani and Wiener’s (1959) definition of the spectrum of a
distribution, which is often used in the measure theory.
Now we are in the position to prove the following

Theorem 1. Let the time series Y; be stationary in third order with
spectral density Sy . Moreover suppose that the fourth order moments of Y;
exist, and let Sy fulfil the Szeg6 condition (1) and let all finite-dimensional
distributions of Y; have positive spectrum. Then the necessary and suffi-
cient condition for the equivalence of the linear f/L(t) and the quadratic
Yo (t) predictor is that the bispectrum B, (z1, z2) of the innovation process
e; has the form

(4) Be(z1,22) = f(21) + f(22) + f(21 '22 1),

where
f(z) = Z e,
k=0

and

6127r)\ 6227TA2 )

P — 6227(')\1,

5 zo =

The proof is given in TERDIK and MATH (1993b). Here we note that
the assumption (4) is automatically fulfilled when the bispectrum of the
process Y; is zero for all frequencies because the bispectrum of the linearly
filtered process ¢e; is given as a product of the bispectrum of the process Y;
and the filter. This implies that the bispectrum of the innovation process
e; is also zero. Therefore it may happen that although the linearity test
fails, the best predictor is linear.

3. Bilinear realizable processes with Hermite degree two

The so called bilinear realizable model is given in the following way
Xy =AX;_ 1+ DXy 1641 + bey + 1,

)
() Yt:C,Xt.

We shall consider a simplified case of this model, the so called homo-
geneous bilinear model with Hermite degree 2.
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In this case the process Y; can be given by the following state space

equations
Z a(l)X(l — &,

(6) P2 R,S
Za,(f)Xt(z)k = Z cm’m+nXt( )m nEt—m + const.,
k=0 m=1,n=0

Y, = x2.

The Wiener-Ito integral representation of the stationary solution of
this model is

1,1
(7) = / / eltmlwr )t e, 212) , W(dwy, dws),
0 Jo a22(212’2)0421(21)

where W denotes the stochastic spectral measure with respect to the
Gaussian white noise series £,. The polynomials a1 (2), as2(2) and y(z, v)
are given by

0421 Za,&l)z_k, (1) = 1,

a22 Za(2) _k, a62) = 1,

R,S
v(z,v) = Z Cmm4n? VT,

m=1,n=0

R
= E Crm¥ .
m=1

Let us denote the roots of ais; by ay,...,ap, and the roots of asa by
B1,...,0p, These roots are supposed to be inside the unit circle.

The process Y; is called separable if the polynomial ~ is the product
of two polynomials of a single variable, i.e.,

Y(2,v) = Y0 (v)71(2).
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The spectrum and the bispectrum for bilinear realizable processes
with Hermite degree-2 are explicitly given (see TERDIK and MEAUX

(1991)), ic.,

_ 70(21) 2 ot ! 7(Z7zl> ?
(8) (=) = a22(21) +|0é22(z1)|2/0 21(2) "
and
9) B(a.z2) = (a2, 7' 2 )
where

B 606 Yo (21)70(22)70(23)

(10) vl = ua2(21) 22 (22) 22 (23) { 3
10

|1 (2) | can (27127 h)

Theorem 2. If the homogeneous bilinear realizable Hermite degree-2
process (6) is separable and the roots of -y are inside the unit circle, then
the best linear predictor is the best quadratic one as well.

PROOF. In this case the spectrum and the bispectrum have the fol-

1
/)

B(Zla 22) = ¢(217 22, 21_122_1)’

’70(21)
0422(21)

71(2)
(121(2’)

Yo(21)
0422(21)

Sy (z1) = ot

Zd)\] = o2
(11)

with

200 (21)70(22)70(23)
Q22 (21 )OéQQ (22)0422 (23)

(e n(z)
1+ sym (/o |a21(z)|2 agl(z*lz_l) dA)] ;

1

w(zlv 22, 2’3) =

(12)

X

where o2 is the variance of the residual series of the best linear predictor.
Assuming that the roots of g are inside the unit circle the residual series
has the form
€t = az(l) t
Yo(L)
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where L is the backward shift operator and the bispectrum of the residual
series is also simple, morover

U(21,22) = 20%(f(21) + flz2) + f21 ' 25 1)),

where
-1

1 9 .
f(Z1)=1/3+/0 71 (2)|"y1(z7 21 )

|1 (2) |7 a1 (27127 Y)

As (21, z2) satisfies the necessary and sufficient condition of Theorem 1,
the proof is completed.

Now, we assume that the best linear and the best quadratic predictor
are the same and we try to find a necessary condition.

From (8) it is easy to infer that the error of the best linear predictor
has the form

Oézg(L)

(13) €t = h(L) ts

and the degree of h is just S.
Using (13) we can prove the following

Lemma 1. If the best linear and quadratic predictor are the same

then
h(z1)h(z2)h(z; ‘25 )

0422(2’1)0422(22)0622 (21 122_1)

will be a divisor of the bispectrum of Y;.

Let

(14) Bl (2’1, 22) = 0422(21)0422(2,’2)0622(2’1_122_1)3(221, 22).

We assume that aq,...,ap, are different. So we can write

—1 1

721)7(2_ Z1_17Z2)V(Z7Z3)d)\

|1 (2) | a1 (27127 Y)

(15) 1(21,22,23) = /O ,Y(Z

(16) _ Z Y( Qy 721 Oéklzfl Zz)’Y(Oék,Za)
Akagl(ak Zl 1)

Y

with some constants Aj. As

(17) Bl(Zl,ZZ) = 60’6 |:70(Zl)70(322)/70(,23) +SymI(z17227z1_1z2_1)
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the poles of By are
-1 -1 -1 -1 _—1_-1 -1 -1 ,
(18) z1=ap a; yz2=qp a; ,2) 25 =qp o, kj=1..P

Using (16) we have

lim  Bi((z1, 20,27 25 V)(1 — aizy)

z1—>a;
19 _ _ _
(19) 2agh 05w, )y (ok, adey)
— i )
k
From the Lemma and (19) we get
(20) v(ag b a2 )y (a, ri)y(ak, agryt) = 0.

where r;,1=1,... S are the roots of h. Let us assume that 7(04,;1, 04122) Z£0.
Then together with the consequence of the Lemma we have the necessary
conditions

(21) B(ri, -)=B(-,r;) =0,
22 v, ri)v(ow, 2r; ) =0, k=1,...P, i=1,...5.
k'4

Moreover using the notation
s
7(2a U) = Z '771(1})2_”7
n=0
where

R
Yn(v) = Z Cr,mAn?
m=1

we can say that if
(23) Y(ag;,ri) =0, j=1,...,5+1,

holds then r; is the root of ~,,, n =0,...5, and in this case

S
(24) Y(zv) = (1 =rp™") Yy, (0)2 7"

If (23) holds for all the roots of h and these roots are different that means
v is separable.
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4. An example

To give the general form of the matrices according to (5) is not easy
so we shall do it in a particular case which will be considered later, parallel
with (5). The particular model is the following

X 4 aMx® 4 0x® _ o

X 4 a®@Xx® £ q@x® _ xO o ax® )
(25) +ega X yer 0 — (1 +¢2),

Y, = x2.
Here P, =2, Py =2 R=2.5 = 1,
)= (1—az7 ) (1 —az™),
ag(z) = (1= 1z )(1 = B2z 1),
Yz, 0) =v 1+ gzt F et F gz o),
o) =v 1+ v h).

In the case of separability g1 = g2. From S = 1 it follows that h can be

0121(2

written as
(26) h(z) = K(1 —rz"1).
Using the model (5) and writing

1010
Cl_<0101)’

Ay = diag(ai, o, ag, a2),

o 1 0 0 1
Bl _ 1 0 0 aq 1 a1
(a1 —ag) | —a2 -1 0 0 c |’
0 0 —ay -1 cgo
02 = (17 1)7

A2 - diag(ﬁl? ﬁ2)7

B 1 01 1
B2 = B — B2 (—52 —1>’
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the matrixes according to (5) are the following

(A0 (0 0
= (0 ) (s o)
b:(%l), CZ(O,CQ).

Particularly, from (25) (21) and (22) we have the following simple
formulae

(27) B(r,-) = B(,,r) =0,
(28) v(a1,r)y(eq, afr™t) =0,
(29) Y(az,r)y(ao, a3r™t) = 0.

Let us consider the value r in this particular case. Using (8) we have
Sy (z1) = lefl + Hy + Hi21,
where
Ho=0"[1+ 2+ Ei(1++g] +g3) + 2E2(g1 + P go)]

H, = ot [c + E1(C + 09192) + Egc(gl + 92)] )

and
T e 1L
1 aj a3
b :(1 —araz)(ar — az) [(1 —af) - (1 _2a§)] ’

which gives

H Hp

e VA !
2

We must choose the solution which is inside the unit circle.

r =

It is more difficult to calculate the bispektrum. Let

A1:1+czl_1, A2:1+cz2_1, A3 =1+ cz129,
Bl =gy +cgazyt, B2=2(g1 +cgazyt), B3 =g+ cgazzo.
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With the notations

C_, = Al1A2B3
Co = A1A2A3 + A1B2B3 + B1A2B3
C, = A1B2A3 + B1A2A3 + B1B2B3
Cy = B1B2A3

1 1
IN_, :/ : ——d\
0 Jag1(2)Pagi (2712 )

B (a1 + a2)(1 + 21 —alz; — a2%2)
T (1-a?)(1—a?z)(1—ad)(1 —a3z)(1 — ayas)(1 — ajagz)’

Sk

1
INk:/ ——d\
o lom(z)Paz (=715 )

1
(a1 — ag)(l — Oélag)(l — alagzl)

l<:+1 Oé]2€+1

X [(1 [T S R (e (= | R

we get
77/)(21,22) =C_1IN_1+ CoINy + C1INy + C3INs.

The bispectrum is the following;:
B(e1,2) = (L+ c21)(1+ ez) (L4 ez 25) + sym (a1, 22),
where

Sym¢(217 ZQ) = (dj(zla 22) + 77Z}(217 21 22 ) + ¢(Z27 Zl 1Z2 )
Y(z2,21) + w(z1 Zy 72’1) + (2 12y 722))/6

To find the explicit solutions of (27), (28) and (29) is too difficult.
Therefore we solved them numerically on a rectangle of the parameter
space. The parameters are oy, as,c,g1,92 and the rectangle is (—1,1) x
(—1,1) x (—1,1) x (=2,2) x (—2,2). On this rectangle we found separable
solutions. This suggests that in this particular case the separability is not
only sufficient but also a necessary condition for the equality of the two
predictors.
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