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On metrical homogeneous connections
of a Finsler point space

By L. KOZMA (Debrecen) and S. BARAN (Debrecen)

Abstract. Finsler point spaces mean that vectors are defined at points of the
base manifold and not at line elements. We show a process how to obtain in such a
Finsler space a metrical homogeneous connection from an arbitrary linear (or nonlin-
ear) connection. The autoparallel curves of the given and the constructed connections
coincide as point sets. It is shown that the curvature tensors are coupled by the angular
operator.

Introduction

In the history of Finsler geometry the search of an appropriate connec-
tion — in other aspect, a parallelism structure — was the first challenge.
Several solution were obtained (see [2], [3]). Namely, in Finsler spaces it
is not possible, in general, to introduce a metrical (i.e. length preserving)
linear connection. There are, however, two ways for solving this defect.
One of these is lifting all notions and investigations to the tangent mani-
fold, traditionally saying, to the line element bundle (see [2], [3]). Another
outway proposes to find metrical, but not linear, only homogeneous con-
nections on the manifold itself. It was found by W. BARTHEL [1] implicitely
already by L. BERWALD and E. CARTAN, however, such a connection is
not unique at all. This second line of approach has not been completely
exploited.

Here we show a general construction for obtaining a metrical homo-
geneous connection from an arbitrary linear connection given in a Finsler
space. The basic idea, due to L. TAMASSY [5] is the following. Take a
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unit vector, translate it along a curve according to the given linear con-
nection and normalize the translated vectors. Then we obtain a metrical,
i.e. length preserving parallel translation along curves. This connection
is, however, not linear, only homogeneous in general. We remark that this
program can be realized even if the starting connection is nonlinear, more-
over the Finsler space can be replaced with a Finsler structure in a vector
bundle.

Now we describe this construction in a Finsler vector bundle with the
aid of horizontal maps and give the relationships between the correspond-
ing covariant derivations, parallelism structures, geodesics and curvatures.

§1. Construction of a metrical homogeneous connection

We work in the category of smooth vector bundles. Let {=(FE, m, B, F')
be a vector bundle with the total space E, the base space B, the projec-
tion 7 and the typical fibre F'. 5 denotes the splitted bundle with the
total space £ = E \ {0}. A continuous function L : E — R* which is C"
on E is called a Finsler fundamental function if it is positively homoge-
neous, i.e. L(tz) = tL(z) for all t € R" and z € E, and, considering a

local vector bundle coordinate system (z%,y%,i = 1,...,dimB = n, a =
1,...,dim F = m), the fundamental metric tensor defined by
52(L?/2)

gap(@,y) = W(%y)

gives a positive definite quadratic form for all (z,y) = z € E.
The last assumption implies that the indicatrix

L={z2€E,=7""x) | L(z)=1}

at each point x € B is convex (see [3]). The indicatrix bundle Z¢ =
(IE,7, B,S™ 1) of a Finsler vector bundle (£, L) is formed with the indi-
catrices I, as fibres. In the following construction there will be a crucial
role of the normalizing operator n : £ — I¢ defined by

z

n(z) = m

Consider now a connection in the vector bundle £ given by a horizontal map
H : n*(t5) — T (i.e. a vector bundle map satisfying dn(H(z,v)) = v for
all z € E, v € TB with 7(z) = mp(v), where 7*(75) denotes the pullback
bundle (E xp TB, E,pri1,R™)). A curve t: I — FE is called horizontal iff
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the tangents ¢ are horizontal vectors. Then we say also that 1 is parallel
along the base curve 7 o). Suppose that H satisfies the homogeneity
condition

H(pe(2),v) = due(H(z,v))

for all t € R™, where y; : E — E, z — tz is the multiplication by ¢ in the
fibres. If H is differentiable on the whole E' then we obtain the notion of
the linear connection. (Homogeneity and differentiability at z = 0 yield
linearity.) In this case the parallel translation along curves determines
linear maps and the local connection coefficients are linear: I'f'(z,y) =
I‘?B(x)yﬂ. If 'H is not supposed to be differentiable on the zero section of
¢ then we have a homogeneous connection. Then the parallel translation
means only homogeneous maps and I'(z,ty) = tI'{(z,y) holds for all
t e RT.

Our construction has two steps. Starting with a linear connection
in &, first a connection in the indicatrix bundle Z¢ is defined, then it is
extended to £ in order to obtain a metrical homogeneous connection in the

whole &.

Proposition 1. If H is a horizontal map of a linear connection in the
Finsler vector bundle (&, L) then the map HO . 7 (1) — TrE defined by

(1) HY = dnoHpx,rn
is a horizontal map in the indicatrix bundle Z¢.

ProoF. Clearly 7 on = m. Using this relation we obtain

dioH®W = dx o dnoHlrexzre =d(Ton) o HliexsTB

:dﬂ'OH|IE><BTB :idTB. O

Remark. Having the homogeneity of the horizontal map H it is not
necessary to restrict H in (1) onto IE. In fact, if for 21,20 € E holds
n(z1) = n(z2) then dn(H(z1,v)) = dn(H(z2,v)). Namely, in this case
21 = tzo = uy(22) for some t € RT, supposed 2 # 0, therefore

dn(H(z1,v)) = dn(H(pe(22), v)) = dn(dpe(H(z2,v)))
In the second step we extend the connection of the indicatrix bundle

7¢ homogeneously to the whole vector bundle €. In this way we obtain a
metrical homogeneous connection in the Finsler vector bundle.
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Proposition 2. The map H™) : 7*(r5) — T} constructed from H
and defined by

(2) H™ (2,v) = dur) (HP (n(2),2)) V(z,v) € ExpTB

is a horizontal map for the vector bundle & which satisfies the homogeneity
property and means a metrical connection in the Finsler vector bundle

(&, L).

PROOF. a) Using 7o ur,y = m we show that H(™) is a horizontal
map in &, for

dﬂ-(d:U/L(z) (H(l) (77(2)72))) = d(ﬂ- © :uL(z))(H(Z) (77(2)»2))
= dr(H) (5(2),v)) = v.

b) To check homogeneneity we observe that psopur .y = pern(z) = HL(t2)
and 7(z) = n(tz) for t € RT. Therefore

dp (H™ (2,0)) = dpe(dpr ) (HD (n(2),v)))
= dpr ) (HY (n(tz),0)) = H™ (tz,0) = H™ (1(2), v).

¢) H™) is metrical by definition iff dL o H(™) = 0. To verify this we
apply that L o ur) = L(z)L holds for a fix 2 € E and L on = 1, which
imply dL o dpur .y = L(z)dL, dL o dn = 0. Therefore using these and the
definition of H("™) and H¥, we obtain

dL(H"™) (2,v)) = dL(dpp o) (HY (1(2),v)))
= dL(dpr ) (dn(H(z,v))) = L(2)dL(dn(H(z,v)) = 0. O

The following corollary formulates that this process produces essen-
tially the descriptive construction of L. TAMASSY [5].

Corollary. Let ¢ : I — B be a curve in the base space B, ¢V : I — E
a horizontal curve along ¢ with respect to H and z := ¥(0) € 7~ 1(¢(0)).
Thus the curve ¥* : I — E defined by ¢*(t) = pip.,)(n(¥(t)) Vt € I is
a horizontal curve with respect to the constructed homogeneous metrical
connection H(™).

The corollary follows immediately from the definition: 1 is a horizon-
tal curve iff ¢» = H (1), dm o ) where 1) denotes the tangents of .
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Now we give the local description of our construction. Considering a
local coordinate system (x*,y®) for &, the map 7 is given locally by

e ().
L(z,y)

A short calculation shows that the action of dn: TE — TFE is as follows:
i1 (g ) = 022w - D0
dﬁ(@)za_ﬁL(ac,y) y* 8'

ox? ox? ozt L%(x,y) Oy~

If 'H is characterized by the local connection parameters I'{*(x,y) which

satisfies
0 ) 0 0

B e R
H (g ) = g~ T s

then using the above action of dn and (1),(2) we can obtain that the new
metrical homogeneous connection H (™ has the following local connection
parameters:

(m) % <6L<a:,y> 8 @wa)
i (I,y) — T a4 |-

r ?(Iay) = F?(:Bay) -

L(z,y) \ 0y° oz’
Moreover, in the case of a linear connection I'?'(z,y) = ', (z)y” we have
(m) y*  (9OL(z,y) IL(z,y)
3) ¢ =T (2)y" - 2T (2)yY — )
B Trn) =ty - 7 (T e - 25

§2. The relationships between the original linear and the
constructed metrical connections

First we derive a relationship between the corresponding covariant
derivations. The covariant derivation V : X' (B) x Sec{ — Sec¢ of H is
given by

Vxo=a(do(X)—H(o, X))

where a: VE — FE is given locally as a(yﬁ%) = (y?).

Theorem 1. Denoting the covariant derivations V and V("™ belong-
ing to H and H"™ resp., we have

Vq(j%)g — Vyo =n(o)dL(H(o,v)) VYveTB, o€ Secé.
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As we see, this theorem expresses that the deviation of the two co-
variant derivations just measures the 'non-metric’ property of H.

PROOF. We check first that for any fixed z € E

(id — dpp(z) o dn)(u) =

1
Vue T, FE
Lo vue
where C' : E — V E denotes the Liouville vector field given locally as
C(z) = yo‘(z)(a%)z. In fact, applying the left side on the coordinate
functions

(id — dyur,z) © dn) (u) (")
(id — dpp(zy © dn)(w)(y®)

(z*) — u(z' o pupz) o) = 0.
(y") —u(y® oprzyon)

o) -u (% 2)

I
[S

Il
[S

Il
[S

1
- L(2)
We calculate now the deviation of V(™) and V with respect to (1) and (2)

Vém)a —V,o=a (da(v) —H™ (o, y)) —a(do(v) — H(o,v))

=« ( —H™ (o, v))
( dML(a)(dU(H( )))
( Zd d,U’L(J) © d77) (H<O.a Q))) :

Using the relation above and a o C' = id we have further

v?%=wma:a(ﬁ%ﬁuﬂwaﬁow0

_ mdL(H(o-, v)) = n(o)dL(H(o,v)). O

The curvature tensor R of a linear connection V is defined by
R(X, Y)U = VX(VyU) — Vy(VXO') — V[X7y}0'
for all X,Y € X(B) and o € Sec¢, or locally

ors. ors

8 _ Jv Ty B s B s
Rvji_ oxrt O —|—I‘ZSFW—FJSFW
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On the other hand, the curvature of a homogeneous connection V)

is defined by
(h)

for all U,V € X(F), where h = H odm, v = id — h. Locally

(h) ore  are oTe ore
4 o — 4 i il i
( ) RZ] axz axj J 8yﬁ ? ayﬁ

It is known [4] that the two types of curvatures are related as follows:

(h)
ao R(X" Y") oo =R(X,Y)(0).
As far as our construction of a metrical homogeneous connection we
can prove the following theorem.

m
Theorem 2. Let us denote by Rf i and R Zﬁj the corresponding curva-
tures of a linear connection ‘H and the constructed metrical homogeneous
connection H("™). Then they are related by

(m) # oL
B _ .6 po 8 )
Rz’j =Yy Réjz‘ (5a - f@) :

PROOF. We calculate all term in (4) using the explicit form (3) of the
(m)
connection parameters I' . First we have

(m)

oT

= TR
ol oz Y L2 \ Oy*0xI ¥t oy® Ozl 4 ox'oxd
y° (aL OL Lo 7_a_LaL)

¢ or) yﬁ( 9L oL Ty, . L )

22\ 9zi oy~ Y T 9wi 0z
and
(m)
or?v 5 P rorL ., 5, OL
oy oL \gye oxi
v’ ([ 9*L _, s . OL_, d*L
-7 oY T i ;
L \ oy*oy” dye "7 OxtoyY
y? (OL OL _, ;s OL OL
+ S a7 atioly — a5
L2 \ Oy oy~ oxt Oy
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Using the relations

L *L ., oL 0L .

0y0‘8y7y - 8xi8y7y " 9xt Ay

Y

which are consequences of the homogeneity of L, we obtain

g o [ OL oL
RS NS N RTLI A T
30 L\ oy~ Y ox*
5 2
Y a_Lr%y(;_@_L _f g P%(‘?—L m
oy~ 7 OxJ L 7™ " 9yedy
yﬁ oL atms 0 yﬂ 82L Y ,,0

ol - I
L 8ya 18 ]5y + I 8$28y7 J(Sy

# oL oL oL
Yy ) a0
jﬁaﬁmw C—Jﬁy— ~>

oy«
B oL OL OL

) o VAN

oy oY (a—yﬁﬁ axa)

L2 9z \ dyo 7° oxi )’

B oL OL
Yy a Y a Y 6
- (_aya I — By rﬂrw) y

y’ (L — 0L ) 4
L \0zioyr 70  Qzioyr *

yﬁ oL (Fa 66_L re 68_L)

j6Y Oz i6Y Y%

L2y
Substituting these in (4) we have
(m) (m) (m) (m)
(ﬁﬁzarj_ari+%%ari_(%arj

g ox'’ oxJ I oy Loy
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g s
:(arj.‘s s S 4TI~ T W)

oz’ 6x9 it go gy~ id

P oL (OTF;  arg
_ y_ Joé 10 amny _pany
L oy° ( gat  ow T Llinlis Fﬂrﬁ)

B oL
B .5 Y 5
R(szy - L a aR(Sj’Ly

Remark. Notice that the operator H? := §% — yLﬁ Dy in Theorem 2 is
closely related to the angular metric tensor hog of the Fmsler metric. In

fact, transvecting by g, we have

5oL 0L OL
HY 60— L) g5y = Gay — e o = By,
adpy = ( I 8y0‘> 98y = Gay By Dy ¥

Therefore we call the operator H the angular operator of the Finsler vector
bundle (¢, L). The angular operator is singular self adjoint operator with
rank m — 1 in the vertical bundle V£. So we can express the result of
Theorem 2 as follows:

R (U.V) = B (2(Bn(U). dx(V)
where £: 7= (7(2)) — VL E is the vertical lift: £9 : (y%) — (yﬁ(a%ﬁ)z.

We consider now the geodesic structures of the connections in the
tangent bundle case £ = 7. A curve ¢: I — B is called a geodesic (or an
autoparallel curve) of the connection H iff its tangent curve ¢ is parallel
(i.e. horizontal curve) along ¢ with respect to H.

Proposition 3. Apart from parametrization the geodesics of ‘H and
H(™) coincide.

Proor. Consider a geodesic p: I — B of ‘H with initial vector vy =
¢(0). Define a reparametrization v:1 — I as follows: v(7)=L(vo) [, ﬁ.
Then @1 := @ o holds ¢ = L(vo)ﬁgb = UL(vo)(1n(4)). It follows from
the Corollary that ¢ is a geodesic of H(™) with initial vector vy. By the
local uniqueness of geodesics every geodesic curve of H(™) can be gained
in this way. 0
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