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It is easy to see that the Cauchy functional equation

fx+y) = fx)+1(»),

Jensen’s functional equation

f[-i+_.1_'] _ [ +/(»)
2 . 3

the equation
flax+y) = Af(x)+/(y)  (a4=0)

which was considered by Z. DarGczy [4] (cf. also J. AcziL [2], page 68), the equation
Jx+»)+/(x—y) = 2/(x)+2/(»)
which general solution was found by J. AczEL and E. ViINCZE ([3])*%), the equations
S(x+y)+f(x=yp) = 2f(x)+2/(y) +g(x)g(»)
fx+y+2)+f(x+y—2)+f(x+y—2)+fl—x+y+2) =

=4[f(x)+f(+/(2)+2[g(x)g(y) +g(x)g(z) +g(»)g(2)],

and

which are characteristic for the even polynomials of order 2 and 4 (cf. H. SWIATAK
[10]), can be written generally as

I

(1) E’Aif Zl'auxj] = —Z: Jf;%‘,-f(.wr,-)nLMZ:'l Cieg(x)g(xy).
isk

*) The results of this paper were presented without proofs during the II-nd International Collo-
quiumon Functional Equations in Miskolc, 30. IX. — 2. X. 1968.
**) This equation was considered already by Jensen [5], [6] but he found only continuous solu-
tions.
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The only regular solutions of the equations which suggested us to consider
(1) are polynomials. However, it is not a property which could be characteristic
for all the equations of the form (1) since e.g. the equation
f(x+y) = g(x)g(»)
J(x) = g(x) = e,
Sx=y)=f(x+y) = 2g(x)g(y)
f(x) = cosax, g(x)= sinax,

S(x=y)=fx+y) = =2f(y)+2g(x)g(»)

f(x) = ax+cos bx, g(x) = sinbx.

is satisfied by the functions
the equation

by the functions

and the equation

by the functions

It is possible to formulate some assumptions on the coefficients A;. B;, Cj,
a;; so that all the regular solutions of (1) were polynomials but this will be not done
in this paper.

We are going to show that there exists another property which is characte-
ristic for a larger class of equations (1) namely the regularity of all their locally
integrable and locally bounded solutions f, g possessing primitive functions. Theorems
which will be proved in this paper do not exhaust all the cases when equations (1)
have the property mentioned above but they are rather general.

Lemma 1. If the function

d‘v
e(x,y) = x [aful(y} +d};‘* W(g(y))] +bG(x)g™ (»),

where a, b are constants (a0, b=0), G’ (x)=g(x). and W(u) is a polynomial, has
the first derivative with respect to y, then f*"*'(y) and g"**"(y) exist.

ProOF. If G(x)=uax, then g’(x)=«a, g(x)=0 for i=1, 2, ..., :;r‘, W(g(y) =

=const and the existence of f"*1)(y) is obvious.
If G(x)#ax, then there exist two constants ¥, X such that
% G(X)
. (__)' # 0.
X, +GFx)

Therefore from the differentiability of the functions @ (X, y) and ¢@(x, y) it follows

v

that the functions af“"(y)-}-% W(g(») and g“)(y) are differentiable.*) The dif-

l:\

*) A similar idea was used by R. SAT0 [9] (cf. also J. Acziw [1], [2] and J. H. B. KEMPERMAN
[7], [8]) to prove that if the functions f, g, h,, k, satisfying the equation
Slx+yp)+glx—y) = .-—fn (kK (p)

possess primitive functions, then they have derivatives of all orders.
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ferentiability of the function g™'(y) implies the differentiability of the function

‘-i - W(g(»)) and now we conclude that also the function f*(y) is differentiable.

Lemma 2. If the function

d* .
V(»,2) = af M (2)+ prid (2(2))+bg(»)8™(2),
where a, b are constants (a #0, b#0), and V(u) is a polynomial, is differentiable
with respect to z, then f“*'(z) and g"**'(z) exist.

PROOF. If g(y)=x, then the existence of g"**!)(z) is obvious. We have then

v

;_v V(g(z))=const and therefore the differentiability of the function ¥(y, z) with

Fa

respect to z implies the existence of f"*')(z).
If g(y)Z 2, then there exist § and y such that g(§)#g()) and the differenti-
ability of the function g"*(z) follows from the equality
Y (¥, 2)=¥ (), 2) = blg(y) —g(D)]g" (2)
since the function Y(y, z) — (), z) is differentiable. :
The existence of g'¥*1)(z) implies the differentiability of the function :fi"_ V(g(2))
and. in view of the assumption @ =0, the function f'")(z) is also differentiable.

Theorem 1. Suppose that locally integrable and locally bounded functions f(x),
g(x) satisfy equation (1), where n=1, a;; #0 for i=1,...,m, B, #0, and C,, #0.
If the functions f(x), g(x) and g(x)* possess primitive functions, they are functions
of class C~. '

PROOF. Let us denote the primitive functions by F(x), G(x) and G(x). We
may assume without loss of generality that F(0)=G(0)=G(0)=0.
Setting x, =t, x,=y, x3=...=Xx,=0 into (1) yields

(2) f.; Aiflagt+a,y) = B f()+B,f(»)+K+Cp 1 8(t)*+Cyr8(1)g(»)+

+Cy28(y)* + Lg(r) + Mg(y),
where
K= 2B f(0)+ > Cug(0)?, L= 2 Cug0), M= 2 Cyug)
£ i k=3 k=3
J=
Integrating (2) with respect to 1 from 0 to x we obtain after simple computations

m

A
(3) 2 L[F(a; x+a;,y)— F(a;,9))— B, F(x)— Kx— C,,G(x)— LG (x) =

i=14n

= X[B,f(»)+W(g(»)]+ C12G(x)g(»),

W(g(») = Ca28(»)*+ Mg().

where
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The left-hand side of (3) is differentiable with respect to y and therefore also
the right-hand side of this equation is differentiable with respect to y. But the right-
hand side of (3) has the same form as the function ¢(x, y) with v=0 in Lemma 1
and we conclude hence that f"(y) and g’(») exist.

Now, suppose that we have already proved the existence of /() and g"(»).
Differentiating (2) v times by y and integrating the resulting equation with respect
to t we obtain
A;ai;
a,

%i

-

[F= V(@i x+ai,9)— " V(a;y)] =

dr
= x[Bzf ™)+ &y W(g(y))] +C,G(x) g™ (»).

The differentiability of the left-hand side of the last equality implies the dif-
ferentiability of its right-hand side and f“*'(y) and g""*')(») exist on the basis
of Lemma |.

By the induction principle the functions f(y) and g(y) are functions of class C=.

Theorem 2. Suppose that the locally integrable and locally bounded functions
f(x) and g(x) satisfy equation (1) wherein n=3, a;; #0 for i=1,...,m, B;+#0,
Co #0. If the functions f(x). g(x), g(x)?* possess primitive functions, they are functions
of class C~.

ProoF. If B, #0, we may apply Theorem 1. If B, =0, then repeating the same
considerations as in the proof of Theorem 1 we get equation (3) and we conclude
that the first derivative of the function g(y) exists. However, equation (3) cannot
be in this case used to prove the existence of f"(y) and we have to look for another
method of proof.

Setting x; =1, x3=), X;=x,=...=x,=0 into (1) yields

@ 3 Af(@n1+a53) =B S0~ K" = Cyg (1Y = L'g(1)— C138(008(») -

—M*g(y)—Cs38(»)?* = By f(»),
where

K* = Zij(0)+[sz +k§ Cu+“2=‘l Cjk] 2(0)%,

ji=4
J=k

L* = [Clz '*'k;‘ Clt]g(o)’ M* = [Cza +*§ CSI:] £(0).

Integrating (5) with respect to ¢ from 0 to x yields

A ;
(5 Za:-[F(ailx'*'aiJ)‘)_F(ai3y)]_BlF(x)—K!x_Cllc(-“)"'L*G(x)_

—Ci3G(x)g(y)— M*xg(y)—Cs3xg(y)? = B3 xf(»).
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The left-hand side of equation (5) is differentiable with respect to y since the
existence of g’(y) is proved. Therefore the right-hand side of this equation is dif-
ferentiable. Since B, 0, this proves the existence of f'(y).

Suppose that we have already proved the existence of g'"(y) and /(). Then
the existence of g**)(y) and f***(y) can be proved as follows. We differentiate
(5) v times with respect to y and we obtain

_Z|' itl‘:i[f“_”(anx"'aiay) [0 (a,y) =

d\r
= x BSf("}(y)+‘y. W(g(l)) +C130(x)g“"(}")’

where
W(g(y) = M*g(y)+Cs38(»)>.

The left-hand side of the last equality is differentiable qirth respect to y and, in
view of Lemma 1, g"*"(») and f"*1)(y) exist. Thus, by the induction principle,
the functions f and g are functions of class C~.

Theorem 3. Suppose that locally integrable and locally bounded functions f(x)
and g(x) satisfy equation (1), wherein n=3, a;, #0 for i=1,...,m, By;=0, and
C,3#0. If the functions f(x), g(x) and g(x)* possess primitive functions, they are
Sfunctions of class C~.

Proor. If C,,#0, we may apply Theorem 2. If C,;#0, then it suffices to
replace the index 2 by 3 to apply Theorem 1. Therefore suppose that C,, =C,; =0
and denote the primitive functions of f(x), g(x) and g(x)* by F(x), G(x) and é(x).
Without loss of generality we may assume that F(0)=G(0)=G(0)=0.

Setting x, =1, X, =y, X3=2z, x4=---=x,=0 into (1) yields

(6) 21 Af(ay t+a,y+a;3z) = B f(1)+ By /() + B f(2) + K+ C, g(1)* +

+Cy,8(9)* +C338(2)* + Ca38(»)g(2) + Lg (1) + Mg(y) + Ng(2),
where

R=2Bf0)+ 2 Cag(0)? L= 2 C,g(0),
j=4 ,}kr;—.: k=4

M= 2 Cug®), N= 2 Cug0).

3

Integrating (6) with respect to ¢ from 0 to | we obtain

A.
(7) Za_' [F(a;, +a,y+ai3z)— Flapy+a;32)]—h(y) =

i=1 Y
= B3 f(2) + Ng(2) + C338(2)* + C132(»)g(2),
where
h(y) = B,F(1)+C,,G()+LG(1) + B, f(y) + K+ C,,8(»)* + Mg(y).
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Now, notice that the left-hand side of (7) is differentiable with respect to z
and that the right-hand side of this equation satisfies all the assumptions of Lemma
2 with v=0 because B, =0, C,5 =0, and because we may take V(v) = Nu+ Cy;u?.

Thus the functions f(z) and g(z) are differentiable on the basis of Lemma 2.
Assuming that there exist /)(z) and g")(z) and differentiating (7) v times by

z we obtain
St A;al (v—1) * (v—1)
Z . [f (a;, +apy+ai3z)—f (@ y+a;32)] =

. d"
= B, (2)+ 4o V(8()+Ca32 (1) (2).

The right-hand side of this equality satisfies all the assumptions of Lemma 2 and
therefore there exist f*')(z) and g"+")(2).
By the induction principle, the functions f and g are functions of class C~.
Theorem 4. Suppose that locally integrable and locally bounded functions f(x)
and g(x) satisfy equation (1), wherein n=2, a;; #0 for i=1, ..., m, B, #0, C;,#0,

and
(8) for every index i there exists an index j=j(i) (j#1) such that a;;#0. If the
functions f(x).g(x) and g(x)* possess primitive functions, they are functions of class C~.

Proor. The existence of g’(x) can de proved analogously as in the proof of

Theorem 1.
If B;#0 for some j# 1, we can apply either Theorem | or Theorem 2.
If B,=...=B,=0, then setting x, =x, x;=u; for j=2,...,n into (1) yields
9) 2: Aij.[ailx_*_ _Z:aijuj] =
i= Jj=
= Bif()+Crig(x) + 2 Cug)g()+ 2 Cuel)g(w).
: =k
After n—1 integrations with respect to u,, ..., u, we obtain
(10) H(x)—C,,18(x)* ~ Kg(x)— L = B, f(x),
where
1 1 m "
H(x) =f...f jA,-f[a,-,er Z“ul{,] dﬂz ...du",
] 1 1 n 1 1
e . Cuf... fg(uk)duz wodu,, L= kZ’Z Cix f ...fg(uj)g(u,‘)duz -
=2 0 0 Jik= 0 0
=k

In view of the condition (8), the function H(x) is differentiable. Since, moreover,
g’(x) exists, the left-hand side of (10) is differentiable. Therefore the right-hand

side of (10) is also differentiable and since B, =0, f'(x) exists.
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Assuming the existence of f/(x) and g'”(x) we can prove the existence of
g+ 1(x) analogously as in the proof of Theorem 1. Now, differentiating (9) v times
with respect to x yields

Z Aaly [ [ﬂu-“'f' ZGU“J] =
im] j=2

= B, f""(x)-{-c“ % [;]g”’(-f)g“"”(x)+k=22' C,,g(u,‘)g(")(x).

Integrating the last equality n— 1 times by u,, ..., u, from O to 1 yields

(11) HO@ =, > [j]g‘“(x)g"- "(x)— ReW(x) = B, /¥ (x),

where H(x) and K are the same as in equation (10).
Assumption (8) and the existence of f*(x) guarantee the differentiability of
the function

1 1 m n
H™(x) :ffiz Aialy [ [a“x+ Zz'afjuj'] du, ... du,.
0 K e

Since B, =0 and g""*')(x) exists, equality (11) implies the existence of f©*!)(x).
By the induction principle the functions f(x) and g(x) are functions of class C~.

Remark. Assumption (8) is an essential one as shows the following example.
The equation

Sx+3)—f(—x=y)+f(=x) = f(x) + C;,2(x)* + C,,8(x)g(») + C;22(»)?,

where C,, +C,, + C,, = 0, satisfies all the assumptions of Theorem 4 excepting (8)
and is satisfied by the functions

Fx) = x*"=1, g(x) =a.

The function f(x) is locally integrable and locally bounded and it possesses the
primitive function

‘.23
- for x=0

2n

2n

F(x) =
for x=0

2n

but it is not a function of class C~.
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