Local growth of the number of prime divisors
of consecutive integers

By I. KATAI (Budapest)

1. Let w(n) denote the number of the different prime factors of n. Similarly,
let Q(n) be the number of all the prime factors of n each counted by ts multiplicity.
Let d(n) be the number of divisors of n.

As it is well known, w(n) = (1+o0(1))-loglog n holds for all n except a set of
zero density.

We shall investigate now the maximal term of w(n+1), ..., o(n+k).

Let

(.n O, (n) :jjl}ax ’ w(n+j),
(1.2) o, (n) :j_rrlun,‘c w(n+j).

Let (z) = z log ; +1 be defined for z=1, and o(v) denote its inverse func-

tion (n=0).
I guess that the inequality

3 Oy (n)
(1.3) | =8 = ——xr -
9[ g % ]loglogn

1A

1+e¢
log log n
holds for almost all n, uniformly in k(=1, 2, ...). £ being an arbitrary positive con-

stant.
At this time, I can prove only the right hand side of (1. 3), i.e.

Theorem 1. For every constant ¢<0 and for all n except a set of zero density the
inequalities

& log k
(1.4) O;(n) = (1 +s}g[l-og iog "] log logn,
log k
4. = s S
4.5) Oc(n) = {Q [ faing n] +s} loglogn

hold uniformly in k.
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We shall prove only (1. 4), the proof of (1. 5) is similar. We use the notation
x,=log x, x,=logx,, xy=logx,. The letters 4, B, C denote suitable positive
constants not necessarily the same at every occurrence: p will denotc prime numbers.

Let

Dix. 2)= D 2™ (z=1).

nsx
We prove the inequality
(1.6) D(x,z) = B[(z—1)x,A x5! (x=10)
Assume that x is large enough. Let 4 be such a large integer that

1
— = X,
p=xt/A P

holds. The symbol Q, denotes a general square free integer having exactly r prime
factors. Since for Q,=x, Q, has at most 4 prime factors greater than x'/4 we have

e malaa] 2]
o=x QO (r—A)' m P =P

1 2 AL
~ (rfA),(xz‘l‘B)Ax'l [l £ ] (JP-A)'J‘Ji
Using the relation
S0t _ ‘;‘ Sw, w=z-—1,
| 0 Qr

we have
D(T,-)-—ZZH ]ngw’ i
r=00.=x
So by (1. 7) we obtain
) Aﬂ’""-‘x"_{_ -A-Aw
D(x,z) <= Bxxiw rzZA' = A)! BxxjwxYy,
which was desired.
Let M(x, z) be the number of those n, =x for which w(n)=zx,. Let y=0 be

an arbitrary constant. By (1. 6) we have

M(x, z(1+n))zz0*Px2 = Bx[(z—1)x,4xi" ",

whence

(1.8) M(x,z(1+n)) = Bx[(z—1)x,]4 - xj~ 1 -=(1 +mlogz(1+m)
Instead of (1.4) we prove that

(1.9) 0u(n) = (1 +e)e [I"gk]

for all n, =x except at most o(x) of n’s.
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Let z = 1+¢&", n=¢’, ¢ be a small positive constant. By (1. 8) we have
M(x, (1 +8)%) = Bx[e'x,]Ax{~ 1+ w1+ < pxyei2,

Let k, be such an integer that

Wiy X
IZ & :
Then
(1.10) koM (x, (1+¢)?) < Bx-xi®"

Hence it follows that max Oi(n) = (1+¢")*x, except o(x) of n's. Choosing
X =ko

(14+&)? < (1+¢), we obtain that (1.9) holds, if —"1f:‘i = f-(a'>0).
log

Let now (log k)/x,=¢&/3, k=x{®, ie. z = Q(

»

[x;(z— 14 < x{W2z18z for all large x, z > 1+

"I ¥ X
we have
(1. 11) kM (x, z(1 +1)) < Bx.xj @2 =losz
Let
k= +1 2, = g[logk ] U(z,) = logf
Since

zlogz —{b(a)+a"‘l Y(z) (z=1).
from (1. 11) we deduce
(1.12) kwM(x, z,(14+1n)) < Bxk,"* < Bx-m™?
Hence

> kaM(x,zu(1+1) = o(x).

=
logk,,=(¢'[3)x,

Taking n=¢ we obtain that (1.9) holds for all, k =k, .
Let now k,, <k =k, ;. It is obvious that O,(n) =0y (n). To finish the proof it

is enough to show that
Q[.'?S.‘.".M!.] = (1+me [ ng__]
X2

if m is large enough; n being an arbitrary positive constant. But this is an obvious
consequence of the fact that g(«) has a bounded derivative in w=uy(=0).

2, In a similar way we can prove the following assertion. Let ¥/ (z) = zlog z—
—z+1 be defined for 0=z = I, and () its inverse function.
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Theorem 2. For every constant ¢=>0 and almost all n, the inequality

e ~[ logk
2.1 ox(n) = (1 -e)o [loglogn
holds uniformly in k.

] loglogn

This is an easy consequence of the fact that the number of n=x having exactly

r different prime factors is
X an?
LRl o oy

I think that

| logk
o(n) = (1 +¢e)o [Tog ﬁ)g ;'-] log log n

holds for almost all n and every k.
3. Finally we scetch the proof of the following
Theorem 3. Let k=x}"e2-1.eh@ V=2 where h(x) <=, h(x)=0(}x,). Then
(3. 1) Oy (n) = 2(1+0(1))x,
for all n=x except o(x) of them.
We need only to prove that
(3.2 O,(n) = 2(1 —¢)x,.
To prove this we use a result due to P. ERpGs [1]. Let
(3.3) A(n) = '2*:"1 dn+1i),
X, denotes that we sum over those integers for which Q(n+i) = 2x, + -;— h(x)Vx,.
Then
(3.4)

—
n

> (A(n)—kx,)* = o(xk?x}).

We split the sum A(n) into two parts

A(n) = A, (n)+ A, (n),
where in

Ai(n) Qn)—w(n) =nx,, and in A,(n) Q(n)—w(n) = nx,.

We can prove easily that
> A3 (n) = o(xk?x3),

—_—
n=x

whence by (3. 4)
(3.5) S (A, (n)—kx,)* = o(xk?*x7)

n=x

follows.
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Let now

B(n) =

e

k
Sidn+i), o@+i) <2- 9x,.

Similarly, we can prove easily that

' B*(n)=o(xk?*x?).

Hence by (3. 5) we have
Ay(m)—B(n) = (1+o()kx, =0

for almost all n.
Observing that

LB = FdmdDe webD s =%

i=

=

our theorem follows immediately.
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