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Free subgroups of the group of units in
group algebras

By A. A. BOVDI (Debrecen)

Abstract. We give necessary conditions under which the group of units of a group
algebra over a field does not contain a free subgroup of rank 2 and these conditions with
some restriction are sufficient.

Introduction

Let K be a commutive ring and ¢(G) the set of torsion elements of G.
The following problem of Hartley is a very interesting one:

When does the group of units U(KG) of a group ring K G not contain
a free group of rank 27

The first result has been obtained by B. HARTLEY and P. PICKEL [8]:

Let G be a solvable-by-finite group and suppose that U(ZG) does not
contain a free group of rank two. Then t(G) is an abelian group or a
hamiltonian 2-group and every subgroup of t(G) is normal in G.

We would like to deal with this problem for the group of units U(KG)
of a group algebra KG. J. Z. GONSALVES [5] gave necessary and sufficient
conditions for this problem in case G is finite or some infinite solvable
group [6, 7]. We extend this result and generalize Gonsalves’ theorems.

We now define for an arbitary group G the normal subgroup

AG)={geG|[H:Cu(g)] <oc
for every finitely generated subgroup H of G}.
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Of course, the torsion part AT(G) of A(G) is a normal subgroup and
A(G)/AT(G) is a torsion free abelian group [10].

Theorem 1. Let K be a field of characteristic 0 or p and suppose
that U(KG) does not contain a free subgroup of rank two. Then one of
following conditions holds:

1. G is abelian;
2. G is a torsion group and K is algebraic over its prime field IFp;
3. K is a field of characteristic 0 and
a. AT (QG) is an abelian subgroup and each of its subgroups is normal
in G;
b. the centralizer Ce(AT(QG)) contains all elements of finite order
of G;
c. for every a € At (G), which is not central in G, K contains no
root of unity of order equal to the order of a;
4. K is a field of characteristic p and K is not algebraic over its prime
field F), and
a. the p-Sylow subgroup P of AT(G) is normal in G and A =
AT(G)/P is abelian group;
b. the centralizer C¢/p(A) contains all elements of finite order of
G/ P;
c. if A is noncentral in G/P and G/P is non-torsion, then the al-
gebraic closure L of F,, in K is finite and for all g € G/P and
a € A there exists a natural number r such that gag—! ’
Furthermore, each such r satisfies that [L : F),] divides r.
5. G is not a torsion group, K is algebraic over its prime field IF, and
a. the p-Sylow subgroup P of A*(G) is normal in G and A =
AT(G)/P is an abelian group;
b. if A is noncentral in G/P then the algebraic closure L of F,, in
K is finite and for all elements g of infinite order in G/P and
a € A there exists a natural number r such that gag~' = a".
Furthermore, each such r satisfies that [L : F)] divides r.

=aP .

Corollary 1. Let K be a field of characteristic 0 or p and G a group
such that t¢(G) = A*(G) and G/t(G) is a unique product group. Then
U(KG) does not contain a free group of rank two if and only if G does
not contain a free group of rank two and one of the following statements
holds:

1. G is abelian;
2. G is a torsion group and K is algebraic over its prime field IFp;
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3. K is a field of characteristic 0 and
a. t(G) is an abelian subgroup and each of its subgroups is normal
in G;
b. for every a € t(G), which is not central in G, K contains no root
of unity of order equal to the order of a;
4. K is a field of characteristic p and
a. the p-Sylow subgroup P of t(G) is normal in G and A = t(G)/P
is an abelian group;
b. if A is noncentral in G/P and G/P is non-torsion, then the al-
gebraic closure L of F,, in K is finite and for all g € G/P and
a € A there exists a natural number r such that gag—! i
Furthermore, each such r satisfies that [L : IF,] divides r.

=aP .

Corollary 2. Let K be a field of characteristic 0 or p and G a solvable
group such that t(G) = AT(G) and G/t(G) is a unique product group.
Then U(KG) either contains a free group of rank two or U(KG) has a
normal p-subgroup N such that the factorgroup U(KG)/N is a solvable
group.

Clearly, if G is a locally nilpotent group, then t(G) = AT(G). If
U(KG) does not contain a free group of rank two and U (K') has an element
of infinite order, we propose that t(G) = AT(G). The last question is very
difficult and was answered affirmatively if

1. (HArRTLEY and PICKEL [8]) K is a field of characteristic 0 and G
is a solvable-by-finite group;

2. (GONSALVES [7]) G is a solvable-by-finite group without p-elements,
K is a field of characteristic p not algebraic over its prime subfield IF),, and
if p = 2 then the degree of transcendence of K over s is at least 2.

BisT VIKAS [2] obtained a necessary and sufficient condition for the
commutator subgroup of the group of units U(KG) of group algebras to
be torsion if GG is a locally finite or a locally F'C-group. As a consequence
of Theorem 1 we have also the following result.

Corollary 3. Let K be a field of characteristic 0 or p and G a group
such that t(G) = AT (G). Then the derived subgroup of U(K Q) is torsion
if and only if the derived subgroup of G is torsion and one of the following
conditions hold:

1. G is abelian;
2. G is a torsion group and K is algebraic over its prime subfield F;
3. K is a field of characteristic 0 and t(G) is a central subgroup of G;
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4. K is a field of characteristic p, the p-Sylow subgroup P of t(G) is
normal in G and A = t(G)/P is abelian group;
a. A is a central subgroup of G/P;
b. if A is noncentral in G/P and G /P is non-torsion, then K is finite
and for all g € G/P and a € A there exists a natural number r
such that gag~! = a? . Furthermore, each such r satisfies that
[K : F,] divides r.

We wish to prove Theorem 1, Corollary 1 and 2. For this we need the
following statments, which are well-known.

Lemma 1. 1.1. Suppose that the characteristic of the field K does
not divide the order of the finite abelian subgroup A of G and the element
g € Ng(A) does not commute with a primitive idempotent e of the group
algebra KA. Then the elements e, = e,e12 = €g,e21 = g~ ‘e, e = g leg
are matrix units. Let f = e11 + eso and

W = (al “2) € GL(2, K).
as Qq

Then
w=1-— f + aie11 + aze12 + azeg] + aqeo € U(KG)
and the map W — w is a monomorphism of GL(2, K) into U(KG).

1.2. [12]. If the characteristic of the field K is zero and n > 1 is an
integer then the matrices

(1) ()

generate in GL(2,K) a free subgroup of rank 2;

1.3. [1]. Let K be any commutative ring and G = (u) an infinite
cyclic group. Then the matrices

_fu 0 ). (14w u
A_(O u_l)’ P_(—u l—u)

are invertible over the group ring KG. The matrices A and B = PAP~!
are free generators of a noncyclic free group;

1.4. If the characteristic of the field K is p, u is transcendental over
the prime field and

(1 u)\. (1 0\ (14w U
A_(() 1)’ B_(u 1)’ P_(—u 1—u>

then (A, PBP~!) is a non-cyclic free subgroup of GL(2, K).
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Lemma 2 (PAssMAN [10]). Let the Sylow p-subgroup P of A*(G) be
normal in G. Then AT (G)/P = AT (G/P) and the ideal Z(P) generated
by all elements of form h — 1 (h € P) in KG is a nilideal.

PRrROOF of Theorem 1. Let U(KG) not contain noncyclic free sub-
groups. It is known [9] that AT (G) is a locally finite group. Let us further
suppose that if K is algebraic over its prime field IF, then G is a non-torsion
group.

We shall prove that

1. AT(QG) is either abelian or, if p is the characteristic of K, the
derived subgroup of AT (G) is p-group and

2. every idempotent of KA'(G) commute with elements of infinite
order of G mod Z(P), where P is the Sylow p-subgroup P of AT(G) and
P =1, if K is a field of characreristic 0.

First we consider the case, when the group of units U (K) of K contains
an element of infinite order.

Let H be a finite subgroup of AT (G) and I a maximal nilpotent ideal
of KH. By the Artin-Wedderburn theorem

KH/I=DY o DP @ @ D,

where DSL? is the ring of all n; X n; matrices over the division ring D®.
Thus

U(KH)/1+ 12 GL(n;, DY) x GL(ny, D) x --- x GL(ns, D).

Clearly, D is finite dimensional over the centre, which contains a subfield
K with an element of infinite order. If D is a noncommutative division
ring, then by T1Ts’ theorem [11] easy to see [5] that the group of units of
D has a non-cyclic free subgroup. Since 1+ 1 is a p-group and the group
U(KH)/1+1I does not contain noncyclic free subgroups, we conclude that
D) is a field with an element of infinite order and by Lemma 1.2 and 1.4
n; = 1foralli =1,2,...,s. Thus KH/I is a commutative ring, which
contains no nilpotent elements.

Consequently, if the characteristic of K does not divide the order of
the group H then H is an abelian group, and in the opposite case if K is
of characteristic p and H contains p elements then H N (1+ 1) is a p-group
and the group H/H N (1 + I) is abelian and has no p-elements. Indeed, if
ge H\ (HN(1+1)) is a p-element then g — 1 + I is a nilpotent element
of KH/I, which is a contradiction. Thus we proved that A*(G) is either
abelian or the characteristic of K is p and the derived subgroup of AT (G)
is a p-group. It follows that the Sylow p-subgroup P of AT (G) is a normal
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subgroup of G. By Lemma 2 the ideal Z(P) of KG generated by elements
of form h — 1 with h € P is a nilideal and, clearly,

U(KG)/1+I(P) = U(KG/P).

By Lemma 2 AT(G)/P = A*(G/P) and we conclude that AT(G/P) is
abelian and U(KG/P) does not contain a non-cyclic free subgroup.

Let K be a field of characteristic 0 or p. We put P = 1 if the char-
acteristic of K is 0 and in this case Z(P) = 0. We shall prove below that
every idempotent of KA (G) commutes with elements of infinite order of G
modulo Z(P). Suppose that for the idempotent e = a1 g1 +asg2+- - -+ asgs
of KAT(G/P) we have eg # ge for some g € G. Clearly, C' = (¢g™g;g™™ |
m e Z, (i =1,2,...,s)) is a finite abelian subgroup in KA*(G/P) and
g € Ng/p(C). Since A*(G/P) has no p-elements in case of characteristic
p, there exists a primitive idempotent which does not commute with g,
and by Lemma 1.1 GL(2, K) is isomorphic to a subgroup of U(KG). This
is impossible by Lemma 1.2 and 1.4, because K has an element of infinite
order. Therefore all idempotents of KA (G/P) are central in KG/P.

Let the field K be algebraic over its prime subfield IF), of characteristic
p, and assume that G is not a torsion group. Suppose further that H is
a finite subgroup of A™(G) such that F,H/I is a non-commutative ring,
where I is a maximal nilpotent ideal of K H. Since a finite division ring
is a field, there exists a two-sided ideal J of LH such that J +I/I = L,
the ring of all n x n matrices over the finite field L, and n > 1. It follows
that there exist matrix units e, €12, €21, €22 in KH [[9], 3.8.1 Theorem].
Clearly, Supp(e;;) € AT (G) and by definition of AT (G) we get an element
u € G of infinite order such that ue;; = e;;u for all 4, 7. Let f = eq1 + eao
and

w=1—f+ (14 u)ey; +ueizs —ues; + (1 —u)ess € U(KG)
v=1—f+ue; +uteyn € UKQG)

By Lemma 1.3 (v, w) is a non-cyclic free group and this forces a contra-
diction.

Now put P = 1 if the characteristic of K is 0 and assume that K
contains an element of infinite order. Let ¢ be a prime number and suppose
that the g-element ¢ € G/P does not belong to Cg/p(A). We choose
some element h € A such that (¢, h) # 1. Since h € AT (G/P), thus the
subgroup H = (h,c) is a finite and nonabelian. Clearly, the subgroup
H N AT(G/P) is normal in H. Since K contains an element of infinite
order and the subgroup U(K H) has no non-cyclic free subgroups, by the
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facts proved above this leads to ¢ = p and the Sylow p-subgroup of H
is normal in H. Thus H is abelian, which is impossible. Therefore, the
centralizer C,p(A) contains all elements of finite order of G/P. As we
have seen above, the Sylow p-subgroup P of A™(G) is normal in G, the
factor group A = A*(G)/P is abelian and every idempotent of KA™(G)
commutes with elements of infinite order of G modulo Z(P). It implies
that all idempotents of KA are central in KG/P, we can construct for
every element a € A of order n the idempotent e = %Z?:l a’, which is
central. Then ge = eg for all g € G/P and this follows that (a) is normal
in G/P.

Suppose that a € A is not central in G/P and K contains the root
of unity ¢ of order equal to the order of a. Then g~ 'ag = a* # a and
the idempotent e = £ 3" | (a’ satisfies the condition ge # eg, which is a
contradiction.

Let A be noncentral in the non-torsion group G/P and K algebraic
over its prime subfield ), of characteristic p. Then every idempotent of
KA commutes with elements of infinite order of G. If g is an element
of infinite order of G/P, then we apply COELHO’s theorem [3] for the
group algebra K (g, A" (G/P)) and the Conditions 4.c and 5.b of Theorem
1 holds. [

PROOF of Corollary 1. It is easy to see that there remained to prove
sufficiency of these conditions. Let us first assume that K is a field of
characteristic p. Let Z(P) be the ideal of KG generated by elements of
form h — 1 with h € P and let G = G/P. By Lemma 3 Z(P) is a nilideal,

(2) U(KG)/1+Z(P) 2 U(KG)

and AT(G)/P = A+ (G). It implies that A (G) is an abelian group, t(G) =
AT (G) and G/AT(G) are unique product groups. Since 1+ Z(P) is a p-
group, it is enough to prove that U(KG) does not contain a free group of
rank two.

We shall suppose below that K is a field of characteristic p or 0 and
t(G@) = AT (G) is an abelian group such that if K is a field of characteristic
p then AT (G) has no p-elements. Clearly, KG is isomorphic to the crossed
product S of G/t(G) and Kt(G).

Let {up | h € G/t(G)} be a Kt(G)-basis of S and wup, Up, =Unh, hy Any b s
where A\p, p, € U(Kt(G). Then the units x; (i = 1,2,...,n) are in S and

the elements x;, xi_l can be expressed as

T; = Z thagf), x,:l: Z thﬂ,(f),

heG /t(G) heG /t(G)
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where ag), ﬁ,(lj ) e K t(G). Clearly, the support subgroup L of the elements
{ozg),ﬁ}(lj) | i =1,2,...,n,h € G/t(G)} is a finite abelian subgroup of
G. By the theorem of COELHO and PoLcINO MILIES [4] all idempotens
of Kt(G) are central in KG. Since the idempotent ﬁ > ner b is central,
the subgoup L is a normal subgroup in G and KL is a semisimple algebra.
Thus K L contains the orthogonal primitive idempotens eq, es, ..., e,, such
that ey + e +--- 4+ ¢, = 1 and KLe; is a field. It is easy to see that
K Le; is invariant under transformation with the elements u, (g € G) and

agﬁei,f}fj)ei € KLe;. Since by assumption G/t(G) is a unique product

group, the equality (:Ujei)(x;lei) = e; gives z e; = g;ja;;e; and xi_lei =

gf;jla;jlei, where g;; € G and a,;; € U(K Le;). It follows

m m

_ —1 _ —1 -1

(3) T = § gijaijes, ;= E:gl-j Ajj Ei-
=1 =1

Clearly, U(K Le;) is a normal subgroup of M; = G -U (K Le;) and M; does
not contain a free group of rank two. There exists a monomorphism of
(x1,x2) into the direct product M = My x My X - -+ x M,,. It is easy to see
that the direct product of groups, which does not contain free subgroups
of rank two, contains also no noncyclic free subgroups. Therefore, the
subgroup (x1,x2) and also the group of units U(KG) does not contain a
noncyclic free subgroup. [

PROOF of Corollary 2. Suppose that U(KG) does not contain a free
group of rank two. As in the proof of Corollary 1, if K is a field of
characteristic p then 1 4+ Z(P) is a p-group. By (2) we may only consider
the case, when K is a field of characteristic p or 0 and ¢(G) = AT(G) is
an abelian group such that if K is a field of characteristic p then AT (G)
has no p-elements. We shall prove that U(KG) is a solvable group.

Let n = 2!*! and x1,29,...,2, € U(KG). As in the proof of Corol-
lary 1, there exists a normal abelian subgroup L and every element x; can
be represented in the form (3). Let us define inductively

(r1,22)° = (21,22) = 513'1_123'2_1113'1$2
(.131,[132,5(73,.’134)0 — ((1’1,%’2)0, (333,1'4)0

and if s = 2¢, then

(,’171,[172, . '7xn)o = ((I’l,l’g, s 7x8)07 (I’l,l’g, s ’xS)O)'
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Since L is a normal abelian subgroup, it is easy to show that if a,b €

U(KLe;) and g,h € G then (ag,bh) = c(g,h) for some ¢ € U(K Le;). If
t + 1 is derived length of G, then

m
(21,22, ..., 2n)° = Z(gilailagmai% e ey Ginin) €

@
Il
—

&) (gi179i2, e ,gm)oez‘

I
.MS

@
I
—_

for some ¢; € U(K Le;) and (gi1, gizs - - -5 Gin)° = 1.
We proved that (z1,zs,...,2,)° € U(KL) and this implies the solv-
ability of U(KG). O
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