Gauss and Codazzi equations in a subspace of a Kihler space
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1. Preliminaries

In this paper we shall obtain Gauss and Codazzi equations in a subspace of
a Kibhler space. Let us consider a Kihler space K,, covered by a system of complex
co-ordinate neighbourhoods.

(1.1) = REW
and a subspace K,,, (m<n) defined by
(1.2) z* = 50 +is*(n") **

where #* are parameters on the subspace.
Introduce a complex co-ordinate system («*) defined by

(1.3) w = n*+int

Representing both the Kidhler space K, and the analytic subspace K, by the
real co-ordinates &* and n? respectively, we have

(1.4) &=
The tensor “F,* is such that

(1.5) F!'By = "F,°B}

where Bt = 0,¢&"

and ‘

(1.6) ‘FP'Fo=—A"°

The induced fundamental metric “g,, is given by

(1.7) By = Bchbi'gJi
and
(1.8) '8y = ‘FI'F*'gse

*) The notations used in this paper are from Yano's book
*%) The indices a, b, c, ... take values from 1,2,....,m 1,2,...,/, and o, B,...=1,2, ..., m.
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The Waerden—Bortolotti derivative of B," is given by ([1], p. 103)
. . . %) h n’ a
(1.9) V.B = 0.By"+ B By’ ji - B, «h
which is a vector of K,,, orthogonal to X,,,.

Let us denote 2n—2m mutually orthogonal unit normals to X,, by C.", where

X, y,z=m+1, ... n, m—}:I, S
Thus ([1], p. 108)
(1.10) ’Vc‘Bbh = Hrbxcx*

where H_,, are the second fundamental tensors of K,, with respect to the nor-
mals C,". C." satisfies the following relations

(1.11)a BJC/g; =0,
(1.11)b C,/C.igub,..

The equation of Weingarten are given by ([1], p. 106)
(1.12) V.C} = —H."B}+L,..,Cr,
where

chy e ('Vccxj) Cyigji‘

2. Gauss and Codazzi Equations

Taking Waerden—Bortolotti derivative of (1.9) we get

h a
@1 VSVBS = VOB +V, [Bcf By { y ,” ~ VB { b}

h
oanteanins| ) -om [ om )
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_[a‘,B,* L b}+a,'{cab}3~+s B,f{ } L"b}
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In (2. 1), on changing the indices ¢, d and on substracting it from the new equa-
tion, we obtain the following on simplification

(2.2) 'Va'Ve By —'V. V4B = B Rp+ By B Kjyi" — By' S
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Waerden—Bortolotti derivative of (1. 10) yields
(2- 3) 'Vd ’V‘Bbk — chx 'VJC,,"+ th ’Vd chx'

By changing ¢, d and subtracting it from the resulting equation so obtained,
we get

24 VyVB—"V VB = Cr(VyHux— "V Hpps) + Ha'V4Ci* — Hy'V.C,P.
Using (1. 12), (2. 4) reduces to
(2.5) 'Va'VeBy ="V, 'VyBy =
= C(VaHex —'Ve Hae) — B (Hepx Hax" — Hape Hex®) + Cy" (Hopx Laxy — Hapx Lexy)-
From (2. 2) and (2. 5) we get
(2.6) B R4+ By B/ K4 — B,/ S =
= C"(VaH oy — Ve Hape) = B, (Hepe Hy* — Hppx He") + Cy (H g Laxy — Haps Lixy)-
Multiplying both sides of (2. 6) by g,,B.* and using (1. 7) and (1. 11)a, we obtain

(2- ?) 'gcn(’R‘dcb + chx den = Hdbx chn) T Bbi -Bcj Bekgkh I{jdik En Bb'. Bekgkh Sc}dh =0
or
(2- 8) ’Rdt‘be =t Hdbx che g ch.t dee T’ Bbi Bcj Kjdik v BbiBek Scjdlc .

(2. 8) will be called the *““generalised Gauss characteristic equation™ in a subspace
of a Kidhler space.
Again multiplying (2. 6) by g,,C.* and using (1. 11) a, b we get

2. 9) 5::: (’Vd Hy.— 'Vc Hdbx) + ‘Sy: (H px dey — Ha, chy) =0

where we have put

and

We call this the *“‘generalised Mainardi Codazzi relation™ in a subspace of a
Kihler space.

3. Some properties of the second fundamental tensor H ..
Let a holomorphic plane element determined by a certain vector #" and its

transform F"u' by F! at a point be given. We draw a totally geodesic subspace
which is tangent to this holomorphic plane element and passes through this point.
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We represent the subspace by
G.D & =30

where a, b, ¢, d=1, 2.
Then the subspace being totally geodesic, we have (1, p. 107)

h [ a
W iR i _Rh bt
(3.2 o.B,"+ BB, {j i} B, {c b] 0
substituting (3. 2) in (1. 9), we obtain
(3.3) 'V Byt =0

from which we have

Theorem 3. 1. A necessary and sufficient condition for B, in a subspace of a
Kdhler space to be totally geodesic is that its Waerden— Bortolotti derivative be zero

Applying (3. 3) in (2. 5) we get
(3.4)
0 = C*(VaHuz—'Ve Hypx) — BM (Hops Hyy® — Hyp Ho,") + Cy (Hepz Ly — Hyps Le.xy)-
Multiplying both sides of (3. 4) by g, B, and using (1. 7) and (1. 11)a we obtain

’gn(chdex“_Hdbx cha) =0
or
(3' 5) Hrbxﬂdxe_Hdbx Hc:e =0

Thus we have

Theorem 3. 2. (3. 5) is the necessary condition that a subspace of a Kdihler space
be totally geodesic.

From (1. 11) and (3. 3) we get
(3.6) Hye=0

since we assume that C *=0.
Thus we have

Theorem 3. 3. A4 necessary and sufficient condition for a subspace of a Kihler
space to be totally geodesic is given by

chx =0
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