On the orthonormal Franklin system
By JOZSEF NEMETH (Szeged)

1. Z. CiesieLskI ([2] and [3]) investigated the properties of the orthonormal
FRANKLIN system in many respect. His results show a far going similarity between
HAAR and FRANKLIN systems. He also stated that most of the properties of Haar
functions could be established also for Franklin system.

In this note we are going to give some statements about the convergence of
the series of Fourier—Franklin coefficients in support of Ciesielski's opinion.

2. We shall use the following notations. The Haar functions are defined as follows:
11()=1 in [0,1],
faner (1) = — V2%
2%k—2 2k-— 1]’

o+l 2 Fl_

¥2" in

Lansk =) — . 12k-1 2k ]

Yo o W - 30
V2" (=i, i

0 elsewhere in [0, 1],
whese =L ot =12 ..:; 2

Applying Schmidt’s orthonormalization procedure to the Schauder functions:
o) =1, @u(1) =0f' Znax(Ddr  1€[0, 1],
where m = 2"+k (n=0,1, ...; k=1, 2, ..., 2"), we get the Franklin functions:
fo(t) = i‘_i;l,-,go,-(z) With  Jpy=0, for n=0,1, ...,

where the triangular matrix (4;,) is uniquely determined.
The n-th partial sum of the Fourier—Franklin series of a given f(r) will be de-
noted by S,(f;1).
For a given f(t)€L,[0, 1], I=p=- we put
1

11, = ([ 17@Pa)'’”, |fle=I11.

0
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Let the partitions 0=1,<t,<---<1,=1 of the interval [0, 1] define as follows:

to=0 and 1,=1 for n=1
and
i
'jﬁﬁ

for i=0,1,...,2k

lf=

Zm

if n=2"+k (m=0,1,...; k=1,2,...,2™). Then the n-th degree polinomials of
polygonals is defined by

for i=2k+1,...,n

Si—Si=1
=1,

fort,_=t=1t,i=1,2,...,n. Now we can define the best approximation of a given
function f€L,[0, 1], by the n-th degree polynomials, in the following way:

E:P](f) s l]'lf“f— (Plips Enm(f) — En(f)!

where the infimum is taken over all ¢ defined by (1).
The modulus of continuity of the first order in L,[0, 1] we define as follows:

(n Q=0 t)= (t=ti)+&i-1

1—h
oP @:f) = sup ([ |fe+D—fO)rd)'",  0<b=<1;
O<=h=é ()
and let

|xy—x,y|=

w(d;f) = sup alf(xl)—f(xz)l; Xy, X,€[0, 1].

3. We prove the following

Theorem. Let {4,} be a positive monotonic sequence with Ki;n=/4... =K~ '4,.
(K=1, n=1,2,...) and let f€L,[0, 1], (1=p<<), 0<p=p and a,=(/.f,). Then

L .
S ey <=

implies
2 3 Aylay? < .

n=1
On the other hand if 0=a<1 and

- “'ll -
3) 2 aEh Y=

n=1

then there exists a function /€ Lip o such that for its Fourier—Franklin coefficients
the series (2) is divergent.

4. This theorem implies some results of Z. CiesieLski ([3]). For instance the
Corollary of Theorem 14 of [3] follows from our Theorem with p=1, 4,=1, f=1;
the first assertion of Theorem 17 of [3] with =1, i,=n" for x<=4 (using that
ESV(f)=0(1/n)), the second assertion of Theorem 17 of [3] with 4,=1, for f=>%;



On the orthonormal Franklin system 183

Theorem 18 of [3] with f = 2—¢, 4,=1; and Theorem 19 of [3] with f = 2—e.
From our theorem we also obtain immediatcly some new results which are similar
to the results published for Haar series by CIESIELSKI—MUS[ELAK [1], GoLusov [4]
and LEINDLER [5].

Corollary 1. Let f(x)€L,[0,1] (1=p=<<) and =0, y=0. Then

shrlod

nbl2-v

I
implies
Z n’ |an|ﬂ Py
n=1
If y=0,0<a=1and 0 = f = 2(1+7y)/1 + 2x, then there exists a function f(x) € Lip «,
such that for its Fourier—Franklin coefficients:

5’ n’|a,|f = .
'=|
Corollary 2. a) Let p=1 and let f(x) be a function of bounded variation, in
order p, that is

3 lp
Vo(f) = {sgpg | f(1) —f(re_.)l’} < oo,

for any B(0=ty<t,<---<t,=1); then for every

¥ 4
B < 2p/(2+p) afld ?-:;—5

Z |am|ﬂ << and z m’ !aml o
=1 m=1
respectively.
b) For every p=1 there exists a function f,(x) of bounded variation in order p,

such that for f = 2p/(2+p) and for y = (1/p)—1

S lanf == and 3 m'la,| = =,
m=1 m=1
respectively.
Corollary 3. Let f(x)eLipa (0<=a=1). If p=1, then
. - A 1 11
(@) {t=§-l |a’kl"} = 0[ a+1/2- 1;}3'] for a= P —3
. v $ 1
o {2' Iﬂxlp} = O@m'/?-12-9 for a<——=;
=] p 2

| -
o

N 1/
(iii) { b [a,‘l"} e o(llg(n+ 1)) for x=
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5. We require the following lemmas:

Lemma 1. ([3], Corollary of Theorem 6). Let 1 =p= =, and let {a,} be an arbitrary
sequence of real numbers. Then we have

=

P

zm-'-l I“’ 2"“"1
2-53-1!22»(1!2_1;‘”[ 2' |an|’] EH Z |a, 1|

n=2ma4 ] n=2m4]

amal 1/p
= 2531/29m(1/2-1/p) Z‘ |aniF]
n=2"+1

Jor m=1.
Lemma 2. ([3], Theorem 8). If f€ L,[0, 1] with 1=p<== or f€C[0, 1], (p===),

then we have
EP() = If-Sa(Nll, = 4EP(f)  (n=)).

Lemma 3. ([2]. Corollary of Theorem 7.) Let f¢ C[0, 1], and let 0<x<1. Then
the following conditions are equivalent

(1) :rf—S,.(f).-!=0[%] as n--oo,
(i1) w() = 0(0*) as o6-0,,
(iii) [a,(f)|=o[n,f“_2] K e

6. Proof of Theorem.

Our proof is similar to those of Ciesielski’s theorems in [3]. From properties of
{%,}, applying the Holder’s inequality we obtain

oo oo 2ma4l oo amas1
Z ‘lu |a"]ﬂ - Z 2 }'n|an]ﬂ =K 2 )*2"”‘ 2.: Ianljl =
n=2 m=0n=2"+1 m=0 n=2md41
o P_N_(.P—F) 2mad Blp
§ K Z ;-2|v|+12 P { Z fa,,l’} =
m=0 n=2m41
oo M[]—-‘;] . am+1 1/p)F
= K 2 Azm‘rlz 2 {2’“’2 [Z—JI'I Z,’ |aﬂI’] } .
m=10 n=2"+1
Using Lemma 1 and Lemma 2 we have
2ma=1 1/p
e [2"" 22’“ fﬂnl’] = 253'2||Spms 1 (f) = Som (M)l = 28312 ESR(S).
n=2m

Hence *)
= e m(l—-’--]
S hlaff = C 3 dpm-2"U T ER(P
n=2 m=0

and from properties of {2,} we have the first assertion of Theorem.

*) C is absolute constant, depending only on K.
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In order to prove the second statement of Theorem we define

0= 3 af), where a,= - lor

A standard computation gives that f(x)< C[0, 1] and by Lemma 3 we get that

f(x)€Lip a.

Hence, by an easy computation, we obtain the second assertion of Theorem.
The proof is completed.
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