Basic submodules of an R-module

By AFZAL A. K. YOUSUFZAI (Toronto, Ont.)

Kurikov introduced the notion of basic subgroup of an abelian p-group which
has proved to be one of the most important notions in the theory of p-groups of
arbitrary power.

Basic submodules can be defined in any module over the ring of p-adic integers,
or, more generally, over any discrete valuation ring. Fuchs (Notes on abelian group
11. Acta Math. Acad. Sci. Hung. 11 (1960), 117—125) has given a generalization of
basic subgroups to any group so that it coincides with the old concept whenever
the group is primary. In the general case of groups, to every prime p, one can define
p-basic subgroups, where in the definition the prime p plays a distinguished role.
In this paper, it is our aim to generalize this concept of basic subgroups in any group
to basic submodule in a module over a Dedekind ring.

A Dedekind ring R is an integral domain in which every ideal (=0, # R) is uniquely
a product of prime ideals. Moreover, every prime ideal of a Dedekind ring is maximal
and every ideal is finitely generated. During our investigation here, we will con-
sider R to be a Dedekind ring and we shall exclusively consider modules over the
fixed Dedekind ring R which we shall call for the sake of brevity R-modules.

Definition 1: The nonzero elements a,, a,, ..., a, of an R-module M will be
called linearly independent or simply independent, if

(1) May+i,a+...+4,a,=0 (L ER)
implies
(2) ;.‘a] =0....,).,,a"=0

If O(a) denotes the order of a € M, i.e. the ideal of R consisting of all 2 € R with Za=0,
then the conclusion (2) can also be written in the form

21 50(31)1 teey ;.ﬂ'\:_O{d").

If every element is of order 0, then naturally,
;'l - O, serey )u" = 0.

Remark 1: An infinite set of elements is independent if each of its finite sub-
sets 1s independent, therefore, the independence of the set {a,}; ., is equivalent to
the condition that the submodule (..., a;, ...) generated by all the a; is the direct
sum of the cyclic submodules Ra;:

(s @y, ...) = -+ BRa,® -
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2. If each of the a; (4 € A) is of order 0, then the independence of the set {a,}, - ,
is equivalent to the condition that the submodule (..., a;, ...) is a free R-module
with a; as free generators.

3. Independence is a property of finite character. Therefore, in every R-module
M there exist maximal independent sets. Moreover, every independent set of M can be
extended to a maximal independent set of M.

Definition 2: Let M be an R-module and P a fixed prime ideal of R. We shall
call a subset {g;},-, of M not containing zero, P-independent, if for any finite sub-
set a,,a,. ..., a., a relation

may+...+ma. cPPM(ma; =0, n;€ER)

implies (n;)S P", where r is any positive integer, i=1, 2, ..., k.

Lemma 1. A P-independent set is independent.

ProOOF. Suppose {a;},., is P-independent and n,a,+...+n.a =0, where
ma;#0 (m;€R). Then nya,+ ... +n.a, < P'M for every positive integer r, whence
each (m;)S Prvi, for every power of P. Hence (n;) S N P" = 0.") Thus (m;)=0

A
and hence n;=0. Therefore. the arising contradiction establishes the statement.
Definition 3: A submodule N of an R-module M is called P-pure, if

PN =NOPM,  for r=1,2,...

where P is a fixed prime ideal of the ring R.

Definition 4: Let M be an R-module. If 0=a<M and O(a)=P*, where P is
a prime ideal, then the element a is said to be of P-power order.

Lemma 2. The submodule N generated by a P-independent subset {a;); -4 of M
is P-pure in M. Conversely, if an independent set containing but elements of P-power
order and/or of order O generates a P-pure submodule, then it is P-independent.

PROOF. Suppose that h€ N[ P'M, where N is the submodule generated by a
P-independent set {a;};c, of M. Then h = n,a,+ ... +na, € P"M, where we may
assume that ;4,0 (n; € R, Vi). By P-independence there exist ideals B, such that
{"O:PI‘B,' (f= ], 2, woi'y !\}. Let n = ‘E"'Ijﬁl'; “= I... 2, eny k, :(j 'EPr, ﬁi" ‘EB,‘}. Now

J

k
h = Z”I’ai = Z Z “jﬁf’j)af = S 17-_,'(2 ﬁ;}a,)f‘_P’N.
-t \ 4 4 4

i=1 i J

i.e. PPN =NNPM. Hence N is P-pure in M.

Conversely, let {a;},., be an independent set such that a; are of P-power order
and/or of order 0. Let N={(....a;, ...) is P-pure in M; to show that {a;}, ., is P-in-
dependent.

! See Zariski and SamueL: Commutative Algebra 1, pp. 216, Corollary 1.
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Leth =nya,+... +n.a, éP"M (n;a;#0, n; € R). By P-purity of N in M, we have

nya;+ ... +ma.c P'N, suppose

n101+...+ﬂkak= Zp;b; (p;EPr, biEN)
i

where,
bl' = n,—.al+n,»302+ -!-n,kak (",}ER, }=l,2 .,k)

Hence,
may+ ... +ma = 2 pim,a+ ... +n,a)=
i

= pr,-n,-'a. +%‘pini2az+ +‘Zp,-n,»kak.
By independence of {a},.,, we have
n;a; = ;p;nijaj.
If O(a;) =0, then u,-—Zp,n;J. = 0, hence

(n; € P, ie. {a;},c, is P-independent.
If O(a;) is P-power. then
nf~2p,-n- € P', hence

by~
S P
This proves the Lemma.

Definition 5: We call an R-module M P-divisible if it satisfies PM =M, where P
is a fixed prime ideal of the ring R.

Definition 6: A submodule B of an R-module M will be called a P-basic sub-
module of M, if

(1) B is the direct sum of cyclic P-modules and|/or cyclic submodules of order 0,
(ii) B is a P-pure submodule of M,
(iii) the factor module M|B is P-divisible.

[We emphasize that P denotes the same fixed prime ideal throughout.]

Remark. M is a P-basic submodule of itself if and only if (i) holds for M; and
0 is a P-basic submodule of M if and only if M is P-divisible.
If B is a P-basic submodule of an R-module M then B may be written as

B = & B,, where B, is free and B, (n=0) is a direct sum of cyclic P-modules of
n=0

order ideal P",

Lemma 3. A subset {a;},., of an R-module M generates a P-basic submodule
B of M if and only if it is a P-independent set containing but elements of P-power order
and/or of order O and M =(B, P"M ) for each n.



218 : A. A. K. Yousufzai

PrOOF. Let {a;};, be a P-independent set in M, then by Lemma 2, it generates
a P-pure submodule B of M. Since {a,};., is P-independent, by Lemma I, it is
independent hence and by the given condition on a;’s. B is a direct sum of cyclic

submodules, B = & B;, where we may suppose that B, is free and B, is a direct
n=0

sum of cyclic modules of order ideal P* for k=1,2,.... Now to show M/B is

P-divisible. Since M ={(B, P"M ) for each n, any g <M, g0 can be written as

= b+2:al'gl
i

where b € B, #; € P", g; < M. This implies that
g+B= 2 u(g+B), ie.,
M|/B is P-divisible.

Conversely, suppose {a;};., generates a P-basic submodule B of M. Then by
Lemma 2 and from conditions (i) and (ii) of definition 6, we obtain the P-independ-
ence of the set {a;};.,. Since M/B is P-divisible, for gc M, (g=0) we have g+ B =
= Su(gi+B) (1,€P", g;¢M). This implies Su,g,—g€B, ie. >ugi—g = b for

i I I
some b€ B. Hence g = b+ Ju;g;. Thus g<(B, P"M ), i.e., M=(B, P"M ) for every n.
i

Theorem 4. An R-module M contains P-basic submodules B for every prime ideal
P of R if M=(B, P"M) for each n.

Proor. Every R-module M contains P-independent set {a,},. , containing but
elements of P-power order and/or of zero order. Then by given condition and using
Lemma 3. {a,},. , generates a P-basic submodule.
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