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The existence of maximal elements and
equilibria in Frechet spaces

By GHANSHYAM MEHTA (Brisbane), KOK-KEONG TAN (Halifax)
and XTAN-ZHI YUAN* (Brisbane and Halifax)

Abstract. In this paper we first give some existence theorems of maximal el-
ements of condensing correspondences. Then two existence theorems of equilibria of
abstract economies (resp., generalized games) are derived by maximal element theo-
rems in Frechet spaces. Finally, a fixed point theorem is proved which improves the
corresponding results of BARBOLLA (1985), GALE and MAs-COLELL (1975) and FLo-
RENZANO (1981).

1. Introduction

Let E be a vector space and A C E. We shall denote by co A the
convex hull of A. If A is a subset of a topological space X, the interior and
closure of A in X are denoted by intx A and clx A, respectively; or simply
int A and cl A if there is no ambiguity. Let X be a non-empty set. We
shall denote by 2% the family of all subsets of X. Let X and Y be sets and
F,G : X — 2Y a set-valued mapping. Then (i): the graph of F' denoted
by GraphF, is the set {(z,y) € X xY :y € F(x)}; and (ii): the mapping
FNG:X —2Y is defined by (FNG)(z) := F(x) NG(z) for each z € X.
Suppose X and Y are topological spaces and F' : X — 2Y. Then (1): F is
said to be lower (resp., upper) semicontinuous if for any closed (res., open)
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subset U of Y, the set {x € X : F(z) C U} is closed (resp., open) in X;
(2): F has open lower sections if F~1(y) := {x € X : y € F(z)} is open in
X for each y € Y; (3): F is said to be continuous if F' is both upper and
lower semicontinuous; and (4): F has a maximal element if there exists a
point x € X such that F(x) = (.

If X is a set, Y is a subset of a vector space and F : X — 2¥ such
that for each z € X, co F((x) C Y, the mapping co F' : X — 2Y is defined
by (co F)(z) := coF(x) for each z € X. If {X; :i € I} and {Y; : i € I}
are collections of sets and F; : I;e;X; — 2% is a set-valued mapping
for each i € I, the mapping Il;c;F; : Ijer X; — 2WierYi is defined by
(Il Fy)(x) := e Fy(x) for each x € ;e X;. We note that if X is a
topological space, Y is a topological vector space and F : X — 2Y is lower
semicontinuous, then the mapping co F' is also lower semicontinuous by
Proposition 2.6 of MICHAEL [17].

Let I be a (finite or infinite) set of agents (resp., players). An abstract
economy (resp., a generalized game) G = (X;; A;; P;)ier is defined as a
family of triples (X;; A;; P;)icr, where X; is a topological space, where
for each @ € I, A; : I/ X; — 2%i is a constraint correspondence and
P 1Lie X, — 2Xi ig a preference correspondence. An equilibrium point
for G (e.g., see BORGLIN and KEIDING [3, p. 315], TARAFDAR (24, p. 212]
or YANNELIS and PRABHAKAR [26, p. 242]) is a point 2* € X =111 X,
such that for each i € I, m;(z*) € A;(x*) and A;(xz*) N P;(z*) = () where
m; + X — X, is the projection for each 7 € I.

Throughout this paper, C' denotes a lattice with a least element zero 0.
Now we recall some definitions (e.g., see FITZPATRICK and PETRYSHYN [7]).

Let X be a Hausdorff topological vector space. Then a mapping
U : 2X — ( is said to be a measure of non-compactness provided that the
following conditions hold for any A, B € 2X:

(1) U(A) = 0 if and only if A is precompact.

(2) W(coA) = W(A), where coA denotes the closed convex hull of A.

(3) Y(AU B) = max{V(A),¥(B)}.

It follows from (3) that if A C B, then ¥(A) < ¥(B). The above no-
tion is a generalization of the set-measure of non-compactness introduced
by KURATOWSKI [13] and the ball-measure of non-compactness introduced
by GOHBERG et al [11] defined either in terms of a family of seminorms
when X is a locally convex topological vector space or of a single norm
when X is a Banach space. For more details we refer the readers to Firz-
PATRICK and PETRYSHYN [7].
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Let ¥ : 2% — C be a measure of non-compactness of X and D C X.
A mapping T : D — 2% is said to be WU-condensing provided that if Q C D
and ¥(T(Q2)) > ¥(Q), then Q is relatively compact.

Note that if T : D — 2% is a compact mapping (i.e., T(D) =
U.ep T'(w) is precompact), then T is W-condening for any measure of
non-compactness W. Various W-condensing mappings which are not com-
pact have been considered by BORISOVICH et al [4], MASSATT [14], NUSs-
BAUM [18], PETRYSHYN and FITZPATRICK [19], REICH [20], SADOVSKII [21]
and many others. Moreover, when the measure of non-compactness ¥ is ei-
ther the set-measure of non-compactness or ball-measure of non-compact-
ness, W-condensing mappings are called condensing mappings, e.g., see
MASSATT [14], NUSSBAUM [18] and SADOVSKII [21].

In this paper we first give some existence theorems of maximal ele-
ments of W-condensing correspondences. Two existence theorems of equi-
libria of abstract economies are then proved in Frechet spaces. Finally
some fixed point theorems are also derived. These results improve cor-
responding results of BARBOLLA [2], GALE and MAS-CoOLELL [10] and
MEHTA [15-16].

2. Maximal elements

Recall that a Frechet space is a locally convex Hausdorff topological
vector space whose topology is induced by a complete translation invariant
metric.

We first state the following result which is an easy consequence of
Theorem 1 of FITZPATRICK and PETRYSHYN [7, p. 18].

Lemma 2.1. Let D be a non-empty closed and convex subset of a
Frechet space X and V¥ : 2X — C be a measure of non-compactness. Sup-
pose a multivalued correspondence F : D — 2P is upper semicontinuous
and V-condensing with non-empty compact convex values. Then F' has a
fixed point.

Now we give the following results on the existence of maximal elements
for W-condensing correspondences:
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Theorem 2.2. Let E be a Frechet space, ¥ : 2X — C be a measure
of non-compactness and X a non-empty closed and convex subset of E.
Suppose that P : X — 2% is a multivalued mapping such that the following
conditions are satisfied:

(i) for each z € X, z ¢ co P(x);

(ii) for each x € X such that P(x) # 0, there exists y € X such
that x € int P71 (y);

(iii) P is ¥-condensing.

Then P has a maximal element in X.

PROOF. Suppose that the conclusion were false. Then for each z € X,
P(x) # 0. Now define the mapping F : X —2X by F(z) ={ye€ X :x €
int P~1(y)} for each x € X. Then for each y € X, F~1(y) = int P~1(y)
is open in X so that F' has open lower sections. Also for each z € X,
F(x) is non-empty by (ii). Hence the mapping co F : X — 2% also has
open lower sections by Lemma 5.1 of Yannelis and Prabhakar [26, p. 239].
Now by Browder’s selection theorem in [5] (see also Theorem 3.1 of [26,
p. 235]), there exists a continuous (single-valued) function f : X — X
such that f(x) € co F'(z) for each € X. Since P is ¥-condensing, so is
the mapping co P. Thus co F' is ¥-condensing since co F'(z) C co P(z) and
hence f is also U-condensing. Now f satisfies all hypotheses of Lemma 2.1.
By Lemma 2.1, f has a fixed point z¢ € X, i.e. xg = f(z¢) € co F(xg) C
co P(x(), which contradicting the condition (i). Therefore the conclusion
must hold. OJ

Theorem 2.2 improves Theorem of MEHTA [15, p. 70] in the following
ways: (1) X is a subset of a Frechet space instead of a Banach space;
(2) X need not bounded; and (3) P is W-condensing instead of being set
condensing.

We also have the following existence theorem of maximal elements
for a lower semicontinuous correspondence which has closed and convex
values.

Theorem 2.3. Let I be a Frechet space and X a non-empty closed
and convex subset of E. Suppose that P : X — 2% is lower semicontinu-
ous with closed and convex values such that the following conditions are
satisfied:

(i) for each x € X, x ¢ P(x);
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(ii) P is W-condensing.

Then P has a maximal element in X.

PROOF. Suppose that the conclusion were false, then P(x) is non-
empty closed and convex subset of X for each x € X. Since P is also
lower semicontinuous, by Theorem 3.2” of MICHAEL [17], there exists a
continuous (single-valued) function f : X — X such that f(x) € P(x)
for each x € X. Since P is V-condensing, so is f. Now f satisfies all
hypotheses of Lemma 2.1. By Lemma 2.1, there exists a point o € X
such that xg = f(xz9) € P(xz¢), which also contradicts the condition (i).
Therefore there exists € X such that P(z) = 0. 0J

We note that Theorem 2.3 deals with the existence of maximal ele-
ments for lower semicontinuous correspondences. In what follows, we shall
give the following existence theorem for upper semicontinuous correspon-
dences.

Theorem 2.4. Let E be a Frechet space, ¥ : 2 — C be a measure
of non-compactness and X a non-empty closed and convex subset of E.
Suppose that P : X — 2% is upper semicontinuous and W-condensing with
compact convex values. If P is irreflexive (i.e, for each x € X, x ¢ P(x)),
then there exists xg € X such that P(xzq) = ().

PROOF. If the conclusion were false, then P(x) is non-empty closed
and convex subset of X for each z € X. Thus by Lemma 2.1, there exists
xo € X such that zg € P(z¢), but this contradicts the assumption that P
is irreflexive. Therefore the conclusion must hold. OJ

3. Existence of equilibria

In this section, we shall prove the existence of equilibria for abstract
economies. Before we prove our main results, we will need Lemma 2.10 in
[23] which is a generalization of Lemma 6.1 in [26, p. 241]; for completeness,
we shall include its proof:

Lemma 3.1. Let X and Y be topological spaces, A be a closed (resp.,
open) subset of X. Suppose Fy : X — 2¥ and F, : A — 2Y are lower
(resp., upper) semicontinuous such that Fy(x) C Fy(x) for allx € A. Then
the mapping F : X — 2Y defined by

B Fi(x), ifz ¢ A,
Fla) = { Fy(x), ifze A
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is also lower (resp., upper) semicontinuous.

PROOF. Let U be any closed (resp., open) subset of Y. Clearly we
have

{reX : Fla)cU}={x€A: Fr(x) CUIU{z e X\ A: Fi(z) CU}
={recA:Fz)cUtU{re X: Fi(x) CU}.
Since A and U are closed (resp., open) and F; and Fy are lower (resp.,

upper) semicontinuous, the set {z € X : F(z) C U} is also closed (resp.,
open). Therefore, F' is lower (resp., upper) semicontinuous. O

In the rest part of this section, the set I of agents (resp., players) is
assumed to be countable.

Theorem 3.2. Let I' = (X;; A;; P;)ic1 be an abstract economy where
I is countable. Suppose for each i € I, the following conditions are satis-
fied:

(i) X; is a non-empty closed convex subset of a Frechet space Ej;

(ii) A; is upper semicontinuous with non-empty compact convex val-
ues;

(iii) the mapping A : X — 2% defined by A(x) = Il;eA;(x) for each

r € X = ;e X; is U-condensing, where W : 2Wici¥i — (' is a
measure of non-compactness;

(iv) for each x € X, m;(x) ¢ A;(x) N P;(x);

(v) the set U; = {x € X : A;(x) N P;(x) # 0} is open in X;

(vi) P; is upper semicontinuous on U; such that for each x € U;, P;(x)

is closed and convex.

Then there exists x* € X such that for each i € I, m;(z*) € A;(x*)
and A;(x*) N P(z*) = 0.

PROOF. Fix an i € I. Define 1; : U; — 2% by ¢;(z) = A;(z) N P;(z)
for each x € Uj;, then v; is upper semicontinuous on U; by (ii), (vi) and
Proposition 2.5.2 of [1, p. 71]. We now define the correspondence F; : X —

2% by
Fi( )_{%(1‘), if x € U;,
T Aiw), iz U

By Lemma 3.1, F; is upper semicontinuous with non-empty compact con-
vex values.
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Now let F(z) = e Fi(x) for each x € X. Then F is a upper
semicontinuous with non-empty compact convex values by Theorem 7.3.14
of [12, p. 88]. Since F(z) C A(z) for each x € X and A is U-condensing, F’
is also W-condensing. Since I is countable, X is also a closed and convex
subset of the Frechet space 1I;c; E;. Therefore F' satisfies all hypotheses of
Lemma 2.1. By Lemma 2.1, there exists * € X such that * € F(z*). By
(iv), =* ¢ U; for each i € I; it follows that for each i € I, m;(z*) € A;(z*)
and A;(z*) N P(z*) = 0. O

Theorem 3.3. Let I' = (X;; A;; P;)ies be an abstract economy where
I is countable. Suppose for each i € I, the following conditions are satis-
fied:

(i) X; is a non-empty closed and convex subset of a Frechet space E;;
(ii) A; is lower semicontinuous with non-empty closed convex values;
(iii) the mapping A : X — 2% defined by A(z) = IerA;(x) is U-
condensing for each v € X = Il;c;X;, where U : 2Wiet®i (' jg
a measure of non-compactness;
(iv) for each x € X, m;(x) ¢ A;(x) N P;(x);
(v) the set U; :={x € X : A;(x) N P;(x) # 0} is closed in X.

(vi) the mapping A; N P; is lower semicontinuous on U; such that for
each x € U;, A;(x) N P;(x) is closed and convex.

Then there exists ©* € X such that for each i € I, m;(x*) € A;(z*) and
A;(z*) N Py(x*) = 0.

PROOF. Fix an i € I. Define F; : X — 2% by

[ A@)n Pi(x), ifzel,
Fi) = { Ai(z), if o ¢ U;.

By Lemma 3.1, F; is lower semicontinuous with non-empty closed and
convex values. Then by MICHAEL’s selection theorem in [17, Theorem 3.2” |
again, there exists a continuous (single-valued) mapping f; : X — X; such
that f;(z) € F;(x) for each x € X.

Now define f : X — X by f(x) = {fi(z)}ier for each x € X. Then
f is continuous and f(z) € F(z) = ;e Fi(z) C ;e Ai(x). Since A is
W-condensing, it follows that f is also W-condensing. Since [ is countable,
X =1l;¢; X; is a non-empty closed and convex subset of the Frechet space
II;c 1 F;. Therefore f satisfies all hypotheses of Lemma 2.1. By Lemma 2.1,
there exists z* € X such that f(z*) = x*. Note that for each i € I, if



238 G. Mehta, K.-K. Tan and X.-Z. Yuan

xf € U;, then m;(z*) = fi(2*) € A;(2*) N P;(«*) which contradicts (iv).
Hence for each i € I, we must have m;(z*) ¢ U; and thus m;(z*) € A;(x*)
and A;(z*) N P;(x*) = 0. O

We also have that:

Theorem 3.4. Let I' = (X;; A;; P;)iesr be an abstract economy where
I is countable. Suppose for each i € I, the following conditions are satis-
fied:

(i) X; is a non-empty closed and convex subset of a Frechet space
Ei;
(ii) A; is continuous with non-empty compact and convex values;
(iii) the mapping A: X = ;1 X; — 2% defined by A(z) = [;cr A ()
for each * € X is U-condensing, where ¥ : 2WictFi — (C js a
measure of non-compactness;

(iv) the set U; = {x € X : A;(x) N P;(x) # 0} is either open or closed
in X;
(v) the mapping A; N P; is lower semicontinuous on U; such that for
each x € U;, A;(z) N P;(x) is closed and convex.
Then there exists ©* € X such that for each i € I, either m;(x*) € A;(z*)N
P;(z*) or m;(z*) € A;(z*) and A;(z*) N P;(z*) = 0.

ProOF. Fixani € I. By (v), Theorem 3.2” of Michael [17, p. 367], it
follows that there exists a single-valued continuous mapping f; : U; — X;
such that such that f;(z) € A;(z) N P;(z) for each = € U;. We are going
to prove the results by following two cases.

Case 1. Suppose U; is open in X. Define F; : X — 2% by
i(x)}, itz el
Fi(x) = { {fi()} if
A;i(x), ifx¢Us;

then by (ii) and Lemma 3.1, F; is upper semicontinuous with non-empty
compact convex values.

Case 2. Suppose U; is closed. Define F} : X — 2%i by

/ . {fz(m)}a it z € U;,
Fi@) = { Az),  ifz ¢ U

(3

then by (ii) and Lemma 3.1, F/ is lower semicontinuous with non-empty
compact convex values. By the extension result of continuous selections
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of Michael [17, Proposition 1.4(b)], there exists another single-valued con-
tinuous mapping f; : X — X, such that f/(x) € F/(z) for each z € X
(and indeed f/(x) = fi(z) if x € U;). Let F; : X — 2%i be defined by
Fi(z) := {fl(z)} for each z € X. Then F; is upper semicontinuous (in
fact, continuous) with non-empty compact convex values.

Now we define a set-valued mapping F': X — 2% by F(z):= ;e F;(z)
for each € X. Then F is upper semicontinuous with non-empty compact
convex values (e.g., see Theorem 7.3.14 of KLEIN and THOMPSON [12,
p. 88]) and F(z) C A(x) for each x € X. Since A is V¥-condensing,
so is the mapping F. By Lemma 2.1, there exists * € X such that
x* € F(z*). It follows that for each i € I, either m;(z*) € A;(z*) N P;(x*)
or m;(x*) € A;(x*) and A;(z*) N Pi(z*) = 0. O

By Theorem 3.1’ of MICHAEL [17, p. 368] instead of his Theorem 3.2”
in [17, p. 367], the same argument used in proving Theorem 3.4 can likewise
prove the following:

Theorem 3.5. Let I' = (X;; A;; P;)ic1 be an abstract economy where
I is countable. Suppose for each i € I, the following conditions are satis-
fied:

(i) X, is a non-empty closed and convex subset of a separable Banach
space F;;

(ii) A; is continuous with non-empty compact convex values;

(iii) the mapping A: X = ;1 X; — 2% defined by A(z) = ;e A;(z)
for each x € X is W-condensing, where ¥ : 2WiciEi . C js a
measure of non-compactness;

(iv) theset U; :={x € X : A;(x)NP;(x) # 0} is either open or closed
in X;

(v) the mapping A; N P; is lower semicontinuous on U; such that for
each x € U;, A;(x)NP;(x) is either convex finite dimensional (not

necessarily closed), or convex closed, or has an interior point (not
necessarily closed).

Then there exists ©* € X such that for each i € I, either m;(x*) € A;(z*)N
Pi(z*) or m;(x*) € A;j(z*) and A;(x*) N P;(z*) = 0.

Remark 3.1. We thank the anonymous referee to bring our attention
of the statement of the condition (v) in Theorem 3.5.
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As an application of Theorem 3.5, we have the following

Corollary 3.6. Let I be a countable set. For each i € I, let X; be
a non-empty compact convex subset of a finite dimensional space E; and

P X =1ljer X; — 2%i be lower semicontinuous on the set U; = {reX:

P;(z) # 0} such that for each x € U;, P;(z) is convex. If for each i € I, U;
is either open or closed in X, then there exists x* € X such that for each
i € I either m;(x*) € P;i(z*) or Pi(z*) = 0.

PROOF. For each i € I, let A; : X — 2%i be defined by A;(z) = X;
for each x € X. Then A; is continuous with compact convex values and

A; is also W-condensing, where W : 2i€r®i 5 R is the ball-measure (or
set-measure) of non-compactness on Il;c; F; (which is a metric space as T
is countable). Therefore by Theorem 3.5, there exists z* € X such that
for each i € I either m;(z*) € P;(x*) or P;(x*) = (. O

Corollary 3.6 generalizes Theorem 1 of BARBOLLA [2, p. 206] which
in turn improves the fixed point theorem of GALE and MAs-COLELL [10,
p. 10] and FLORENZANO [8] in the following ways: (1) the index set I is
countable instead of finite and (2) for each ¢ € I, U; is either open or closed
instead of U; being open for all ¢ € I or U; being closed for all 1 € I. We
remark that our arguments in proving Theorem 3.4 and Theorem 3.5 are
different from that of BARBOLLA [2].

For the existence of equilibrium point of abstract economies in which
the constraint correspondences are not condensing in topological vector
spaces, we refer [22-26] and the references wherein to the reader.

Acknowledgment. The authors express grateful thanks to anonymous
referee for his/her carefully reading and comments which lead to present
version of this paper, in particular for the proof of Theorem 3.4.
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