A number-theoretic identity

By R. SIVARAMAKRISHNAN (Trichur)

1. An arithmetic function f(n, r) is said to be an ’Even function of n (mod r)’
(1] if f(n,r)=f((n, r), r) for all values of n and r=1. EckForD COHEN [I] has
shown that f(n, r) is even (mod r) if and only if it possesses a Fourier Expansion of the
form

(1.1) f(n,r)y= > a(d,r)C(n,d)

dir

where C(n, r) is Ramanujan’s Trigonometric Sum defined by

C(n,r)= 2 exp(2nihnfr)
=t

and «(d, r) is determined by the formula
(1.2) 2(d, r) = -+ 3 f/5, 1)C rld, 3)
dir

The Cauchy-Composition (mod r) [2] of two even functions (mod r) namely
f(n,r) and g(n, r) is defined by

(1.3) h(,r)= >  f(a,r)gb,r)

n=g+b(modr)

the summation extending over a, b (mod r) such that n = a+5b (mod r).
If f(n, r) has the representation (1.1) and

(1.4) gn,r) = gﬂ(d, r)C(n, d)
then it is known ([2]) that the Cauchy product of /" and g has the representation
(1.5) h(n,r) =r > a(d, r)B(d, r)C(n,d).

dir

Next, let & be a positive integer. If ¢ (r) denotes the number of elements of a
k-reduced residue system (mod r), then ¢, (r) is given [3] by

(1.6) ou(r) = %' u(r/d)a*
where p(r) is the Mébius Function.
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For k=1 ¢,(r) reduces to Euler’s ¢-function. It can be easily verified that ¢ (r)
divides @y (r).
We introduce the function S;(r) defined by

7 @x(d)
(1.8) S0 = 20

Clearly, for k=1, S,(r)=d(r), the number of divisors of r.
The aim of this note is to derive an identity (see Theorem in 3.) which generalizes
the following interesting relation due to KesavaA MENON [4]:

(1.9) 2 (a=1,r) = @@r)d(r)

(a,r)=1

where the summation on the left is over a reduced residue system (mod r).

2. We need the Fourier representations of two even functions f(n, r) and o(n, r)
defined below:

Let
2.1 S, r) = (n, r)k.
Then,
fn,r) = > a(d, r)C(n,d)

dir

where l
a(d, r) = % ;’ *C(r/d, r]d).
Since 4
Cn,r) = dl{Z)ﬂ(r/d)d

wdr) =~ 3 u@/Do)D,

air Di(r/d, r[d)

interchanging the order of summation in the right hand side, we have

a(dr) =+ > D 3 u(r/po)s* =+ > Do(r/D),

Dir/d  &|r/D
by (1.6). Or
2.2) a(d,r) = 1 > 30,(r/o)
d|r/d
Now, let
54 {l, N BT =1,
) QBTY =10 otherwise.
Then,
e(n,r) = ‘%'ﬁ(d, r)C(n, d)
where
_ 1 p@)e(r)
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3. Theorem. If (n,r) =1,
2 (n—al,r) = @(r)s(r).

(a,r)=1

PrOOF. We note that > (|n—al, r)* is the Cauchy product (mod r) of f(n, r)

i
(a,r)=1

(2.1) and p(n, r) (2.3). Therefore, by (1.5)

S (n—alyrt = 2D 3> 50, (214D oo, 0

(a,r)=1 dlr {J}r,‘d

As (n,r)=1, (n,d)=1 for every divisor d of r. So, C(n, d)=pu(d). The sum on the
right, then, reduces to

(r) { []} wd) o) [] #(d)
dZIr" al%:i (P(d) r ‘a%' drlé ﬁo(d)

wd _
o od) o)’

As

further simplification leads to

o5 (5
S (n-art = 9) 354 ()Z“”"( ) _ o(r)s(r), by (18.)

(a,A=1 [ ] [ ] @ (d)

This completes the proof of the Theorem.
Corollary: (1.9) is the special case of the above theorem for k=1, n=1.

The author is grateful to Dr. C. S. VENKATARAMAN for communicating to him
other extensions of (1.9) given by NAGESWARA RA0 in [5].
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