On some pairwise normality conditions in bitopological spaces

By M. K. SINGAL and ASHA RANI SINGAL (Meerut)

J. C. KeLLy [3] initiated a study of bitopological spaces. A set X equipped
with two topologies is called a bitopological space. Separation axioms in bitopological
spaces have been studied by various authors, e. g., J. C. KeLLy [3], E. P. LANE [4],
C. W. Patry [6], M. G. MURDESHWAR and S. A. NammMpaLLY [5], M. K. SINGAL
and AsHA RANI [9], AsHA RANI and SHASHI PRABHA ARYA [7]. The concepts of
normality and complete regularity in bitopological spaces were first introduced by
J. C. KeLLy [3]. The purpose of the present paper is to introduce the concepts of
almost normal, mildly normal and almost completely regular spaces in bitopological
spaces and to study some of their consequences. These notions for topological
spaces have been introduced and studied in [8, 10].

Let (X, 7;, 7;) be a bitopological space. A subset 4 of X is said to be (i, j)-
regularly open if A=7-int 7;-cl 4, i, j=1,2, i#]. It is easy to see that a set is
(i, j)-regularly open if and on{y if it is the Z;-interior of a 7;-closed set, i, j=1, 2,
i#j. A is said to be (i, j)-regularly closed if A=7;-cl 7;-int A4, i,j=1,2, i#]. A set
is (7, j)-regularly closed if and only if it is the F;-closure of a J;-open set, i, j=1, 2,
i#]. Also, a set is (i, j)-regularly closed if and only if its complement is (7, j)-regularly
open i, j=1, 2, i#j.

1. Pairwise almost normal spaces

Definition 1.1. A bitopological space (X, 7;, 7;) is said to be pairwise almost
normal if for every pair of disjoint sets 4 and B such that 4 is Z;-closed, B is (J, i)-
regularly closed. there exists a 7;-open set U and a disjoint 7;-open set ¥ such that
AS U, BV, i,j=1,2, i#].

Obviously, every pairwise normal space is pairwise almost normal and every
pairwise almost normal, bi-7; space is pairwise almost regular [7].

Theorem 1.1. For a space (X, 7, 7,) the following are equivalent,

(a) (X, 7, 7)) is pairwise almost normal.

(b) For every Zi-closed set A and every (], i)-regularly open set B such that
AS B there exists a F;-open set V such that ASVE F;-cl VEB.

(c) For every (i, j)-regularly closed set A and every 7,-open set B such that
AS B, there exists a T;-open set V such that ASVE Fi-cl VEB.

(d) For every pair of disjoint sets A and B such that A is F;-closed, B is (], i)-
regularly closed, there exist disjoint sets U and V such that AS U, BS V, U is 7 ;-open,
V is Fi-open and Fi-cl UNT;-cl V = 0.
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PrROOF. (a)=(b). If A be a Z;-closed set and B be a (j, i)-regularly open set
such that AS B, then 4 and X~ B are disjoint sets such that A4 is J;-closed,
X~B is (j,i)regularly closed. Therefore there exists a Z;-openset ¥ and a dis-
joint Z;-open set U such that ASV, X~BS U. Now, UNV =0 = UNF;-cl V=
= ). Thus, AS VS J;-cl VS X~USB.

(b)=(c). If A, B be as given in (c), then X~ A is an (i, j)-regularly open set
containing the 7;-closed set X'~ B. Therefore there exists a Z;-open set U such that
X~BSUS F;-cl US X~A. Now let V=X~ Z;-cl U. Then V is a 7;-open set such
that AS VE F;-cl VE F-cl (X~ U)=X~UZB.

(c)=(d). With A and B as given in (d), X~ A4 is a J;-open set containing the
( J, i)-regularly closed set B. Therefore, there exists a Z;-open set W such that BE WZ
STl WS X~A. Again there exists a Z;-open set W™ such that BE W*S
S T,-cl WCSWET-cl WS X~A Let V=W?*, U=X~T,-cl W. Then ACU, BSV,
Uis J;-open, V is Z;-open. Now, US X~ W. Therefore, 7;-cl US F;cl (X~ W)=
=X~WE X~J;-cl W*. Hence, we have, Z;-cl UNT;-cl W* = 0.

(d)=(a). Obvious.

Remark 1.1. The set V in characterizations (b) and (c¢) above may be taken to
be (j, i)-regularly open.

Definition 1.2. (X, 71, F;) is said to be pairwise semi-normal if for every (i, j)-
regularly open set G containing a 7;-closed set F, there exists a .7; -open set ¥ such
that FE VS Z;-int ,-cl VEG.

Obviously, every pairwise normal space is pairwise semi-normal and every pair-
wise-normal bi-7; space is pairwise semi-regular [7].

Theorem 1.2. (X, 7,, 7,) is pairwise normal if and only if X is pairwise almost
normal and pairwise semi-normal.

Proor. Only the ‘if* part need be proved. Let 4 be Z;-closed and let B be a
7;-open set containing A. Since X is pairwise semi-normal, therefore there exists
a J;-open set ¥ such that AS VS 7;-int F;-cl V< B. Since X is pairwise almost nor-
mal, therefore there exists a Z;-open set W such that AS WS Z-cl Wo
S 7;-int 7;-cl VS B. Hence X is pairwise normal.

Theorem 1.3. (X, 7;, 7,) is pairwise almost normal if and only if for every
pair of disjoint sets A and B such that A is F;-closed, B is (], i)-regularly closed,
there exists a real-valued function g:X —[0, 1] such that g(A)={0}, g(B)={1} and
g is T ;-upper semicontinuous and F;-lower semicontinuous, i, j=1,2, i#].

Proor. To prove the ‘if” part, let A and B be any two disjoint sets such that
A is Fi-closed and B is (j,i)-regularly closed. Then there exists a Z;-upper semi-
continuous and J;-lower semicontinuous function g: X —[0, 1] such that g(4)= {0},
g(B)={1}. If U=g~1([0, 1/2)) and V=g~*(]1/2,1]), then UNV =0, and U is a
7 ;-open set containing 4 and V is a Z;-open set containing B. Hence X is pairwise
almost normal. Conversely, let 4 and B be sets as given. Let Gy=4, K;=X~B.
Then G, is F;-closed, K, is (j, i)-regularly open such that G, K. Since X is pair-
wise almost normal, therefore there exists a (j, i)-regularly open set K, and an
(i, j)-regularly closed set G, such that G, K,;,EG,,S K;. Again, by pairwise
almost normality, there exist ( /, i)-regularly open sets K, Ky, and (i, j)-regularly
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closed sets Gy, Gy such that G,S K, S G, S K, S 6= K4S Gy = K. Con-
tinuing this process, we obtain two families {G,} and {K,}, where s=p/2¢
(p=1,2,...,29—1, g=1, 2, ...). If s is any other dyadic rational, let K;=0 (s=0),
K,=X (s>1); and G,=0 (s<0), G,=X (s=1). Then, K,SK.SG,SG, (r=s=t)
and G2 K, (s=t1). Let g:X [0, 1] be a function defined as

gx)=inf {t:x€K} if x€Kk
and
gx)=1 if xeX~K,.

Then, g(A)={0}, g(B)={1} and it can be verified as in the proof of Urysohn’s
Lemma for topological spaces, that g is 7;-upper semicontinuous and .7;-lower semi-
continuous.

Theorem 1.4. Every pairwise closed, pairwise continuous and pairwise open image
of a pairwise almost normal space is pairwise almost normal.

ProOOF. Let f be a pairwise closed, pairwise continuous and pairwise open mapp-
ing of a pairwise almost normal space (X, 7;, 7,) onto a space (Y, 7,*, 73%). Let
A be a 7;"-closed subset of Y and let B be a (j, i)-regularly open subset of ¥ con-
taining A. Then f~1(A) is a Z;-closed subset of X contained in the 7;-open subset
f~YB) of X. Since f~'(B) is F;-open, therefore f~(B)S.7;-int 7 -cl (f~1(B)).
Thus, 7;-int Z;-cl (f~'(B)) is a (j,i)-regularly open subset of X containing the
F;-closed set f~1(A). Since X is pairwise normal, therefore, there exists a ( j, i)-regu-
larly open subset U of X such that f~1(4)S US Z;-cl US F;-int F;-cl f~1(B). Since
f is pairwise closed and pairwise continuous, therefore Z;-cl f~*(B)=f"*(Z;*-cl B).
Also, since fis pairwise open and pairwise continuous, therefore 7;-int /~(7;*-cl B) =
=f~1(J}-int 7i*-cl B). Thus f~YA)SUES J;-cl US f~1(J}*-int F*-cl B). Hence
AS fIU)E f(F,-cl U)E F*-int F*-cl B=B. Since f is pairwise open, therefore f(U)
is 7 -open and since f is pairwise closed and pairwise continuous, therefore
f(Fi-cl U)=F*~cl ( f(U)). Thus AS f(U)S F;*-cl f(U)S B. Hence Y is pairwise al-
most normal.

Theorem 1.5. Every bi-clo-open subspace of a pairwise almost normal space is
pairwise almost normal.

PrOOF. Let (Y, 7;,, 7;,) be a subspace of a pairwise almost normal space
(X, 71, 7;) which is both Zj-clo-open and Z,-clo-open. Let 4 be a Z,-closed
subset of Y and let B be a relatively (j, /)-regularly open subset of Y containing A.
Since Y is F;-closed, therefore 4 is J;-closed. Also, it may be easily verified that
B=J7;-int Z;-cl B. Thus B is a (j,i)-regularly open subset of X containing the
J;-closed set A. Since X is pairwise almost normal, therefore there exists a 7;-open
set U such that AS US Z;-cl US B. Then U is a Jj,-open subset of ¥ such that
AZ US 7,-cl UC B. Hence Y is pairwise almost normal.
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2. Pairwise mildly normal spaces

Definition 2.1. A space (X, 7;, 7,) is said to be pairwise mildly normal if for
every pair of disjoint sets 4 and B such that A4 is (i, j)-regularly closed, B is ( j, i)-
regularly closed, there exist disjoint sets U and ¥ such that AS U, BS V, U is 7;-open
and V is J;-open, i,j=1, 2, i#].

Obviously, every pairwise almost normal space is pairwise mildly normal.

Theorem 2.1. For a space (X, 7,, 7,), the following are equivalent:

(a) X is pairwise mildly normal.

(b) For every (i, j)-regularly closed set A and every ( j, i)-regularly open set B
such that AS B, there exists a F;-open set V such that AS VS Fi-cl VS B.

(c) For every (i, j)-regularly closed set A and every (Jj, i)-regularly closed set B
such that AN\B = 0, there exist disjoint sets U and V such that AU, BSV, U is
T;-open, V is T;-open and T;-cl UNT;-cl V = 0.

ProOF. Similar to the proof of theorem 1.1.

Remark 2.1. The set V in characterisation (b) above may be taken to be ( /, i)-
regularly open.

Theorem 2.2. (X, 7;, 7,) is pairwise mildly normal if and only if for every pair
of disjoint sets A and B such that A is (i, j)-regularly closed, B is (j, i)-regularly
closed, there exists a real-valued function g: X —|[0, 1] such that g(A)= {0}, g(B)={1}
and g is 7;-upper semicontinuous and F;-lower semicontinuous.

ProoF. Similar to the proof of theorem 1.3.

Deﬁmnon 2.2. Let f be a real-valued function on a space (X, 5;, ). Let [
and f,;, i=1,2 be functions defined as f*(x)=inf {sup,cyf(»):N is a 7;-neigh-
bourhood of \'} and f*,(\)—-sup {inf,cy(f(¥):Nis a ?—nclghbourhood of x} Then
fis Fi-upper semicontinuous if and only if /*'=fand fis Z;-lower semicontinuous
if and only if f_;=/f. Also, f,; is Zi-lower semicontinuous andf is Z-upper semi-
continuous. We say that a Z;-upper semicontinuous function f is 7;-normal if we
have ( f,,)* = f. Also, a F-lower semicontinuous function f is F --normai if (" Du=/f

Lemma 2.1. If a F;-upper semicontinuous function fon (X, 7y, ;) is F;-normal
then for each real 7., {x f(x)=21} is a union of (i, j)-regularly closed subsets of X.

PROOF. Let A= {x: f(x)=4}. Let x,€A4. Then f(x,)= 4. Hence f(x,) = 4+d for
some 6=>0. Let B, = {x:f,;(x) > A+4}. Since f, " is 7;-lower semicontinuous,
therefore B, is 7 -open. Let N be any arbitrary 7;-open set containing x,. Then
supf”(y) = (fj) (x9) = f(xy) = A+0. Hence, £, ;(y) = A+ for some y €N. Thus,

B ﬂN # 0 for all J;-open sets N containing x,,. Therefore x,€ 7;-cl B,,. Now, if
Yo G.ﬂ-cl B,,, then B, NN == 0 for every Z;-open set N containing y,. Therefore,
sup f,;(¥) = A+0 for each Z;-open set N containing y,. It follows that f(y,)=
= (£.)% () = A+6 >/ and therefore y,€4. Thus, Z-clB,, _A Hence
AC U Ji-1 B,, S A, that is, A = U ;-cl B,, where each B, is 7;- open.

Xp€A Xg€A
Thus A4 is a union of (i, j)-regularly closed subsets of X.
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Remark 2.2. It may be proved similarly that if a 7;-lower semicontinuous func-
tion f on (X, 7;, 7;) is 7;-normal, then for each real 4, {x:f(x)<=A4} is a union
of (i, j)-regularly closed subsets of X.

Lemma 2.2. The ,-closure of every union of (i, j)-regularly closed subsets of
a space (X, 7y, ) is (i, j)-regularly closed and the F;-interior of every intersection of
(i, j)-regularly open sets is (i, j)-regularly open.

Proor. We shall prove the first assertion and the second will follow by comple-

mentation. Let 4 = |J Zi-cl 7;-int A,. We want to prove that Z;-cl 4 is (i, j)-
a€A
regularly closed, that is, Z;-cl 4=7;-cl 7;-int(Z;-cl A). Now, Z;-int Fi-cl AS
€ Z;-cl A. Therefore F;-cl F;-int (F;-cl A)= F;-cl A. Thus, we need only prove that
F;-cl AS F;-cl F;-int (F;-cl A). Now, let x€F;-cl A and let M be any F;-open set
containing x. Then M A # 0. This means that there exists an « €A such that
M\ F;-cl 7;-int A,#0 But M being 7;-open, this implies that M 7;-int A, = 0,
that is,
MN(U Zj-int 4,) = 0.

acA

But J-int 7;-clA 2 U Z;-int 4,, because,
a€A

F;-int Fj-cl A = T;-int Trcl (U Fj-cl F;-int 4,) 2

aEA
27;-int (U (Fi-cl Fj-int 4,)) 2 F;-int( U Fj-int 4,) = U F;-int A4,.
a€A a€A a€A

Thus every JZ;-open set M containing x intersects 7;-int 7;-cl A. Therefore
x € 7;-cl (F;-int F;-cl A), that is, Fi-cl AS F;-cl F;-int (7 cl A). Hence F;-cl A=
= J;-cl F;-int (F;-cl A) which shows that Fj-cl 4 is an (i, j)-regularly closed sub-
set of X.

Definition 2.3. [KATETOV, 1,2]. Let R and T be sets and let ¢, 7 be binary
relations defined in R, T respectively. Let o7 denote the binary relation in R” defined
by fi0”7 f, if and only if 1,7 t, implies f,(t,)ofo(t:), where £, f,€RT and 1, 1, €T.
The binary relation ¢ in R is said to possess the interpolation property if, given
finite subsets 4 and B of R such that AXB < ¢ there exists ¢ in R such that
AX{c} S o and {c}XB < p. If o is a binary relation in R, then a binary relation
0 in R is defined as follows: (x, y)€g if and only if for any u, v€R, (1) (y,v)€0
implies (x, v)€¢ and (ii) (u, x) €0 implies (u, y)€p.

Theorem 2.3. If (X, 7, 7,) is pairwise mildly normal, then for every pair of
real-valued functions f and g on X such that f is 7, -lower semicontinuous and F5-normal
and g is T,-upper semicontinuous and T, -normal such that g = f, there exists a I -lower
semicontinuous and F,-upper semicontinuous function h on X such that g=h=/f.

Proor. Define a binary relation ¢ in the power set of X by AgB if 7;-cl AS
€ FEGE Z,-int B for some (1, 2)-regularly closed set F and some (2, 1)-regularly
open set G. We shall verify that ¢ satisfies conditions 1°, 2° and 3° of Lemma |
in [9]:
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1. Suppose {4;:i=1,...,m}o{B;:j=1,...,n}. For each i and j, there exists
a (1, 2)-regularly closed set F;; and a (2, 1)-regularly open set G;; such that Z;-cl 4,
S F;;£G;,£ J,-int B;. Since X is pairwise mildly normal, therefore there exist
(2, 1)-regularly open sets H;; such that F;; € H;; € J,-cl H;; © r‘| G;;. For each i,

Ti-cl A4, S ﬂF,,g ,J__ﬂf-clﬁ, ﬂ(‘,, ﬂfg-mtB If K; = 7,«IN H,,
i
and M; = ﬂG,»J, then K; is {l_ 2)-regularly closed and M; is (2, 1)-regularly open

such that K;S M;. Again, since X is pairwise mildly normal, there exist (2, l)-rcgu—
larly open sets P; such that K, P,.C 7,-cl P, M,. Thus U Fi-cl A; S U K, S

c U P, © U F,<cl P, S U./z-mtB Then F = U K; is (] 2)-regularly closed
G = 7,-int U F,-cl P; is (l 2)-regularly open and for each i, j, 7,-cl ;.S F=GZ

€ 7,-int B;. Agaln since X is pairwise mildly normal, there exists a (2, 1)-regularly
open set C such that FE C< 7;-cl CSG. Thus 4,0C and CgB, for each i and j and
therefore X possesses the mterpolatlon property.

2. We shall prove first that A€ B implies ApB. If BoV, then J,-cl BSE FEGS
€ Z,-int V where F is (1, 2)-regularly closed and G is (2, 1)-regularly open. Since
T1-cl AS 7;-cl B, therefore ApV. Similarly UpA= UpB.

3. Obviously, ApB =A< B.

Therefore by Lemma 1 of [4], o possesses the following properties:

PBy: If M and N are countable collections of subsets of X and if there exist
subsets A and B of X such that MpA, ApM, BoN, then there exists a subset C of X
such that MoC and CoN.

PB,: For any finite collection 2 of subsets of X there exist subsets 4 and B of
X such that (i) AgA and ApU whenever pU and (i) BgA and UgB whenever UpA.

Now, let 7 be the relation of natural order in the set Q of rational numbers
(that is, 1,7t, if t;<t,). For t in Q, let

F(t) = {xeX: f(x) < t},
and
G(t) = {x€X:g(x) = t}.

Since f is Z;-lower semicontinuous and Z;-normal, therefore F(!) is a union of
(1, 2)—regularly closed sets in view of Lemma 2.1. Again, since g is .Z;-upper semi-
continuous and Z;-normal, therefore X~ G () is a union of (2, l)-regularly closed
sets. By Lemma 2.2 then it follows that Z;-cl F(r) is (1, 2)-regularly closed and
7,-int G(l) is (2, 1)-regularly open. If #,,7,€Q and 1,71t,, then,

Ficl F(t)) € {xeX: f(x)=4,) C {xeX:g(x) = 1.} S F,-int G(1y)

and therefore 1,7 t,= F(t,)0G(1,). We have thus defined mappings F and G from
Q into the power set of X such that Fgo7G. Because o satisfies properties B, and
‘R, therefore there exists by Lemma 2 of [9] a mapping R from Q into the power set
of X such that Fo” H, Ho? H and Hg? G. For x€X, let h(x)=inf {tcQ:x €H(1)}.
As in the proof of theorem 2.5 in [4] it may be verified that g=hA=f and that /4 is
7, -lower semicontinuous and Z;-upper semicontinuous.
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In a similar manner, the following result may be proved:

Theorem 2.4. If (X, 7, 73) is pairwise almost normal, then for every pair of
real-valued functions f and g on X such that f is 7, -lower semicontinuous, g is 5-upper
semicontinuous with g=f, and either g is J,-normal or f is F;-normal, there exists
a 7, -lower semicontinuous and Fy-upper semicontinuous function h such that g=h=f.

Remark 2.2. The results of theorems 1.4 and 1.5 remain valid if *pairwise almost
normal’ be replaced by ‘pairwise mildly normal’.

Definition 2.4. (X, 7, 7,) is said to be pairwise Lindelif if every proper 7, -closed
set is Z;-Lindel6f and every proper Z;-closed set is Z;-Lindel6f.

Theorem 2.5. Every bi-second-axiom space (X, 7y, 7,) is pairwise Lindeldf.

PrOOF. Let A, be any proper, 7;-closed subset of X. Let A={U,:x€ A} be
any Z,-open covering of A4,. Let B, be a countable Z;-open base for Z,. Then
each 1, is a union of members of B,. It follows that there exists a subfamily €,
of B, each member of which is contained in some member of 2 and which covers
X. Then the family of all members of 2 which contain these members of €, is a count-
able subcovering of 2 and hence A4, is Z;-Lindelof. Similarly, every proper Z;-closed
set is Z;-Lindel6f and thus (X, 7;, 7,) is pairwise Lindelof.

Theorem 2.6. (X, 7, 7,) is pairwise Lindelof if and only if for each non-empty
U€F,, (X, F1(U)), where 7,(U)={X, 0, U*UU:U*€ T} is Lindelof and for each
non-empty Ve 7y, (X, 7,(V)) where 7,(V)=={X, 0, V*UV:V*€T,} is Lindeldf.

PrOOF. Similar to the proof of theorem 3.3 in [9].

Theorem 2.7. Every pairwise continuous image of a pairwise Lindelof space is
pairwise Lindeldf.

PrOOF. Similar to the proof of theorem 3.9 in [9].

Theorem 2.8. Every 7,-closed and every 7;-closed subset of a pairwise Lindelof
space is pairwise Lindeldf.

Proo¥. Similar to the proof of theorem 3.7 in [9].

Theorem 2.9. Every pairwise almost regular, pairwise Lindeldf space is pairwise
mildly normal.

PrROOF. Let X be a pairwise almost regular, pairwise Lindeldf space. Let 4 and
B be disjoint subsets of X such that A is (1, 2)-regularly closed and B is (2, 1)-regu-
larly closed. Then for each x€A4, x€X~ B. Since X is pairwise almost regular,
therefore there exists a (2, 1)-regularly open set U, such that x€U.S J;-cl U,
S X~ B. It follows that {U,:x €A} is a 7,-open cover of 4 such that Z;-cl U, B = 0
for all U,. Similarly, for each y€B, y€X~ A and therefore there exists a (I, 2)-
regularly open set ¥, such that (Z;-cl V,)"N\4 =0 and {V,:y€B} is a Z;-open
cover of B. Since X is pairwise Lindelof, therefore 4 is Z;-Lindelof and B is
Z,-Lindel6f. It follows that there exist countable subcovers {U,:n=1,2, ...} of
{Us:x€Ad} and {V,:n=1,2, ..} of {V,:y€B}. For each n, let

Uy =U, ~U{Z-cl V,:p = n}
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and V) =V, ~U{F-clU,:p=n}. Since U;NV, =0 for all m=n, therefore
UrNvy =0 for all m=n. Similarly, U*ﬂ v - B for all n=m and hence
U:ﬂV*“GforallanctU B2 {1 ——12 +yand ¥V =U{V;:n=12,...}.

Since (Z;-cl U,)NB = 0 and (F,-cl V)4 = 0 for all p, therefore U and V are dis-
joint sets such that U is Z,-open, V is Z;-open and AS U, BE V. Hence (X, 7,. 75)
is pairwise mildly normal.

Theorem 2.10. Every pairwise regular, pairwise Lindeldf space is pairwise normal.
Proor. Similar to the proof of theorem 2.9 above.

Corollary 2.1. [KELLY, 3]. Every bi-second-axiom pairwise regular space is pair-
wise normal.

Proor. Follows easily in view of theorem 2.5 and theorem 2.10 above.

Corollary 2.2. Every pairwise regular, bi-second-axiom space is hereditarily pair-
wise normal.

Proor. Follows easily in view of theorems 2.5 and 2.10 above and theorem 1.2
in [9].

3. Pairwise almost completely regular spaces

Definition 3.1. (X, 7,, 7,) is said to be pairwise almost completely regular. 1f
for every (i, j)-regularly closed set F, and a point x¢ F, there exists a function
J:X [0, 1] such that f is Z;-upper-semicontinuous, .7;-lower semicontinuous and

f(_.\')=0, f(F)= 1, i#], !'Sj:l’ 2

Obviously, every pairwise completely regular space and every pairwise almost
normal, bi-7 space is pairwise almost completely regular. Also, every pairwise almost
completely regular space is pairwise almost regular.

Theorem 3.1. Every pairwise almost regular, pairwise mildly normal space is pair-
wise almost completely regular.

Proor. Let (X, 7;, 7;) be pairwise almost regular and pairwise mildly normal.
Let A be an (i, j)-regularly closed subset of X and let x¢ A. Since X is pairwise
almost regular, there exist disjoint sets U and V such that AS U, x€V, Uis 7;-open,
V'is F;-open and J;-cl UN 7;-cl V = 0. Then, Z;-cl U and J;-cl V are disjoint sets
such that Z;-cl Uis (i, j)-regularly closed and fj-cl V is (j, i)-regularly closed. Since
X is pairwise mildly normal, therefore there exists, in view of Theorem 2.2, a func-
tion f:X [0, 1] such that f(F;-cl V)={0} f(F;-cl U)={1}. f is F;-upper semicon-
tinuous and Z-lower semicontinuous. Also, f(x)=0 and f(4)={1}. Therefore
(X, 5,,5) 15 pa:rwme almost completely regular.

Incidently, we prove the following

Theorem 3.2. Every pairwise regular, pairwise mildly normal space is pairwise
completely regular.

PrROOF. Let X be pairwise regular and pairwise mildly normal. Let 4 be a
7, -closed subset of X and let x4 4. Since X is pairwise regular, there exist disjoint
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sets U and V such that xcV, AS U, U is Z;-open, V is F;-open and F;-cl UM
NZ3-cl V = 0. Now, Z;-cl U is a (1, 2)-regularly closed set. Since X is pairwise
mildly normal, therefore there exists a function f: X —[0, 1] such that f(Z;-cl V)=0,
f(F;-cl U)={1}, fis F;-upper semicontinuous and 7,-lower semicontinuous. Hence
X is pairwise completely regular.

Corollary 3.1. Every pairwise regular, pairwise normal space is pairwise com-
pletely regular.

Definition 3.2. [LANE, 4]. If f is a real-valued function on (X, 7;, 7;) which is
F;-lower semicontinuous and 7, -upper semicontinuous, then {x € X: f(x)=0} is said
to be a 7;-zero set with respect to 7, (or simply a 7;-zero set) and {x € X:0=f(x)}
is said to be a Z,-zero set with respect to Z; (or simply a Z,;-zero set).

Obviously, every 7; -zero set is 7, -closed and every 7,-zero set is 7, -closed. Also,
for any real number r, {x€X:r=f(x)} is a J;-zero set and {xcX:f(x)=r} is a
F,-zero set if f is 7, -upper semicontinuous and .7,-lower semicontinuous. Also,
every 7;-zero set is of the form {x € X:/h(x)=0}, where / is 7;-lower semicontinuous
and Z,-upper semicontinuous and 2=0. Similarly, any Z,-zero set is of the form
{x € X:h(x)=0} where / is Z;-upper semicontinuous, 7;-lower semicontinuous and
h=0.

Theorem 3.3. In a pairwise almost completely regular space every (], i)-regu-
larly open set containing a point x contains a F;-zero set which is a F;-neighbour-
hood of x.

Proor. Let (X, 7;, 7,) be pairwise almost completely regular. Let U be a
(j, i)-regularly open set containing a point x€X. Then xéX~U and X~U is a
(j, i)-regularly closed set. Therefore there exists a function f:X —~[0, 1] such that
f is ;-upper semicontinuous, Z;-lower semicontinuous such that f(x)=0,
f(X~U)={1}. Let V={x: f(x)=1/3} and let W= {x: f(x)<1/3}. Since fis J;-upper
semicontinuous and .Z;-lower semicontinuous, therefore W is 7;-open and V is a
F;-zero set. Also, xe WS VE X ~(X~U)=U. It follows that V is a F;-zero set
which is a 7;-neighbourhood of x. Hence the reresult.

Theorem 3.4. For a space (X, 7, 7,) the following are equivalent:

(a) X is pairwise almost completely regular.

(b) Every (i, j)-regularly closed set A is expressible as an intersection of some
F;-zero sets which are F;-neighbourhoods of A.

(c) Every (i, j)-regularly closed set is identical with the intersection of all F;-zero
sets which are F;-neighbourhoods of A.

(d) Every (i, j)-regularly open subset of X containing a point contains a 7;-cozero
set containing that point.

PROOF. (a)=(b). If A is an (i,j)-regularly closed set, then for each x¢ A4,
there exists a function f,: X -[0, 1] such that f.(4)=0, f.(x)=1 and f, is Z;-upper
semicontinuous, 7;-lower semicontinuous. Let M, ={x:f.(x)=1/3} and let

N, = {x: £.(x) = 1/3).
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Then, AC {x: f,(x)<1/3}< {x: f:(x)=1/3}, that is, AS N, M, where N, is 7;-open
and M, is a Jj-zero set. It can be easily verified now that 4 = N M,.

xdA
(b)=(c). Obvious.
(¢)=>(d). Let U be an (i, j)-regularly open subset of X containing a point x.
Then X ~ U = (| A, where each A4, is a J;-zero set which is a .7 -neighbour-

aEA

hood of x. Since x4 X~ U, therefore x¢ A, for some 2 €A. Thus xeX~A4,Z U.
Since A, is a F;-zero set, therefore X'~ A, is a Z;-cozero set. Hence the result.

(d)=(a). Let A be an (i, j)-regularly closed set 4 and let x¢ A. Then x € X~ A4
and X~ A is an (i, j)-regularly open set containing x. By hypothesis, there exists a
F;-zero set U such that x € US X~ A. This means that there exists a function f on
X which is Z;-lower semicontinuous, 7;-upper-semicontinuous and such that f(x)=0.
Define a function g on X such that g(y) = 1—f(»)/ f(x) for each y €X. Then g is
J-upper semicontinuous, 7;-lower semicontinuous such that g(x)=0, g(4)={1}.
Hence X is pairwise almost completely regular.

Theorem 3.5. In a pairwise almost completely regular space, a countable set A
disjoint from an (i, j)-regularly closed set F is disjoint from some F;-zero set con-
taining F.

ProOOF. Let A={x,:n=1, 2, ...}. Since AN F = 0, therefore for each n=1, 2
..., X~ Fis an (i, j)-regularly closed set containing x,,. Therefore, for each n=1, 2,

there exists a Z;-cozero-set U, such that x, cU,EX~F.Then FE N (X ~ U,)

n=1
It follows that U is a 7;-zero set containing F which is disjoint with 4.

U.

Theorem 3.6. Every pairwise dense subspace of a bi-open subspace of a pairwise
almost completely regular space (X, 7,, F;) is pairwise almost completely regular.

Proor. Let (Y, 7,,, 7,,) be any subspace of (X, 7;,.7;). If Y is pairwise
dense or Y is bi-open, it can be proved as in theorems 2 and 3 in [7] that for any
subset 4 of Y, we have, 7 -int 7;,-cl A = (F}-int 7;-cl A)(Y. Thus, if A be any
relatively (i, j)-regularly open subset of Y containing a point y of ¥, then
Fi-int 7;-cl A is an (i, j)-regularly open subset of X containing y. Since X is pair-
wise almost completely regular therefore there exists a function f:X —[0, 1] such
that f is Z;-upper semicontinuous and J;-lower semicontinuous such that
f(F-int T;-cl A)={1}and f(y)=0. Then g=f]Y is a 7, -upper semicontinuous and
7,y -lower semicontinuous function on Y such that g(y)=0 and g(4)={1}. Hence
Y is pairwise almost completely regular.
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