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Existence and uniqueness of measure valued
solutions for Zakai equation

By N. U. AHMED (Ottawa)

Abstract. In this paper we discuss the question of existence and uniqueness of
measure valued solutions for Zakai equation. In recent papers [Ref 1, Ref 2] this question
has been discussed for Zakai equation under the assumption that the corresponding
measure valued process is absolutely continuous with respect to the invariant measure of
the associated linear stochastic differential equation. This holds if the measure induced
by the initial condition is absolutely continuous with respect to the invariant measure
as mentioned above. In this paper we remove this restriction.

2 =3 (mod 4)

1. Introduction

We give a brief introduction to the filtering problem leading to the Za-
kai equation. The process to be filtered is governed by a class of semilinear
stochastic differential equations given by

a1 dr = Azdt + F(z)dt + /QdW
' z(0) = zo,

in a separable Hilbert space H. The observation process is governed by a
stochastic differential equation in a finite dimensional space say R? given
by

dy = h(z,y)dt + oo(y)dw®

y(0) =0.

Here x is the process (not observable) taking values in an infinite dimen-
sional Hilbert space, and ¥ is the observed process taking values in a finite

(1.2)
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dimensional space. Finite dimensionality of observation is most natural in
all applications.

The general problem of filtering is to find the best unbiased mean
square estimate of a functional of the process z(t) given the history of
the observed process y up to time t,¢ > 0. Let (Q,F,F 1,P) denote
a filtered probability space and F/ = o{y(s),s < t} denote the smallest
sigma algebra generated by the observed process y up to time ¢,¢ > 0. Let
¢ : H — R be any continuous bounded function. The filtering problem
as stated above can then be restated as follows: Find an F} measurable
process {n(t),t > 0}, such that

E{(n(t) — ¢(x(t))*|F/} = min for all t € I = [0, T].
It is well known that the best filter is given by
n°(t) = E{o(x(t))|F/'}

(1.3) _ /H B(E)QY(dS) = QY(9),
where
(1.4) Qf (xr) = Pla(t) € |17/}

for I' € Xy with ¥y denoting the o-algebra of Borel subsets of H. This
suggests that we must find the conditional probability measure Q7 which
is an F} adapted (probability) measure valued stochastic process.

It is known [1,2,7] that QY satisfies the Kushner equation (in the weak
sense)

dQ¢ () = QY (Ag)dt + (QF (dh) — Q1 (9)Q{ (h), dz(t)),

1.5 t
) z(t) = y(t) —/O QY (h)ds, Q5(¢) = Ilo(¢)
where A is the differential generator of the Markov process z related to
the operators A, F' and @, Il is the measure on H induced by the initial
state x¢p and the process z, called the innovation process, is a standard
Brownian motion in R?. Clearly this system is a nonlinear stochastic
PDE in an infinite dimensional space.

It was shown by ZAKAI [Ref 9] that this equation can be simplified to
a linear stochastic evolution equation. In general, the solution ofthis equa-
tion is a measure valued process and is related to the solution of Kushner
equation (1.5) as follows: for any bounded Borel measurable function ¢

on H
QL (¢) = ui(9)/ui (1), t > 0.
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The measure valued process process ¢ is governed by the stochastic dif-
ferential equation

dpe(¢) = pe(Ag)dt + (i (9h), Ty 2 dv),
MO(¢) = H0(¢)7¢ € D(A),FO = 0-00-8,

where v is a standard Brownian motion in R? in a suitable probability
space (Q, F, F; T, P) [see Ref 2]. This is the unnormalized measure valued
process. Our main objective in this paper is to prove the existence and
uniqueness of solution of this equation without assuming that IIy < u° or
that it has a density.

Note that equations (1.5) and (1.6) are derived under the assumption
that the system noise W is uncorrelated with the measurement noise w°.

A more general equation is given by

du(¢) = pe(Ad)dt + (1t (G (1)), dv),
po(¢) = vo(e), ¢ € D(A),

where the measure vy(K) = P{xy € K|FY/},K € Yy and G(t) is either
a bounded or an unbounded operator valued F; adapted random process.
This is the case when either one or both the coefficients h and oq of the
measurement dynamics (1.2) are dependent on y. If, however, both are
independent of y the operator G is deterministic. For simplicity of presen-
tation only, we use this assumption throughout the the rest of the paper.

(1.6)

(1.7)

2. Markov semigroup

Since the process {z(t),t > 0,} solving equation (1.1) is Markov it
follows from Fokker-Planck equation that the corresponding conditional
probability measure P(t,z,G),x € H,t > 0,G € Xy, defines a semigroup
P, t > 0, given by

m@mEﬁy@mwwm

on the space of bounded Borel measurable functions on H, denoted by
B(X ). The space B(Xy) with its natural norm topology given by

[fllo = sup{|f(z)|,x € H}

is a Banach space. It is clear that the semigroup P, t > 0, is a contrac-
tion, however it is not strongly continuous on B(Xy) in its natural norm
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topology. In a recent paper [Ref 4] DA-PRATO-ZABCZYK gave a construc-
tion of a Cy-semigroup S(t),t > 0, on the Hilbert space Lo(H, u°), which
is an extension of the Markov semigroup P;,t > 0. The measure u° is a
symmetric Gaussian measure on H. This is based on several assumptions
as presented below:

(H1):

(a): A is the infinitesimal generator of a Cp-semigroup, T'(t),t > 0 in
H satisfying

1T cry < Me ™", t>0,w >0, M >1

(b): @ is a positive, symmetric, bounded operator in H so that the
operator (Q; given by

t
Qix = / T(s)QT*(s)xds, z € H, t >0,
0

is nuclear for all £ > 0 and Sup;~( 7rQ: < .

(c): W is a cylindrical Wiener process with values in H with
CovW (1) =1.

(H2): F is a bounded Lipschitz mapping from H to H.

(H3): For all t > 0,ZmT(t) C Im(Q}"?).

(H4): The operator valued function I'(t) = (Qt_l/zT(t)),t > 0, is
Laplace transformable where @), /2 is the pseudo inverse of Qi /2

Let D¢ and D?¢ denote the first and second Fréchet derivatives of
the function ¢ : H — R!, whenever they exist as elements of H and L(H).
Define the operator Ay and A by

Aop = (1/2)Tr(QD?*¢) + (z, A*D¢),x € H
and
D(Ay) ={¢ € CZ(H) : D*¢ € L,(H),
Sup,ep [ D?8ll oy < 00,
3 € CF(H) : p(x) = (A~ ),z € HY,
Fo=(F(.),D¢(.), ¢ € WH(H, ;°) and
A= (Ag + ﬁ),D(A) = D(Ap),

where £1(H) is the space of nuclear operators in H and C¥(H) is the space
of bounded k-times Fréchet differentiable functions on H and W12(H, 1u°)
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is the Sobolev space determined by the completion of C!(H) with respect
to the norm topology given by

16121, = /H (16[2 + 110" De|?)u (dz)

with p© being the invariant measure as mentioned earlier. We consider the
semigroup S(t),t > 0, corresponding to the Kolmogorov operator associ-
ated with the nonlinear stochastic evolution equation (1.1). The following
result is due to DA PRATO and ZABCZYK [Ref 4] which played a significant
role in the papers [Ref 1, Ref 2].

Theorem 2.1. Suppose the assumptions (H1)—(H4) hold. Then

(a): the linear version of (1.1), with F' = 0, has a unique invariant
Gaussian measure p° on Y.

(b): the operator A generates a Cy-semigroup of bounded linear op-
erators, S(t),t > 0, in Lo(H,u") and it is the extension of the original
Markov transition operator, Py, t > 0, from B(Xp) to Lo(H, uP).

(c): Further D(A) C WY2(H, u°) and for t > 0,S(t) is a family of
compact operators in Lo(H, ).

Now we consider the Zakai equation (1.7).

Definition 2.2. An F/ adapted measure valued random process
{pe,t € I} is said to be a mild solution of the Zakai equation (1.7) if
it satisfies the stochastic integral equation

(2.1) 1e(6) = vo(S(t)9) + / (1:(GS(t — 5)9), du(s)),

where S(t),t > 0, is the semigroup as given by Theorem 2.1.

Formally, for any ¢ € D(.A), using Ito-differential and the Cy-property
of the semigroup S equation (1.7) follows from equation (2.1). Writing
equation (1.7) as the evolution equation

dut = A*Mtdt + g*,utdv(t)

and using the variation of constants formula involving the adjoint semi-
group S*(t),t > 0, equation (2.1) follows from (1.7). This justifies the
above definition.

As mentioned in the previous section, we wish to prove the existence
and uniqueness of solution of this integral equation without the assumption
on absolute continuity of 1y with respect to the invariant measure p°. For
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existence and uniqueness results based on the later assumption the reader
is referred to [Ref. 1, Ref. 2]. Uniqueness result for finite dimensional
case was also proved by Rozovskil [8] following a different method. The
argument is that the natural space where one should look for solutions of
such equations is a suitable space of (random) measures and not Lo (H, u°).
This is precisely what we are interested in. This will require that we
sacrifice the Cy-property and revert back to the restriction of S to the
space of bounded scalar valued functions on H. However we continue to
use the same notation for the restriction. In general our approach also
admits the initial measure vy to be a random variable taking values from
the space of finitely additive measures. We shall use the theory of vector
measures.

3. Vector measures

Let X denote a topological Hausdorff space and let Fx denote a field
of subsets of the set X and Z a Banach space.

Definition 3.1. A function p : Fx — Z is called a finitely additive
vector measure if for each pair of disjoint sets K1, Ko € Fy, u(K1UKy) =
w(K1) + u(K>) and it is said to be countably additive if for any disjoint
sequence {K;} € Fx, for which |J K; € Fx, p(J Ki) = > ;51 #(K;) in the
norm topology of Z. -

Definition 3.2. A vector measure p : Fx +— Z is said to be strongly
additive if for every sequence of pairwise disjoint members {K;} € Fu,
the series ;- u(J;) converges in the norm topology of Z.

Definition 3.3. (a): A vector measure p : Fy — Z is said to be of
bounded variation if for each I" € Fy, |u|(T') < oo where

ul(T) = sup, Y [ln(K)|z

with the supremum taken over all partitions 7 of the set I' into a finite
number of disjoint members of Fr. (b): The vector measure is said to be
of bounded semivariation if for each I' € Fy,

[ul[(T) = sup{["pl(T') : 2% € 27, [|]27[| < 1} < oo,

where Z* is the dual of Z and |z*p|(.) is the variation of the real valued
measure z*u. In particular, we write

lello = Nl ().
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It is well known that any vector measure of bounded semivariation
has bounded range [DIESTEL and UHL, Jr. Ref. 5, Proposition 1.1.11] and
therefore they are called bounded vector measures.

Throughout the rest of the paper we consider X’ to be a regular topo-
logical space [6, Definition 1, p15]. Let Fx = Ax(Xx) denote an algebra
(the Borel o-algebra) of subsets of the set X. Let M,,(Fx,Z) denote
the vector space of bounded finitely additive regular Z-valued vector mea-
sures. Recall that a vector measure p is said to be regular if for every
z* € Z*, z*u is a regular scalar valued set function in the sense that for
every F € Fy and € > 0, there exist sets F € Fy with F C E and G € Fy
such that Int(G) D E and |z*u(C)| < e for all C € Fx,C C G\ F. Define

liallo = sup{[| (K2, K € Fa}.

It is well known [see DUNFORD and SCHWARTZ, Ref 6, pl160] that
furnished with this topology, M,4q(Ax, Z) and M4, (X x, Z) are Banach
spaces. Let M,.,(Xx,Z) denote the vector space of regular countably
additive bounded Z-valued vector measures. Then M,., C My, 1S a
closed linear manifold and hence it is also a Banach space.

In general, spaces of bounded vector measures are intimately related
to spaces of bounded linear operators as are scalar valued measures related
to continuous linear functionals, core of Riesz representation theorems [see
DUNFORD and SCHWARTZ, Ref. 6, Theorems IV.5.1, Corollary IV.5.3, The-
orem IV.6.2, Theorem IV.6.3].

Let B(Ax) denote the completion in the sup topology of the space
of real valued simple functions on X given by linear combinations of
characteristic functions of sets {E € Ax} and let L(B(Ax),Z) denote
the Banach space of bounded linear operators from B(Ax) to Z. Simi-
larly defined are the Banach spaces L(B(Xx), Z) and L(C(X), Z) where
B(¥x)(C(X)), endowed with sup norm, is the Banach space of real valued
bounded measurable (bounded continuous) functions on X'

The following theorem is a special case of [5, Theorem I1.1.13].

Theorem 3.4. There is one to one correspondence between the vector
spaces L(B(Fx),Z) and Mpo(Fx,Z) which is indicated by

ﬁ(B(fx),Z) < Mrba(fX,Z)-

Further this is also an isometry so that if L < p for L € L(B(Fx), Z) and
p € Mypa(Fx, Z) then |[LI| = [|p] (X) = llplo-
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The following result, which has independent interest, is a generaliza-
tion of a result of DUNFORD and SCHWARTZ from scalar to vector case.

Theorem 3.5. Let X be a normal topological space, Z a reflexive Ba-
nach space and M, (X, Z) the space of regular bounded vector measures
defined on the field generated by closed sets of X. Then there is one to
one correspondence between the vector spaces L(C(X), Z) and M,p, (X, Z)
which is indicated by

E(C(X)’Z) — Mrba(X7Z)'

Further this is also an isometry so that if L < p for L € L(C(X), Z) and
f € Mypo (X, Z) then [|L]| = [[u]lo-

PROOF. Let € Mypo(X,Z) and define the operator L, by

L(f) = /X f(@)u(de).

We show that L, is a bounded linear operator from C'(&X’) to Z. For any
z* € Z*, we have

(L)) = /X £ () (2" 1) (d)

< 1A lol (" ) ()
< [ ollpll ()21 = 1 fllollllo 1271

The last inequality follows from the fact that a bounded vector measure
has finite semivariation. It is apparent now that L, is a bounded linear
operator showing the correspondence M, (X, Z) = L(C(X),Z). It re-
mains to prove the reverse inclusion. Let L € L(C(X), Z). Then clearly
(z*, f) = L(z*, f) = z*(Lf) is a continuous bilinear form on Z* x C(X)
and, in particular, for each fixed but arbitrary z* € Z*, f — £(z*, f) is
a continuous linear functional on C(X). Since X is a normal topological
space it follows from Theorem IV. 6.2 [Dunford and Schwartz, p262] that
there exists a unique real valued measure v« € M,po(X) = Mpo (X, R)
such that

0=, f) = /X f (@) (da)

for all f € C(X). Hence there exists a unique A\ € M, p, (X, Z**), de-
termined by L alone, such that v.«(.) = A(.)z* for all z* € Z*. Since
Z is reflexive, it follows from this that £(C(X), Z) = M,pe (X, Z). The
conclusion of the theorem now follows from this.
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For the correlated case and continuous i we shall use a slightly gen-
eralized version of this result in Theorem 4.2 below.

Corollary 3.6. If Z is a reflexive Banach space then the elements of
both M, po(Fx, Z), and M, (X, Z) are strongly additive.

PRrOOF. It suffices to prove for the first one. Let u € M po(Fx, Z)
and let L, € L(B(Fx), Z) denote the operator given by

Luf= /X F(@)u(de).

Since this is a bounded linear operator and Z is reflexive, it maps bounded
sets into relatively weakly compact subsets of Z. Hence it follows from
[DIESTEL and UHL. Jr. Ref. 5, Theorem VI.1.1, p 148| that u is strongly
additive.

We close this section with the remark that in view of the above re-
sults, in our treatment of the filtering problem, we look at vector measures
as bounded linear operators with domain and range in suitable Banach
spaces.

4. Zakai equations on the space of vector measures

Now we return to Zakai equation (1.7) or equivalently the correspond-
ing integral equation (2.1). By a mild solution of equation (1.7) we always
mean a solution of the integral equation (2.1) in the classical sense. As
mentioned earlier, existence of solution of this equation has been been
proved only for the case when the initial measure is deterministic and
absolutely continuous with respect to the invariant measure p°. In this
situation one has density valued solutions [see Refs. 1,2] in Lo (H, u%). We
avoid this restrictive assumption and prove existence of solutions in the
natural space of vector measures.

Consider the probability space (€, F, F. C F, 15) Define the Hilbert
space Z = Ly(Q, P) with the norm topology ||z|| = (E|z|?)"/? and let Xy
denote the o-field of Borel subsets of the Hilbert space H. Let M,,, =
M, pa(Xp, Z) denote the space of regular bounded finitely additive Z-
valued vector measures as introduced in section 2. We introduce the func-
tion space Boo (I, M,ps) to denote the linear space of functions defined on
the time interval I = [0, 7] taking values from the space M,;, and weakly
measurable in the sense that for each ¢ € B(Xg), t — p(¢) = Ly, (¢) is
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Lebesgue measurable and adapted to the o-algebra Fi, t € I,and essen-
tially bounded in norm. In other words, this is an equivalence class in the
sense that for p, v € Boo (I, My ), we identify p with v, (p = v), if

P{pi(¢) = v4(), for all ¢ € B(Xpg),a.et € I} =1.

Again, furnished with the norm topology,

|l B (1,0,4,) = €55 .supq ||t lp, t € I}
= ess.sup{HLMHE(B(EH),Z),t e},

it is a Banach space. By virtue of the isometric isomorphism as stated
in Theorems 3.4, 3.5 and for the sake of economy of notations, we have
written p.(¢) for L, (¢). Throughout the rest of the paper we shall use
this convention.

4.1. Uncorrelated noise

We assume that h, arising in the observation equation, is a bounded
Borel measurable map. In this case the operator GeL(B(Zx), B, RY)).
This is the case where the dynamic noise is uncorrelated with the mea-
surement noise.

Theorem 4.1. Suppose G € L(B(Xy), B(Xg, R?Y)) and S(t),t > 0,
the Markov semigroup as introduced in section 2. Then for each vy € My,
equation (1.7) has a unique mild solution i € Boo (I, Myp,). Further the
solution is continuously dependent on the parameters {vy,G}.

PROOF. Let K denote the operator on Bo, (I, M,4,) assuming values
(Ku)e(¢) at t € I, ¢ € B(Xpy) given by

(Ki)e(0) = vo(S(8)6) + / (12 (GS (¢ — 5)9), dv(s)).

First we show that K maps B, (I, M,4,) into itself. Recall our notation
L,(¢) = v(¢). Since v is a standard Brownian motion on the probability
space (2, F, P), it is clear that

B((Kp)e(6))? < 2B(no(S(8)6))? + 2 / E|(112(GS(t — 5))) [Buds,

0

for any ¢ € B(Xpy). The semigroup S(t),t € I, restricted to B(Xp), is a
contraction and by assumption G is a bounded operator. Thus it follows
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from the isometric isomorphism due to Theorem 3.4, that there exists a
constant v > 0 such that

¢
B0 < 2ol +92 [l ) ol
for all ¢ € B(X ) and t € I. Recalling our notation,

E((Ku)(6))® = | Lc. ()%,

and again using Theorem 3.4, it follows from the preceding inequality that
there exists a constant § dependent on ~ and 7' such that

sup{ [|(KCu)ellp,t € I} < 5(”’/0Hb + sup{||pellp, t € I})-

This shows that K maps B (I, Mype) into Boo (I, My, ). We prove that K
has a fixed point in By (I, My, ). It suffices to show that certain power of
K is a contraction. For any pair of u,v € By (I, M,p,), following similar
computation, we have

t
1) — (K)ell2 < 2 / s — vs2ds,

for t € I. Hence by repeated substitution we obtain

10C™ ), — (KM 0) 2 < (f”/@—l)!) [ =9 = walias,

fort € I.
Clearly it follows from this that

1K™ 1) = (K" B (1,0110) < @nllit = VIl B (1,0,1.);

1/2
where o, = ((VQT)”/n! . Thus, for n sufficiently large, K" is a

contraction and hence both K™ and K has only one and the same fixed
point. This proves that the integral equation (2.1) has a unique solution
in Boo (I, M,p,) and hence equation (1.7) has a unique mild solution.

For continuity of solution with respect to the data, let u”,pu> de-
note the unique solutions corresponding to the initial data v, A € M,p,
(respectively) for a fixed operator G € L(B(Zy), B(XH, RY)). Similarly
let 19, " denote the solutions corresponding to the operators G,H €
L(B(Xy), B(Xg, RY)) for a fixed initial state vyg € M,p,. Then, following
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similar steps, one can verify that there exist constants C'; and Cs such

that \
i = pille < Crlly = Alls, tel,

g = pftlls < C2llG = Hll2(Ban), BAw,RY)> tE T,

where the constants are dependent on the variables as indicated in their
arguments

C = Cl(T7 ||g||)7 Cy = 02(T7 ||g||7 ||H||= HVO“b)'

In other words the solution is globally Lipschitz with respect to the initial
data (measure) and only locally Lipschitz with respect to the operator G.
This completes the proof.

4.2. Correlated noise

Here the system is driven by correlated noise in the sense that the
measurement noise affects the system dynamics. The model is described
as follows:

dz(t) = (Az + F(x))dt + /QdW, + BydWs,
z(0) =29 € H
dy(t) = h(z)dt + BadWs,

y(0) = yo.
The processes W and W5 are independent cylindrical Brownian motions in
real separable Hilbert spaces H and R? respectively. The operators By €
L(R? H) and By € L(R?, RY) with By being self adjoint and invertible.
In this situation the Zakai equation is again given by
dpe (@) = pe(Ag)dt + (e (G9), dv)
Ho = V07¢ € D(A)a

where the operator G is a first order differential operator (recall: D denotes
the Fréchet differential) given by

Gp = (By 'h+ BiD)¢,¢ € D(A),

which is clearly an unbounded operator on B(Xy). Again, this can be
written as the integral equation (2.1) with the difference being that, here
G is an unbounded operator.

(4.1)
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Under additional assumptions on the operator A and the initial mea-
sure, one can write this as a regular evolution equation in Lo(H, %) and
prove the existence and strong regularity properties of solutions [see Ref. 2,
Theorem 4.12].

Here we were interested in measure valued solutions under only mild
assumptions. Generalizing this line of approach to vector valued distribu-
tions it may be possible to prove a similar result for the correlated case.
In this regard we believe that Theorem 3.5 will be useful with X = H and
Ck(H) in place of C(H). We can only make the following comment.

Remark 4.2. We note that the solution of the Zakai equation for the
correlated case can be approximated by vector measures as in Theorem 4.1.
Replace the operator G of (4.1) by G,, = nGR(n, A) where n € p(A) with
R(n, A) denoting the resolvent of the operator 4. The sequence {G,} is a
family of bounded linear operators in B(Xy) converging strongly to G on
its domain D(G) D D(.A). Hence by Theorem 4.1 there exists a sequence
{p"} € Boo(I, Mypg) solving the problem (4.1) (in the mild sense) with G
replaced by G,,. We believe that this sequence converges to the solution of
the problem (4.1) in the topology of Beo (I, Dype) Where D,y is a suitable
space of Z-valued distributions on H. At this time it remains an open
problem.

Remark 4.3. By virtue of Corollary 3.6, it follows from Theorems 4.1
that if p is a mild solution of equation (1.7) then {u;,t € I} is a family of
strongly additive vector measures. However it is not obvious if the strong
additivity holds uniformly in ¢ on I. Another important question is: under
what additional assumptions can we expect countable additivity?

Remark 4.4. Our results do not provide any information on the tem-
poral regularity of solutions ¢ — u;. For applications, however, it is desir-
able that functionals like

Wy (ut) = E9(<Mt,¢1>a < ity P2)s - <Mt7¢n>>

are continuous in ¢ € [ for any continuous scalar valued function g on R"
and any arbitrary family of functions ¢; € B(Xpy),1 < i < n in case of
Theorem 4.1.

Acknowledgment. The author would like to thank the anonymous re-
viewer for many valuable comments and pointing out a deficiency in our
previous version where we gave a result for the correlated case under
stronger assumptions.
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