On logarithmic summability of conjugate series of Fourier series

By M. L. CHANDAK (Jabalpur)

1. As in [1], we say that an infinite sequence {S,} is summable by the logarithmic
method of summability or summable (L) to the sum s if, for x in the interval (0, 1).

, 1 il
S e et =

which is written simply as S, - s(L).

In a paper [2], HSIANG has applied this method of summability to Fourier series
of f(x) and he obtained a summability criterion for it. The object of this paper is
to make further application of this method in the theory of conjugate series of
Fourier series.

2. Let f(x) be a periodic function with period 2r, which is integrable in the sense
of Lebesgue over the interval (—n, m). Let the Fourier series of f(x) be

oo

(2.1) %a0+ 2> (a,cos nx + b, sin nx) = %ao+ 2> A (%)
n=1 n=1

Then the conjugate series of (2.1) is.

(2.2) S (b, cos nx — a, sin nx).

n=1

Fixing @, we write through out
o) = 3{f(@+0)+/(6—1)—2s},
¥(@) =3{f(@+n—f(@-n}

3. HSIANG [2] proved the following theorem:
If

3.1 [ lo@)|du = o(tllogt), (¢~ +0),
0

']

(3.2) J (o @)|/u)du = o (llog]),
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as 1 +0 for any arbitrary 0<d<n, then the Fourier series of f(x) is summable
(L) to s at @.
We prove the following theorem:

Theorem: If
(33) S (W@lu)du = o(1). (1~ +0),

a
(3.4) J (¥ @)u) du = o(jlogz)),

as t— +0 for any arbitrary 0~:5~:;, then the conjugate series of Fourier series of
Sf(x) is summable (L) to

%f W (1) cot (2/2) dt

at x= 0, provided the sum integral exists in the Cauchy’s sense.

4. Proofr ofF THE THEOREM. Let
S.(0) = Z"' (b, cos vO —a, sin vO)
v=1l

be the n-th partial sum of (2.2). This partial sum can be represented as a definite
integral. Using Euler—Fourier formulae for the coefficients @, and b, we have

S,(0) =% cosve ff[r)sin vt dt —sinv@® ff(r)cos vrdt]

v

(4.1) f(n) [ Z (cos v@ sin vi —sin v@ cos vr)] at =

;=||-‘
T “""-:,. L=

f(1) [ 2 sinv(r— 6)] de. (see §2.3,[4]).
v=1

5| -

By putting 1 — @ = u, and a little simplification will give us a more suitable form of it.

n—8 n
L f f(&)-f-u)[Z’sin vu] du,
—— v=1

5.(0) =
— % ff(6-+-u) j'sin vu] du.
e v=1
Breaking up the range of the integral, we have.

0 " g "
S,(0) =—:—r-[ ff(9+u)[;1'sin vu] du+ff{9+u)[§sin vu]du]

= %[—ff(@—u) [‘él'sin vu] du+off(9+u) [véisin vu] du].
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This is obtained by writing ¥ = —v in the range (—m, 0) i.e. in the first integral.
So we have

5.(0) = %f{f(@-i-u)-—f(@—u)}[ésin vu] du

(4.2) = % f 170) [ Zn; sin vt] dr.
(1] L
Since
L ~ cosyt—cos (n+4)t
v‘.Z';‘lsm i 2sindt

(for this sum the reader may refer § 1.12, [4]) we have

—CoSs (n+1})r
sin 3¢

4.3 5.(0) = —f T s L
Using (4.3), we have

- s “i (% 5 cos (¢/2) —cos (n+ )1 3
Z5OT=2T /Y0 o "‘]'

[~

:é% % .s[ W (1) cot (1/2) dr]_
Lol cos (n+a})r
_,,;Z;? _f"b() sin (!fZ) ]

Let us put
I n
= 6[ Y(1)cot (1/2) dt = s.

Then we have

Z (Su0) -9 = % S slrlf((:/)Z) fi”“s [’”’_] ‘] *

R0
- ;Gf K(t, x) dt,

sin (1/2)
where K(t, x) = |— S’%cos[n+%] r].
n=1
In order to prove the theorem, we have to show that
A0
(4.4) ————= K(t, x)dt = o(|log(1—x)]) as x-—~1-0.
6[ sin (1/2)

Using the common method of summation which is known as “c+is method” we



4 M. L. Chandak

get the snm of the series as follows: Let

oo

Z'-—xl cos [r:-}-l]r =c¢ (say).
n=1 N 2
Then we have

€= cosir+£c siH- +icos +l t+
=X 2 2 0 2 “se - n 2 Nba @

The corresponding auxiliary sine series would be
2

S = sinit+x—sinir+ +isin n+l t+
=3 3 3 3 T 3

Then we have

- 3 3N v x* 5 5 15
C+iS = x[cos5r+tsmit]+7[cos EH_IS"]?{]-I_”'

X" 1
wt+—Jcos|n+—=|t+ismmn+—|t|+...=
- [cos[n+ 3] s+ 3]

3 2 5 1
2 xetit‘f‘iz"et-"%‘ ‘!‘i':'e‘[ﬂi]"*‘ =

= ¢l [xe"+§e’"+ +%e""+ ] -

= —e"?log,(1 —xe") = —e"*log,(1 — x cos—ixsinf).

We know that general value of logarithm of a complex quantity (x4 pi) is given
by the formula.

Log.(x+ pi) = log.(a* + p*)?! +i(2nn + arctg f/x)
and its principal value

log,(x + pi) = log,(o*+ p*)* +iarctg (B/x).
so we have

C+iS = —¢'? [!og,{(l — x¢0s 1)* +(—xsin 7)%)}* + i arctg %SC“;;]

e | [10&(] —2xcos 1 +x*)} —iarclsl_i'cfi%]

t
2

Comparing real and imaginary parts, we have

xsint ]

5 f
Kow N ol S
[cos +1sin 2] [loge(l 2xcost+x*)} —iarctg F=xv08s

| { t xsin ¢
C=-—[Ecos— —]

— 2 i —_—
3 log.(1 —2x cos 1 4+ x°) 4 sin 3 arctg Y
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Hence we have
s xu 1
K@, x) = —”§7cos[n+-2-]x =

1 xsint
. — / e
5 C0s (1/2) log,(1 — 2x cos t + x*) +sin (¢/2) arctg g

Hence

Y (1) -
fsm (t/Z)k(t ¢ ke

= f s“'{’é/)z) {l cos (1/2)log, (1 —2xcosr+x’)}

+ f Y(r) arctg (xsint/l —xcost)dt =

=5L+1, (say).
Since the period of tg « is m, we can consider
larctg (x sin #/1 —x cos t)| <n/2

uniformly for 0=x<1 and 0=t=mn, we find that /,=0 (1) = o(|log, (1 —x)|), as
x —+1—0. Now we proceed to show that under the given conditions /; = o(|log.(1 —x)|)
as x—-1-0.

We break up the integral 7, as follows:

1-x ] n

L=[+ [+[

= Ill+!12+113‘
We have by (3.3) and (3.4)

1-x
In= f 140) {’ cos (2/2) log,(l—2xcosr+x’)} dt =

- [j Iu’(‘)Hlog,(l 2xcosr+x’)|dr]=

=0 [|loge(l —2xcos (1 —x)+x?)| .lf-xw dr] =
0

= o(|log.(1-x)[), as x—1-0;

1 = d f sxr]f ((:/)2) { 1 cos (1/2) log,(1 —2x cos t + x’)} & -

é
- 40
=" [1:/; mllog¢(1 —2xcosr+x’)| dl] .
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v Y A ; n 1 n
Since i steadily decreasing for 0=7< 5 We have Y0P = B, (page 7, [3]):
and also |log, (1 —2x cos ¢+ x?)| attains its maximum at the upper limit of the
integral 1=0. We have |log, (1 —2x cos 14 x?)| = O(1), as x—1—0, for the integral
under consideration. Therefore, the estimate of /,, would be

hz=0[ f@m]:

= o(|log.(1—x)|), as x—-1-0;
Finally, we have

Iy = O (log(1 --\‘)fl.b(r) d) =

= 0(1) = o(/log.(1 —x)|), as x —~1-0.

This completes the proof of the theorem.
The author takes this opportunity of expressing his gratitude to Prof. T. PaT1
for his generous encouragement and the learned referee for his valuable comments.
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