On conformally flat generalised 2-recurrent spaces

by M. C. CHAKI and A. K. RAY (Calcutta)

Introduction. A non-flat Riemannian space whose curvature tensor Rk
satisfies the relation

(1) VuViRyiixk = BuViRuijk + im Ryijx

where f,, and a,,, are not both zero and V denotes the operator of covariant differen-
tiation with respect to the metric of the space has been called elsewhere [1] a gene-
ralised 2-recurrent space and an n-space of this kind has been denoted by G (*K,,).
If B,,=0, the space reduces to what is known to be a 2-recurrent space as named by
A. LicaNerowicz [2]. Considering conformally flat 2-recurrent spaces Roy CHO w-
DHURY [3] showed that the scalar curvature of such a space is necessarily zero.
Later, A. H. THoMPSON [4] proved that all n-dimensional (n=3) conformally flat
2-recurrent spaces with indefinite metric are recurrent and that every such space
with definite metric is flat. In the present paper we consider conformally flat gene-
ralised 2-recurrent spaces with symmetric tensors of recurrence. In such a space of
zero scalar curvature, canonical expressions have been given for the Ricci tensor
and the recurrence tensor in terms of a real null vector field and a non-zero sca-
lar field. The question whether such a space can have definite metric has been ans-
wered and the nature of the space in case of indefinite metric has been determined.

1. Conformally flat G(*K,) (n=3) with symmetric recurrence tensor. Let us
suppose that a G(*K,) with symmetric tensor of recurrence a,, is conformally flat.
Then its curvature tensor is of the form

(1.1) Ryijx = gnjHix — gk Hij + gix Hyj— 81 Hik
where

I R
(1.2) H; =~ R 8ij

d n=2"" 2m-=1)
and further [5]

(1.3) VKHU L V}Hm’-
In consequence of (1) it follows from (1.2) that
(|,4) V: VKHU' = ﬂf VK Hl'j'f'ax;Hfj.
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Hence (1.3) gives
(1.5) ag H;; = ayHg.
Transvecting (1.5) with gX' we get

OH;; = ‘?ﬂgmﬂfxa
where @ = gX'ay,, whence?)

Rn-2 R ©
(16) @Rﬁ - 5'1—__]0,-1- +Emgu.

If @=0 it follows from (1.6) that R=0 because n>2 and a;;#0.
If ©#0, then R=0 for R=0 would in this case imply R;;=0 which makes
the space flat, contrary to assumption. We can therefore state the following theorem.

Theorem 1. In a conformally flat G(*K,) with symmetric recurrence tensor.
the scalar curvature and the scalar @ are either both zero or both different from zero,

2. Conformally flat G(*K,) with symmetric recurrence tensor and zero scalar
curvature.

In this case we suppose R;;#0 and R=0. Hence there exists a real vector
field /' such that

R'-J'.;.i;..j =ée {e = :tl).

Let yu & R;;2). Then we have Ay, = e.

WOF(I.G): From the Bianchi identity we have
Vu ViR + VoV, Ruii + Vol Ve Ry = 0
or, @y Ruijx+ @y Ruixc+ @xcon Riity + B (Vi Rty + V Roies + Ve Ryyy) = 0
or, ayy, Ryijx+ @y Ry xm Ry y = 0 (using Bianchi’s identity)

Or! Qi R:;'K + a;m m.l(l . axm R}U = 0-
Contracting ¢ and / we get
Qe R:;x = Qxm Ru“a_fm Rix.

Transvecting with g/ we get a,, Rk = ax,, R—a,, Rk whence
(%) a;, Rx = % Ray,,.
Now from OH,, = a, g*'H,x we get using (1.2)
1 olr R ¥ 1 x| R R
P R BT TR L ST L e T T
RE

§ i ————

2(n—-1)

or,

OR &= auR} a, = a;R— (a,, is symmetric)

T 2m-1) 20—1)
1
= —Rﬂ,!—mau (b)’(*})

a,-‘,-.

2
R n=-2
2 n—1
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In consequence of (1.5) we have

Rijag = Rigay,.

So
(2.1) Rijag X = pay.
Contraction with 2’ gives
2.2) ea; = pyagiX
Let

A,
Then pie = eayl,
ie.:

e‘(f = axilx.
Thus we have?) from (2.2)

(2.3) ap = Q.
Since a; # 0, ¢ # 0. From (2.1) we get

Rij@ﬂx#:;‘x = MW;dj.
Whence

(2.4) R = ep;p;.

Since R=0, it follows from (2.4) that y; is a null vector field.
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If the metric is definite it cannot contain a real null vector field. Hence the as-
sumption that R;;0 is false. We can therefore state the following theorems:

Theorem 2. In a conformally flat G(*K,) with symmetric a,, and zero scalar
curvature, there exist a real null vector field y; and a non-zero scalar field o such that
the Ricci tensor R;; and the recurrence tensor a;; have the canonical forms:

Ri; = ewpy(e = +1) and a;; = oup.

Theorem 3. A conformally flat G(*K,) with symmetric recurrence tensor and zero

scalar curvature cannot admit a definite metric.
Since VixR;; = V;Rjx and R;; = epp;,
we get
(2.9 (Vi iy — Vi) + (V) i — (Vi) g = 0.

Let tx = A'Viu;. Then transvecting (2.5) with ei'ZX we get

(2.6) XV p; = 2t;— eop;
whire & = 1, = PPV

?) Proof of (2.3): Since eaj;, = u;ax, A%, eaui' = p;ax,A%i' or, ea;i' = u,0

Hence ea; = pem0 = epp.

7D

Joap Al =eugp.
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Again from (2.5)

(2.7 Viu; = e(uitx + 2uxt;) — 20 k.
Put
Pi = Li—eapy.
Then (2.7) can be expressed as
(2.8) Vi = e(utx + 2p; pg).

Again from V,VgR;; = B, Vx R;;+ax R;;, we get

2.9) By Vi sy + 1 Vig i) + o py g oy =
= ;Y Vi i + 1Y Ve + Ve, Vi + Vi Ve .
Transvecting (2.9) with A and // we get
(2.10)  By(txp;+ eV ) + eops gty = ;A Vi pty + eV Vi s+t Vips + 1, Ve
and
(2.11) 2efitx+ opx iy — 2kt = 2eAV, Vg p;.
Using (2.11) we get from (2.10)

(2.12) eVi Ve = eBy Vi + Y eop px py +epyt ity — tx Vi — 1, Vg .

Using (2.12) and (2.8) we have from (2.9) by straightforward calculations
(2.13) 8pipjux i = 0.

Hence p; =0, i.e,,
ti = eopl;.

Therefore Vip; = oppux. From R, = epp; we get ViR, = @xR;;, where
@x = 2oug. From this we get

(2.14) VlRMjK - fP:Rmx-

If ¢,=0, the space becomes flat which is impossible by assumption. Hence ¢,#0.
This means that ¢=0. Thus incidentally we see that A* and u' introduced in this
section must not satisfy the equation A'2/V;u;=0.

We now state the following theorem:

Theorem 4. If there exists a conformally flat G*K,) with symmetric recurrence
tensor and zero scalar curvature then the space is a recurrent space.
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