On the commutativity of non-associative rings

By RAM AWTAR (Aligarh)

1. Many sufficient conditions are well known under which a given ring becomes
commutative. Notable among them are some given by JAcoBsoN, KAPLANSKY and
HERSTEIN. In all these results, they take the ring to be associative. Recently JOHNSEN,
OutcALT and YAQuB [3] proved that if R is a non-associative ring with unity, in
which (xy)*=x?)? holds for all x, y in R, then R is commutative. Further, GUPTA
[2] proved that if R is a non-associative ring with unity satisfying the condition
(xy)*=(yx)?* for all x, y in R and additive group of R has no element of order 2,
then R is commutative. In this paper our object is to generalize the above mentioned
results.

2. Throughout the paper the rings considered are not necessarily associative,
but contains unity. A ring R is said to be n-torsion free for any positive integer n,
if whenever for any x in R, nx=0 implies that x=0. For any x,, X,, ..., X, in R,
we define x; Xy X, =(X;* Xg 2 X, 1) X,

Now we begin with the following lemma which we need throughout this paper

Lemma 1. For any positive integers n and m, the following relations hold:
i Dk [’:) (m+1—=k)" = 0 or n! according as m = or = n,
k=0

(ii) For any positive integers n and t, n=2 and 1=t=n—1

g enzeml(1)- 5 e

Proor. Relation (i) follows from exercise 1 of [1, p. 154]. Left hand side of

k 0

Z_—-—[{(l+(r—k))—(r—k)"—i} Z[](r —ky (—1)*[ ]

k=0 I

or,
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or,
'g‘l-l—-—{(l+(r—k})"—(r—k)"—l}(—lj" ["1]—
= t—k k
g 'El["](r—k)"-‘(—n* ['*']
k=0 p=1\p k
or,

t+1 ¢ [1] . '*l[n]{'—l [r—l] - ]
_— e +1—k)" 1 — — 1)k t—kyp-1¢.
7 lé; % =D+ ) p%' & ké;( ) § ( )
In view of relation (i) and the last equation we arrive at the conclusion.
3. Rings in which (xy)"=(yx)".

Lemma 2. For a fixed positive integer n, let R satisfy (xy)"=(yx)" for all x, y¢ R
and let (R, +) be a p-torsion free for each prime p<n, then for all x, y in R
(n—1)-times

(n—1)-times
(P Lexy+Ytexpey+ ot xyey e y) = (P leyx+ o Fyxey e y)

——

PrOOF. By hypothesis (xp)" = (yx)" and ((x+1)y)" = (y(x+1))* holds for all
x,y in R. Therefore ((x+1)p)"—(xp)" = (y(x+1))"—(yx)". Then

(n—1)-times

s —

(n—2)-times (n—1)-times
e e— ——
(l) {(y.xy.xy W xy.'_xy._p.xy e XY L F XY XY e xy._")
(n—2)-times (n—2)-times
— e, —_—
+(y2.xy wee xy+y.xy.y.xy _\'y+ +xy .

o4 x_p.y.y)

(n—1)-times

+(J;|—1_"-'},_+_};"‘2.xyay+ sos T XY P one J")} = A,

where A, is obtained from left hand side of (1) by replacing xy by yx in each term

and keeping all other factors unchanged. On both sides of (1) number of terms in
respective brackets are

[’:] (r=1,2, ...,n—1).
In (1) replace x by x+ 1 and use (1). Then, we get

(n—2)-times (n—2)=times
—— ———
(2 22—-D(GPxy - xy+y-xpey-xy Xyt ...+ Xy Xy-y-y)
+2(22—- ]){'J'aox‘p $its xy+yz.xy.y.xy XV XY e XYY ye))

(n—r)-times (n—r)-times r-times
_}-2(2’_1 — I)(}".xy s XY +J-"1.x}e.y.xy e XY XY XYY e y)

.........................................................

(n—2)-times

+2Q2" 2 =) texy+ )" 2o xyey+ o+ Xy y e Y} = Ay
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where A, is obtained from the L. H. S. of (2) by replacing in each term xy by yx and
all other factors unchanged. The terms within the r-th bracket of the L. H. S. of (2)
are same as those in (r+ 1)th bracket in L. H. S. of (1).

Further the coefficient 2(2"~*—1) outside the r-th bracket of (2) is obtained as
follows:

(n =r)-timet
- “ - .

Consider "+ xy---xy, take any term within the first bracket of (1), and delet
x from r—1 places in that term, we obtain a term involving xy, n—r times and y, r
times. Since we want to obtain ) -xy.--xy, we take only those terms in the first
bracket of (1) which involves xy, n—r times at the end. From any such term, if we

delete x, r—1 times we obtain y" - xy:.-xy. There are (r:l] such terms in the first
bracket of (1). Analogous procedure, when applied to kth bracket (k=1, ...,r—1)

of L. H. S. of (1) gives )" - xy---xy, [r:k] times. No term in any bracket after (r— 1)th

bracket give 3" - xy---xy. Thus we obtain [r:l]+ +[ﬂ =2(2"-'—1) as the coeffi-

cient of y"+ xy---xy. By symmetry all other terms in (r— 1)th bracket of (2) have the
same coefficient, namely 2(2"~*—1).

To apply the induction, suppose by continuing the same process as above for
t-times, we obtain

(3) B+ B4+ ... +B,_, = A,
where for r=1t,1t+1, ...,n—1,
(n—r)-limes (n—r)-times r-times
-1 - P | —— —, et s,
B.o=3. % (-—l)"[ K ](r—k)"“(y’-xy-——xy-k e FXY e XYY e Y
K=o

where A, is obtained from the L. H. S. of (3) by replacing xy by yx in each term, and
keeping their factors unchanged. In (3) replace x by x+1 and use (3), we prove that
we get the following:

(4) Cr+1+Cr+2+---+Cn—1 — AI‘+1

where for r=t+1,....,n—1,
(n—r)-times (n—r)-times r-times
—_— ——— ——

C,=(+1) Z(—1) [’;] (t+ 1=k e () oxpy e Xyt e +XY e XPeyey e p),
k=0
and A, is obtained from the left hand side of (4) by replacing in each term xy by
yx and keeping other factors unchanged.

The common coefficient outside the (/—r)th bracket, where t+1=/=n—1 of
(4) obtained by the same argument as for (2) and is equal to

o, t—1 / o r—1 l
_ 1)k B Y o | N __pl-2
g = [ ety [H]*-"“ LA [ k ]“ i [1]
or,

t
(t+1) (=1 [L](Hl—k)"‘ by Lemma 1 (ii). This proves the assertion.
k=0

1*
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Putting t =n—1 in (3) we get
(n—1)-times
——

(n—l):g_',':(—l)" [";2] m—1=Kk)20"Lexy+... +Xppy e y) =
(n=1)-times

n—-2 iy |
=l [nk ]("— L=k (" Yo yx+ ..+ yxey - y).
In view of Lemma 1(i) the last equation reduces to

m=D1O" e xy+ .. +xpy )= (—=DIO" Leyx+ ... +yxop o0 p).

Since (R, +) is p-torsion free for each prime integer p—=n,

(n—1)-times (n—1)-times
——

pr——
(P F et KRy ey ) m PR gh A ook o Y or P

Theorem 1. Let R be a ring (not necessarily associative) with unity 10, such
that (xy)"=(yx)" for some fixed positive integer n=1, and for all x, y in R. Further
let the additive group of R be p-torsion free for every prime integer p=n. Then R is
commutative,

ProoFr. By Lemma 2, for all x, y in R

(n—1)-times (n—1)-times
—n.
) O expt..+xpy ) =0""1eyx+ ..+ yx-y - y)

Replace y by y+1 in (5) and use (5). After simple computation and rearranging

terms we obtain
(n—2)-times
——

n
(©) {J](J""“-xy+x4r---+xy-y---y)

+ ;](}'"“"-nyr---+xy-y-~y)

(n—r)-times
(p—

n
)(y""-xy-l— v F XYy y)

r—1

where B, is obtained from the L. H. S. of (6) by replacing xy by yx in each term
and keeping other factors unchanged. The number of terms in respective brackets are

(n—r) for r=1,2,...,n—1.
To apply induction, suppose by continuing the same process as above for t-times,

we obtain
(7 C+Ciat...+Cy = 4,
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where for r=t,t+1,....,n—1,

(n—r—1)-times
C, —f[ ] Z (—l)*[ ](t—k)’"(}*'"" *XY+ .t XYy y),

and A, is obtained by replacing xy by yx in each term of L. H. S. of (7) and keeping
remaining factors unchanged. The number of terms in respective brackets of L. H. S.
of (7) are n—r(r=t, t+1,...,n—1).

By replacing y by y+1 in (7) and using (7), we prove that we get

(8) Diyy+Diys+ ... +Dyy = Apyy

where for r=t+1,...,n—1,
(n—r—1)-times
e —

D, = (t+1) [:]é;(—l)" [;] (t+1=ky-1(p" " texy+...+xpy - p)

and A,,, is obtained from L. H. S. of (8) by replacing xy by yx in each term and
keeping other factors unchanged.

The coefficient outside the (/—¢— 1)th bracket of L. H. S. of (8) is obtained as
follows, where /=1+2,...,n

The contribution to the coefficient of y"~'.xy (r+2=I/=n) from the resulting
expression obtained after putting y+1 in place of y in (7), from the first bracket

of (7), is
() (e (22)

where we have used the identity

s E e ol

a direct consequence of the well-known identity

= [m+ x] [m+h+l

] (m and h positive integers).
y=0

Similarly by the same process as above, the contribution to the coefficient of y*~'. xy
from the resulting expression obtained after putting y+1 in place of y in (7), from
the (/—t—1)th bracket of (7) is

-1 o =142
() el t1)

where we have used the identity

g e
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The contribution to the coefficient of y"~'-xy after the (/—r—1)th bracket is zero.
Therefore, the total contribution to the coefficient of )"+ xy is

& oo (el

%< Ty (= | ) [n—r-l]
e g J“ k)[:-H] I—t—2

Since,

[][—M] [f—l][_l] [ ]:"_{”:[121][;:;]‘

Therefore, the above expression becomes

()i e (Fo-om (T G (W oo

In view of Lemma 1(ii), the last expression becomes
¢+D." | > ol le+1-0-* foral 1=1t+2,..,n—1.
I-1)<% k

This proves the assertion. Putting #=n—1 in (7). Then

(n—1) [ni Ei(wl)" ["_2] (n—k—1)"*(xy) =

("—1)[ y(*')"[ ;2]("—*“—*1)"‘2(.1*)—

By Lemma 1(i), we get (n)!xy=(n)!yx for all x, y in R. Since additive group of R
is torsion free for each prime integer p=n. We get xy=yx for all x, y¢ R. Hence R
is commutative.

4. Rings in which (xy)"=x"y".

Lemma 3. If R is a ring such that (xy)"=x"y" holds for some positive fixed in-
teger n=>1 and for all x and y in R, and moreover the additive group of R is p-torsion free
(n—1)-times
e,
for each prime integer p<n, then ("~ '+xy+...4+xy+y - y)=n-xy" holds for all
X, YER.
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PrOOF. Since for all x, y €R, (xy)"=x"y" and ((x+1)y)'=(x+1)"y" holds. On
subtraction, we get

(n—1)-times (n—1)-times
—_—

y— —
9 {exy-xp+...+xy-xp--xp.y

+(P+Xy - Xyt e F XY e Xpeyey)

..............................
(n—1)-times
——

+(O"texy+ .+ xpey - )}

== [’ll] X0kt [g) P e a OO [ni l)xy".

The number of terms in the respective brackets on both sides of (9) are [:)
(r=1.2..... 7).

To apply induction, suppose by continuing the same process as above for t-time,
we get

(10) Di+ D1+ ...+ Dyoy = B+ Ep g+ ... + E, 4

where for r=t,t+1, ..., n—1,

(m—r)-times (n—r)-times  r-times

—1 {_] —— ——— e,
D,=t-2 (—1)*[ k ](t—k)"‘(y’cxy---xwr—--+x.v---xy-y~-.v)
k=0

and
t—1 o
E, = 1-["]- = =1 [r l](r—k)"‘(f‘"-y").
r) k=o k
Replacing x by x4 1 in (10) as using (10), we claim that we get

(11) Foat..+F =G pn+...+6,,

where for r=1t+41, ...,n—1,

(n—r)-times (n—r)-times  r-times
{ § ’ — —— SN —
F.=(@+1) 31 [k] (t+1 =K1Y e xy - Xy + . +XP e Xpey e y)
k=0
and

G, = (1+ l)[f] pAS, [L] e+ 1=y =2 y).

The coefficient, (r+1) > (—1)* [;(] (t+1—k)'"-* outside the (/—r)th bracket
k=0
(t+1=Il=n-1)in L. H. S. of (11) is obtained as the same way as in Lemma 2. And
the coefficinte (1+1) [::] 2 (=1 [;{) (t+1—k)'-' outside the (/—r)th bracket
k=0

(t+1=I=n—1) in the R. H. S. of (11) is obtained as follows:
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The contribution to the coefficient of x"~'- " from the first bracket of the result-
ing expression obtained by putting x+1 in place of x in (10), is

= t—1 n|[n—t
. . —Ly-1
g (e ()2
The contribution to the coefficient of x"~'.)" from the (/—1)th bracket of
the resulting expression obtained by putting x+ 1 in place of x in R. H. S. of (10), is

=) t—1 n |[n—=I+1
. A Iy AY I ]
2D [ k ]“ g [1-1][ ! ]
The contribution to the coefficient of x"~'.y" after the (/—1)th bracket of
(10) is zero. Thus the total contribution to the coefficient of x"~'-y" from (10) is

-1 a1l —
T

t—1 (3 )
R e T o

.....................................

=1 Yy N n—I+1
+1e 3 (-1 k J(:—Jc)‘ ’[!_1 [ | ]}

.

=00 (7)) -0

The above expression becomes

[HE o (e s Zeo[Fewm( L)}

In view of Lemma 1 (ii), the last equation yields

(t+1) [';]ké’,(— 1)* [;{] (t+1-k)?

which proves the claim. Putting r=n—1 in (10) we get

Sinee

(n—1)-times
__.

-0 3 o[ ok iyt ey )

n—2 s
=(m—1)-n- 3 (—l)"[n 2](n—;fc—I)"“’(xy").
k=0 k
By Lemma 1(i) we have (n—1D!(" t-xp+...4+xy+y---y)=m—1)!(n-xy"). Since
additive group of R is p-torsion free for every prime integer p<n,

(n—1)-times

O texy+ . Fxpey e y) = nexyn
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Theorem 2. Let R be any non-associative ring with 10 such that for some
fixed integer n=1, (xy)"=x"y" holds for all x, y in R, and the additive group of R is
p-torsion free for every prime integer p=n, then R is commutative; if n is even then
it is sufficient to take p<n.

(n—1)-times
— e,

Proor. By Lemma 3, ()"~ 'xy+...+xy-y--- y)=n-x)" holds for all x, y in R.
Replace y by y+1 in the last equation and subtract the same equation from the
resulting expression. Then

(n—2)-times (n—1)-times
[——— ——

[{[T] O 2exy+ . XYY oo y)-i—(g)(y""‘-x+y-’.x.y+ ...+x-y-y---y)}

(n—3)-times
— v,

+{(;] O 2exy+y"texpey+ .. txy-y Y+

(n—2)-times
n - g ——
+[1)(.V" X+ -x-y+...+x.y.y...y)}

................................................................

+{["22) (y.xy+xy-y)+(ni 3)(}’g'x+}"x-y+x-y.y)}+

+{(,, e 1] (xy) + (,,32] (yx+xy)}]

- n{(‘i’] xy'-1+(;] X4 +[:]x-y’“"+ +[nfl]xy}.

To apply the induction, suppose by continuing the same process as above for (1—1)-
times, we obtain

(12) DAy e E D BBk wi B
where for r=1t¢,t+1, ..., n,

(n—r)-times
——

D, = (t— “[Lj I]kg(—l)" [' ;2](t—k— 1207~ xp+ . +Xpey =+ y)

(n—r+1)-times

' '22—1*'_2 t—k—1y-2(yr-r+i. +X- -
S ot d o O Ll ! X+t .otXeyey - y)

k=0
and
1—2 2 =
E =n-(t— 1)-[: l]ga - [r kZ] (@ —k=1)"2(xy"-r+).

Replace y by (y+1) in (12) and subtract (12) from the resulting expression. We
prove that we get

(13) Fiat+Fiet ... +F = G641+ G2+ ... +G,
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where for r=1t+1,1+2, ...,n,

n t—1 oy {u‘_:)ﬁtl_mes
s :{[ ] 2 {"')l[ ]“—k.)"z(.t-’“’-xwr..-+xy-y---_v)
r—l k=0 k

a ) t=2 ey e

- 2 (—1) @—ky2(" " ex+ ...+ X yey-ry)
f'—2 k=0 k

and

-1 22
G.- =n-t [J"f 1] ké; (— l)k [.f k ](r_k}r—z(x}ﬁ—r+l),

-1
The coefficient, n-r-[!"l] ‘2' (— l)"[ ](r—k)‘ =2 of xy"~'*1 (t+1=I=n) in the
_— k=0

R. H. S. of (13) is obtained in the same way as in Lemma 3. The coefficient

(n—I)-times
( Z( l)"( l)(r k)=2* of ()" 'exy+...4+xy-y---p), for I=t+1,
k=0

of the L. H. S. of (13) is obtained in the same way as in Theorem 1. And the coeffi-
(n—I+ 1)-times

cient (1 Z)khu I)*( I](r k)-% of ()" "*lex+...+x-y-y---y) for I=

=t+1,...,n in the L. H. S. of (13) is obtained as follows:
The contribution to the coefficient of y"~'*1. x, (t+1=/=n) from the first term
of the first bracket of the resulting expression obtained by putting y+1 in place of

yin (12) is,
o2 BN R R Y e PPN | o i
g "[rﬂl]k%o( ”[k ]“ o [f—r—l]’
where we have used the identity

(n—!+l] (n—.l'+z]+ [1 ]] (l:::}’

and the contribution to the coefficient of y*~!*'. x from the second term of the first
bracket of the resulting expression obtained by putting y+1 in place of y in (12) is

- n e =21, o o li—t42

¥ ”[r—z]é.“”[k Je1-0 [ -1 ]
where we have used the identity

n—I1+1 n—t'-l-Z —t+l —!'+2

[ i = ] e

Hence the total contribution to the coefficient of y"~!*!.x from the first bracket
of the resulting expression obtained after putting y+1 in place of y in (12), is

=y t-2 | 7 ||-1
s “”"[ e Jer-o=2)()
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because,

) 0222022 (1) = () =3+ () =2) =
=(:2)(i2).

Similarly as above, the contribution to the coefficient of »"~!*1. x from the (/—1)th
bracket of the resulting expression obtained by putting y+1 in place of y in (12) is,

- g IO A

The contribution to the coefficient of y"~'*1.x after the (/—¢)th bracket is zero.
Therefore the total contribution to the coefficient of y"~'*'.x from all brackets

of (12) is,
t—2 —afl—1
4 el t—2 gt -1
+k§3( ]) £ ](f k ]) . ¢ J
t=2 ) [y
— 1) L _1\l-8
+*:5',;( 1) B ](r k—1) !—2]}'

By Lemma 1 (ii) the last equation gives

n |2k t—1 b
r[!—Z],‘;.; (—1)"[ X ](r—k)’ 8

This proves the assertion, putting r=n in (12) we get

n—2
(n—l)l Z(—l}"[ ](n—k—l)""-(xy)

+[ "2 (—1)"[ ](n k—1)- 2(x1+)x)]
o .t

St n -2 k n—-2
:n-(n—l)-n-k_zn k (=D(n—k—=1)""2(xy).
In view of Lemma 1 (i), we get

n—1)n-(n—=2)1(xp)+(n—1)- [g]o(n—Z)!(yx-f-xy) =n-m—1)-n-(n—2)! (xp)
or,

=11 (3) e = =11 (3) o).
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Since the additive group of R is p-torsion free for each prime integer p=n, we
obtain xy=yx for all x, y€R. If n is even, n/2 divides (n—1)!, so in assumption it is
sufficient to take p=n.

5. By the same process as we proved above theorems, we can prove

Theorem 3. If R is a non-associative ring with 1 and satisfies for fixed n=1,
(xy)"=(»"x") for each x, y€ R and the additive group of R is p-torsion free for each
prime p=n+1. Then R is commutative. If n is odd it is sufficient to take p=n.

Theorem 4. If R is a non-associative ring with 1 satisfying for a fixed n=1,
x"y*"=y"x" for each x, y€ R and the additive group of R is p-torsion free for each prime
p=n. Then R is commutative.

6. Remark. Example (3) of JOHNSEN, OUTCALT and YAQUB [3] show that there
exists a ring R with 1 and satisfying the polynomial identity in above theorems and
the additive group of R is p-torsion, where p divides » if n is odd and p divides n/2
if n is even. Morevoer, R is not commutative.

It remains an open question that the assumption of (R, +) is p-torsion free for
each prime p<n and (p, n)=1 in above theorems is essential or not.

The author is grateful to Dr. SURIEET SINGH for his encouragement and valuable
suggestions during the preparation of this paper. The author also thanks the Referee
for his valuable suggestions. The preparation of this paper was supported by the
C. S. I. R. India.
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