Analytic solutions of a system of functional equations

By K. BARON, R. GER and J. MATKOWSKI (Katowice)

This paper deals with the problem of the existence, uniqueness and continuous
dependence on the given functions of the local analytic solutions of the system of
functional equations

@i(2) = h(z: @[] oo 1aD]; i3 QWA o @Wla@]), i=1, ..., m,
where h;, i=1, ..., m, and f,, k=1, ..., n, are given functions defined and analytic
in a neighbourhood of the point (0, ..., 0)eC"™*! and 0€C, repectively. C stands
here and in the sequel for the field of all complex numbers.

The problem of the existence and uniqueness of analytic solutions of systems of
functional equations has been a subject of [8] and [9]. In the case of single equations
this problem has been investigated in [7] (cf. also [5]) and [10]. In the latter case the
papers [2]—[4] deal with the problem of the continuous dependence of analytic
solutions on the given functions.

Before proceeding with the statement of our result we shall give some notations
and definitions.

For the shake of simplicity we shall write

(z; Wj,;‘]
instead of
$22 W 15 o Wiiad seo 3 20 sawy Wi o)

for every complex numbers z and w; ,, assuming (unless explicity stated otherwise)
that the indexes i and j run over the set {l, ..., m}, k runs over {l, ..., n}, while v
runs over the set of all nonnegative integers. Moreover, we put

C(r) :={z€C:|z| =r}
for a positive number r, and

(1 @, ;= 2 @ ks
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for arbitrary numbers 4; ; ;.
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Using these notations we shall consider the sequence of systems of functional
equations

3 @i(z) = hy, \-(Z; ‘ij.\-(z)])

under the following hypotheses regarding the given functions:
(i) fi,, are analytic in C(r) for a positive r and | f; ,(2)|=z| in C(r).
(i1) /% , are analytic in C(r)XC" and 4, ,(0, ..., 0)=0;
(iii) the sequences {f; ,};=, and {A; ,}i=, tend to f; , and A; o uniformly in C(r)
and in every compact subset of C(r)>X C"™, respectively.
We define the functions h, vas 0=1,2, ..., by the recurrent relations

l v - f)hl v
hi,\-.l(z::wj,k;r},k) :_ 3 (z: w; t)+Z 2 -

J=1 k=1 o Wi k
(25 Wy, 53 V),)) EC(r) X C™ X C*™,

(z3 w1 fi v (2) ok

oh;
4) By, 042(25 Wya5 V)x3 oo s 058D 1= —-5'2"—‘(z; Wy a3 U),k3 -oo3 OF,0)
m n ah; g G : 1
= F > o (25 Wi ks Vs o 0], ). fx, v (2) V] &
J=1 Rwm] Ik
a m h 3 &1
iv, ey a0 A
e 2 2 2 OUS (Z, I"’_,[..ln !’}.k‘ reey vg.k)ﬂ.v(z)vfi.k;
s=1 j=1 k=1

(z; Wi ks 'I'?}J:'| ey J-k)EC(r)X Cwivtd, o= 1,2, ...
By the induction principle one can easily derive the following

Lemma. Suppose that hypotheses (i) and (ii) are satisfied. If ¢; are analytic in
C(r) and
Vi (2) = by (25 @[/, (2)]), 2€C(r),

02) = hiy, (23 01/ (2): @i (D5 -3 057 [fiu (2)]),
o=1,2, ...,2zeC>r),

where h; , ,, 0=1,2, ..., are defined by (4).

As a direct consequence of (i), (ii) and the preceding lemma we get that the
derivatives
(5) (‘0‘{:"‘](0) =. Ci,v,a'! o= l* vees Oy
of the functions ¢, , being a solution of (3) such that ¢; ,(0)=0, must satisfy the
system
(6) Ci,v,a = hi,\',a(o; 0* 0: Clove1s =3 Con1s oo s Cmyv,1s 00 s Cm,v.l;
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for an arbitrary positive integer a,.
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Theorem. Suppose that hypotheses (i)—(iii) are satisfied. If there exists a positive
integer a, such that the inequalities

(7 iv=0 =L ..omiA=1..,m+1-2x
are satisfied, where a5 , ,, x=1, ....,m, i, u=1, ...,m+1--x, are obtained as the
result of operations (1) and (2) apphed to the numbers
oh; )
(8) a,jk,y = Dy O, ..., OLA, (0)]|,

then there exists an open neighbourhood U of the origin such that for every v and for
every system of numbers c; , ,, 6=1, ..., a,, fulfilling (6) system (3) has exactly one
analytic solution @, , in U for which the equalities ¢; ,(0)=0 and (5) hold. Moreover,
{9 Jiz1 tends to @, , uniformly in U, whenever

9) lime;,,=¢04 0=1,..,0.

Vo

Proor. Let us define the polynomials

Ty

1
(10) P (2) = Za—lq',,'f,z"

a=1

with ¢, ,, 6=1,...,0,, being a given solution of (6) and put

I .
(11) H; ,(z; “'j.k) S e [hf. l'(Z; Pj.vm.'r(z)] g [}&.v(Z)]"‘*w,-.k)— Pi.v(z)]-.-

z€C(rN\{0}, w; ,€C.
We shall prove that H,; , are analytic in C(r) X C", Write
8,v(2) = by \(z; Py [ /i, s(D]) = Py, (2), z€C(r).
It follows from hypotheses (i), (ii) and from (6) and (10) that these functions are
analytic, g; .,(0) 0 and g{?(0)=0 (see lemma) for =1, ..., g,. Hence H; ,(+;0)
are analyuc in C(r) and .
(12] Hi.v(o! 90) =0.

Since

)H - AE) Ty 3&_‘, i :
:)111, k (23 wye) = [ﬁ z ] ,')w;'k (z, Pj,y[ﬁ;,,.(Z)]+[fk_,.(z)] ""‘;,g),

ze C(\{0}, w;x€C,

we infer in view of (i) and (ii) that gwl.v are analytic in C(r)x C™. Bearing these
ik

facts in mind in virtue of the relation

1
H; (z5w,,,0,...,0) = j 0H'" (z;w,0, ...,0dw+H, ,(z;0, ..., 0),

0

zeC()\{0}, wy; ,€C,



192 K. Baron, R. Ger and J. Matkowski

we get the analyticity of H; ,(-; +,0, ..., 0) in C(r) X C. Inductively. one can obtain
the analyticity of H; , in C(r)X C"™. Moreover,

(13) H;, ——= H,,, uniformly in every compact subset of C(r)xXC"",

in view of (iii).

Making use of (7) one may easily verify that there exists an ¢=0 such that the
inequalities
(14) iv>0 x=1..,mi=1,.. m+l1-2x%,

are satisfied with % , ,, x=1, ...,m, 4, p=1, ..., m+1—x, obtained as the result of
operations (1) and (2) applied to the numbers

(15) b:’.j. kv o=@ jkvTE

Recalling (8) and (11), for every v, we are able to choose positive numbers ry ,=r
such that

o1 m n s o
(16) |H, (25 Wi —H; (z; W) = jg; kz; ai,j, kvt ‘5] |“’j.k —Wy.als

(z; wj8)s (z5 Wy, ) EC(ro, )™

Hence by (13) and (15) there exists a positive integer v, such that

m n
(1?) |H;,,,(Z; er_k)—H[_v(Z; ﬁ’},k)| = 12‘: k_s'l; b‘,j.k,ﬂh'vj,t_ﬁ:u.k!’

V=V, (23w, (2 W,0) €C(ro, o)™ 2.
Put
ro :=min {ry g, ..., ro, v}

Then by (15), (16) and (17) we get

m n A
J"—Zl kg; b, j kv Wik =Wy, ¥=0,...,%—1,
(18) |Hy ,(z; w;,)—H,,,(z; ;)| = S
2 2bygkolwi— Wil vE v,
j=1 k=1

(Z; Wj_k)s (Z; ‘;}Lk)EC(rn)m-tl-

By (14) one may apply the lemma from [6] which allows to find positive numbers
R; , such that R; ,=r, and

m n
(19) 2 be.j.t.v] Rj.v = Ri,v'
J=1 k=]
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Putting z=; ,=0 in (18) and using (12) we obtain

m n
-2; kzlllb"lj-k,\']wj.kl'! v =0, ...,\‘0—-11
J= =
|H""(0; WJ-&)| = m n
2 b,k 0Wiils V=V,
ji=1 k=1
“’j,k € C(r’“).

Thus in view of (19)

|H (0 ) {Ri.v for “’f.kQC(R;,\-), v=20, "-s"u—l,
f,v ;“'J‘.'k:‘rz

RI,U fOl’ WJ"‘G C(Rj.o), v
Hence, there exists an ry, O<=r, =r,, such that

Ri, v for (Z; “”j. k) € C(rl) X C(Rj, ‘r}lml, v 09 e Vp— la
R for (z; w; )EC(r)XC(R;, o)™, V=v,.

v

‘Io -

(20) |H;,,(z; wp )| = {

Now, we denote by 4, ,, v=0, ..., v,—1, the complete metric space of all func-
tions @ defined and continuous in C(r,), analytic in U:=int C(r,) and such that
®(0)=0, |®(2)|=R;, for zeC(ry), v=0, ..., v,—1, endowed with the supremum
metric p. Let

A, for v=0,..,v—1
By, = { '

and
Ti,v(¢l! sady ¢m)(z) = Hl',v(z; ¢j[ﬁ,r(zﬂ), q’iEBI.v! ZEC(rl)'

From (i), (ii), (12) and (20) we get the inclusions

(21) TosllB o X o By By o
Furthermore, in view of (18)
(22) Q(T'l'.v(‘plﬂ iy g ¢M)’ ?‘I. \'(61! A At (ﬁm)) =
Z; *Z;bl',j.lr,v)g(@j_- ‘5,-). = | A R
s &, b,¢B;,
P4 P bf,j.k.n] (P, @), V=,
j=1 k=1

The relationships (21), (22) and (14) allow us to apply the fixed-point theorem from
[6]. Thus, for every v, the system

(23) (’Di(z) = HI. v(Z; (pj[.ﬁi,v(z)])
has exactly one solution @; ,€B; ,. Therefore, the functions ¢; , defined by
(24) @, ¢(2) =P, ,(2)+2"D, (2), zeU,

where P, , are given by (10), yield an analytic solution of (3) in U.

2D
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It follows from our lemma that if ¢; , yield an analytic solution of (3) in U
such that ¢; ,(0)=0 and ¢/?(0)=¢,,,, 0=1,..., 0, Where ¢, ,,, 0=1,..., 6,
fulfil (6), then they must be of the form (24) with P; , given by (10). Recalling defini-
tion (11) of H; , and representation (24) we see that @, , fulfil (23) in U as well as
the condition @; ,(0)=0. This shows that for every v and for every system of num-
bers ¢4, 0=1, ..., 6, fulfilling (6) system (3) has exactly one analytic solution
¢;,, such that ¢; ,(0)=0 and ¢{?(0)=¢; , ,, 0=1, ..., g,. These solutions are defined
in a common neighbourhood U of the origin.

We shall show that {¢; ,}:>, tends to ¢; , uniformly in U, whenever (9) holds.
Evidently, in view of (9), (10) and (24) it suffices to show that {®; }, tends to
®; , uniformly in C(r,). It follows from (18), (13) and hypothesis (iii) that
(25) im T, @y, ., B) = T (B, o, D), B5€4; 4.

In fact,
o(Ti,(Dy, ... P, T (P, ..., D) =

x SUP{.Hi,\-(Z; ®;[fi,+(2)]) — H; o(z: ‘p;‘[ﬁ:,u{z)])[:ZE C("l)}
= sup {|H; ,(z: D;[fi,(2)]) — H; . (23 ®;[fs,0(2)])|:2€ C(ry)}
+ sup{|H, (25 D;[fx,0(2])— Hi o(z: ;[ /i, 0(2)])|:2€C(r)},
for every v=v, and @€ 4, ,, which proves (25). Moreover,
Py = Tiu(Py,ys oo s Prm, )
Thus in view of (21), (22), (14) and (25) (cf. lemma in [1])
P,

which completes the proof of our theorem.

®, o, uniformly in C(ry),

V== 00
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