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1. In a recent paper [4] MICHLER and WILLE have shown: a primitive class
R of (associative) rings consists of arithmetic rings if and only if R is generated by
a finite set .S of finite fields.

A class R of (associative) rings is primitive if R is closed with respect to subrings,
epimorphic images and direct products, and a ring R is arithmetic if the lattice of
its two-sided ideals is distributive. R is said to be the primitive class generated by
S if R is the smallest primitive class containing S.

It is the purpose of this note to investigate the character of the rings which
belong to primitive classes of arithmetic rings.

A class of rings is called a radical-semisimple class if it is a radical class for some
radical as well as a semisimple class for another radical. Radical-semisimple classes
are completely described by STEWART [6). WIEGANDT showed that a semisimple
class is homomorphically closed if and only if it is a radical class. Let K, be the class
of all associative rings 4 such that x"=x for each x¢ A4 (n=2, 3, ...). Then examp-
les of radical semisimple classes are the classes K, for n=2, 3, ..., [7], [8]. In any class
K, there is only a finite set F, of finite fields and 4<K, if and only if A is subdirect
sum of fields FEF,, [3].

We show that a primitive class R of rings consists of arithmetic rings if and
only if R is a radical semisimple class. So examples of primitive classes of arith-
metic rings are the classes K, for n=2, 3, ....

2. A class R of rings is closed under extensions if K/4cR, A¢R= KR whene-
ver A is an ideal in K.

Now we have.

Theorem 1. Let R be a primitive class of rings, where R is not the class of all
rings. Then the following are equivalent:

(i) R is closed under extensions
(ii) R is a radical class
(iii) R is a semisimple class
(iv) R is a radical-semisimple class
(v) R is a class of arithmetic rings.
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PROOF. (i)=>(ii). (Theorem 34.1, [9]).

(ii)=(iii). Suppose R is a radical class. Then R is closed under complete direct
sums and R is strongly hereditary imply that R is closed under subdirect sums. Hence
R is a semisimple class ([1]).

(iii)=(iv). A homomorphically closed semisimple class is a radical-semisimple
class ([9]).

(iv)=>(v). Let D= {A|[a]=[a]* for each a€ A, A a ring}, where [a] is the sub-
ring of A, generated by a. Then if RED, then R is the class of all rings. ([6]). Hence
RED. Now we show that any ring R in R is an arithmetic ring. Let 4, B, C be ideals
in R and let acAN(B+C), a=b+c say, beB, ccC. Then a*=ab+acc(ANB)+
+(ANC). Cleary a"€(ANB)+(ANC) for any n=2, 3, .... Now [a]=[a]* implies

ac[a]® i.e. a can be expressed as a finite sum a=_Zr' kia', kiceZ=ac(ANB)+(ANC).

i=2

This implies that AT (B4 C)=(AB)+(ANC).

Hence R is an arithmetic ring.

(v)=>(i). Suppose S=K/A€R, AR, where A is an ideal in K. Since R is a
primitive class of arithmetic rings, it contains only a finite number of fields ([4],
Hilfssatz 3), {Z$:, ..., Z3»}=F say.

Any ring in R is a subdirect sum of finite fields from F([4], Hilfssatz 4). Conver-
sely, let R be a subdirect sum of finite fields from F. Since R is closed under subdirect
sums (as a primitive class), RER.

Hence R={A4|A4 is a subdirect sum of fields from F}. Then S is a subdirect
sum of fields {Z}}, A is a subdirect sum of rings {Z}/}, where each Zj has an
identity.

Then K is a subdirect sum of fields {Zj}'J{Z}/} < F ([5]), hence K¢R.

Thus R has the extension property.

Note that any class K, is a primitive class.

The fields of a given K,, are exactly those in the corresponding F,, where RcK,
if and only if R is a subdirect sum of fields from F,. It may be pointed out that
for n=m, F,=F,, is possible and hence K,=K,,, not as asserted in [7] Satz 1, 3. For
example,

Fy = {Zy, Zg} = Fy (cf. [3)).

Since the K, are strongly hereditary classes, every F, is necessarily a strongly here-
ditary finite set of finite fields. However, not every strongly hereditary finite set
of finite fields is some F,, for {Z,, Z,:, Z,)} is such a set and is not equal to any F,
and is a proper subset of F,,. The precise result is:

a finite field Z5 ¢ F, if and only if p*—1 is a divisor of n—1 ([2], Lemma 2).

Remark. IANG LUH has shown that each ring in K, is a direct sum of finitely
many p*-rings (p a prime, k a positive integer). A ring R is called a p*-ring if there
exist a prime p and a positive integer k such that x”=x and px=0 for every x€ R, [2].
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