A note on nonisomorphic reverse Steiner quasigroups

By CHARLES C. LINDNER and TINA H. STRALEY (Auburn, Ala.)

1. Introduction

A Steiner quasigroup is a quasigroup satisfying the identities x(xy)=y, (yx)x=y,
and x*=x. It is well known that the spectrum for Steiner quasigroups is the set
of all positive integers n=1 or 3 (mod 6). A Steiner quasigroup is said to be reverse
provided that its automorphism group contains an involution fixing exactly one
element. Such an automorphism is called a reverse automorphism. Recently, the com-
bined work of A. Rosa [4], J. DoveN [1], and L. TEIRLINCK [6] established the fact
that the spectrum for reverse Steiner quasigroups consists of all positive integers
n=1,3,9, or 19 (mod 24). In [2], C. C. LINDNER gave a new construction for reverse
Steiner quasigroups in order to construct large numbers of nonisomorphic reverse
Steiner quasigroups of a given order. The purpose of this note is to give a still dif-
ferent method of constructing reverse Steiner quasigroups and to use this construc-
tion to construct nonisomorphic reverse Steiner quasigroups. One advantage of
the construction given in this note is that it can be used to construct nonisomorphic
reverse Steiner quasigroups of smaller orders than the construction given by Lindner
in [2].

2. Construction of reverse Steiner quasigroups

Let (Q, 0)and (V, ©) be reverse Steiner quasigroups with reverse automorphisms
o and f respectively. We can partition the elements of V¥ which are moved by f into
sets A and B such that v€ A4 if and only if vf€B. For each v€ A let O(v) be a binary
operation on Q such that (Q, O(v)) is a Steiner quasigroup. For each v€ B define
a binary operation O(v) on Q by pO(v)q=((p:z)0(nﬁ}(qa))a. It is a routine matter
to show that Q equipped with this operation is a Steiner quasigroup. We denote
by (QxV, @) the ordinary direct product of the reverse Steiner quasigroups (Q, 0)
and (V, ©). The mapping y defined by (p, v)y=(pa, vf) is easily seen to be a
reverse automorphism so that (QX V, @) is in fact a reverse Steiner quasigroup.
It is well known that if any subquasigroup of a Steiner quasigroup is replaced by
any Steiner quasigroup on these same symbols that the resulting quasigroup is
still a Steiner quasigroup. Hence if we replace the |V|—1 disjoint subquasigroups
(QX {v), &) with the quasigroups (QX {v}, O(v)), all v€ AU B, the result is still a
Steiner quasigroup which we will denote by (O X V, §&). We now show that (Q X V, &)
is a reverse Steiner quasigroup.
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Theorem 1. The Steiner quasigroup (Q XV, @) constructed above is a reverse
Steiner quasigroup.

PROOF. As previously mentioned, the mapping y defined by (p, v)y=(px, vf)
is a reverse automorphism of the direct product (Q XV, &). Since (p, v) & (g, w)=
=(p, v)®B (g, w), whenever v#w or v=wé AU B, it follows that (( P, 0)B(g, w)y=
=(p, v)y®(q, w)y in either of these cases. Thus, we need only check the cases where
v=w€ Al B. There are two cases to consider.

1) v€ A. In this case
((p, v) @B (g, v)y = (PO(v)g, v)y = ((PO(¥)q)%, vP).
(P, )78 0)7 = (2 vB) & (g, vf) = (((p2)2O((vP) ) (g) 2) 2, vB),
since vpe B, = ((pO(v)q)x, vf). Hence we have equality.
2) v€ B. In this case '
((p, v)&(q, )7 = ((P2) O () (), v)y =
= (((p=) O (vP) (qx) %) 2, vf) = ((px) O (vP)(q2), vP).
On the other hand,

But

(s )7 B(q, V)7 = (P2, vP) B (g%, vB) = ((p2) O (vh)(q2), vf),

since vfi€ A. Again we have equality.
Combining cases (1) and (2) along with the preceeding remarks completes
the proof of the theorem.

3. Construction of nonisomorphic reverse Steiner quasigroups

The following theorem is similar to theorems found in [2], [3], and [5].

Theorem 2. Let (Q,0) and (V, ©) be reverse Steiner quasigroups such that
Q|=|V| and (V, ©) contains no nontrivial subquasigroup whose order divides Q).
If (OXV, @) is any one of the reverse Steiner quasigroups constructed in Theorem
1, then the only subquasigroups of (Q XV, @) of order |Q| are the subquasigroups
(Qx {v), ®) for each vin V.

Proor. Let (Q,0), (V, ®), and (QXV, &) be as in the statement of the theo-
rem and let K be any subquasigroup of (QXV, @) of order |V|. Let V'={veV
(q, v)EK} for some g in Q. Then (V’, ©) is a subquasigroup of (¥, ©). For each
vin V' set Q,={q€Q|(¢g, v)€K}. It is not difficult to see that |Q,/=|0,,| for all v
“weV’. Since the sets Q, and Q,, are disjoint, v=w, we must have |Q|=1-|V’|
where 1=|Q,/=|0,|. Since |Q| is not divisible by the order of any nontrivial sub-
quasigroup of (V, @) it follows that |V’|=1 and so K=QX {v} for some v in V.
Hence the only subquasigroups of (Q XV, @) of order |Q| are the subquasigroups
(Ox {v}, ®). all v in V. This completes the proof of the theorem.
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Let n and r be positive integers. We will denote by P, the number of r-tuples
of integers (x,, X, ..., X;), where

X1+xg+-+x,=n and O0=x=n.i=12,..,¢

Theorem 3. Ler (Q,0) and (V, ©) be reverse Steiner quasigroups such that
Q| =|V| and (V, ©) contains no nontrivial subquasigroup whose order divides |Q)|.
If there are t nonisomorphic Steiner quasigroups of order |Q|, the there are at least
nonisomorphic reverse Steiner quasigroups of order vq.

2

Proor. The proof of this theorem is an immediate consequence of Theorem 2
along with the observation that for each véA the quasigroups (Q, O(v)) and
(Q, O(vp)) are isomorphic.

Remark. Although the Steiner quasigroups (Q, 0) and (V, ©) must be reverse
in the statement of Theorem 3, the r nonisomorphic Steiner quasigroups of order
|Q| are not necessarily reverse.

Now denote by N(r) the number of nonisomorphic Steiner quasigroups of
order 7.

Corollary 4. If r=1 or 19 (mod 24) there are at least N(¢) nonisomorphic
reverse Steiner quasigroups of order 3r.

Proor. The proof follows from Theorem 3 by noting that 3 does not divide
t=1 or 19 (mod 24) and that P{=N(t).

Examples. The smallest order that the construction for reverse Steiner quasi-
groups given in [2] can be used for to construct nonisomorphic reverse Steiner quasi-
groups is 171. The results in this paper can be used to construct nonisomorphic
reverse Steiner quasigroups of smaller orders as the following two examples show.
R. M. WiLsoN (unpublished) has shown that N(19)=8894 and N(25)=10". Hence
Corollary 4 gives at least 8894 nonisomorphic reverse Steiner quasigroups of order
57 and at least 10" nonisomorphic reverse Steiner quasigroups of order 75.
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