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Nonoscillation in half-linear differential equations

By HORNG-JAAN LI (Taiwan) and CHEH-CHIH YEH (Taiwan)

Abstract. We establish some necessary conditions on the nonoscillation of the
following half-linear second order differential equation

[’ P2’ @) + c®)u(®)Pu(t) =0, ¢ >to,

where p > 1 is a constant, r(¢) and c(t) are continuous functions from [tg, 00) to [0, c0)
with r(t) > 0.

1. Introduction

This paper is concerned with the half-linear second order differential
equation

(E) [r@) (OF ' @®)) + e)u(®)Pult) =0, ¢ =10,

where p > 1 is a constant, r(¢) and ¢(t) are continuous functions on [tg, 00)

for some o > 0. Throughout the paper, we assume that

(Az) r(t) > 0 for t >ty and ftzo r1=4(s)ds = oo;

(A3) ¢(t) > 0 for t > to and ¢(t) # 0 on any interval of the form [¢,00),
t>to.

By a solution of (E) we mean a function u € C[ty,00) such that
rlu'[P72u’ € Clty,00) and that satisfies (E). In [1], ELBERT established
the existence, uniqueness and extension to [tg, 00) of solutions to the initial
value problem for (E). We will say that a nontrivial solution u of (E) is
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nonoscillatory if there exists a number N > 0 such that u(t) # 0 for all
t > N. Equation (E) is nonoscillatory if all its solutions are nonoscillatory.

KusaNO, NAITO and OGATA [2], and L1 and YEH [3] independently
showed that if (E) is nonoscillatory then

(1) / " e(s)ds < o

to
and
(2) limsupwp_l(t)/ c(s)ds <1,
t—o0 t
where

m(t) = /trl_q(s)ds, t > tp.

to

It follows from (2) that if (E) is nonoscillatory then

(3) /: r1=1(s) ( / h C(T)dT)qu < .

The purpose of this paper is to improve the results (1), (2), (3), and
hence extend the result of LOVELADY [4].

2. Main results

In order to prove our main theorem, we need the following lemma.

Lemma 2.1. If u(t) is a nonoscillatory solution of (E) which is not
eventually a constant, then u(t)u'(t) > 0 for all large t.

PrROOF. Without loss of generality, we may assume that u(¢) > 0 on
[Ty, 00) for some Ty > to. It follows from (E) that

(1) [r(t)|u' (&) [P~2u/ ()] <0 for t > Ty,

which implies that r(¢)|u/(t)|P~2u(t) is nonincreasing on [Ty, 00). Suppose
there exists a Ty > Ty such that u/(7}) <0. Then r(T1)|u' (T1)|P~24/(T1)<O0.
Since r(t)|u’(t)[P~2u(t) is decreasing and not identically zero on [T, o),
there exists a 75 > T} such that

r(t)|u () P2 (1) < r(To)|u/ (Tp) P20/ (Ty) = —k < 0 for t > T,
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which implies
(2) o (t) < =k 9()  for t > T

Integrating (2) from 75 to t, we obtain by (As)

t
u(t) <u(Ty) — kq_lf r179(s)ds — —oc0 ast — oo,
T>

which contradicts to u(t) > 0 on [Ty, 00). Thus »/(t) > 0 on [Ty, 00). This
completes our proof.

Theorem 2.2. Let
fO= [ clds, e ftc)
t

If (E) is nonoscillatory, then there exist a number Ty > to and a sequence

{wi }(t)32, of continuous functions from [Ty, 00) to (0, 00) with the follow-

ing properties:

(a) wi = f.

(b) wi(t) < wgy1(t) for t > Ty and each integer k > 1.

(c) [;7rtm9(s) f17 (s)wy(s)ds < oo for t > Ty and each integer k > 0;
and
w1 (t) = f()+ (p— 1) [ r79(s) f47 1 (s)wg(s)ds for t > Ty and
each integer k > 1.

(d) Ift > Tp, then wo(t) = limy_,o wg(t), and the convergence is uniform
in each compact subset of [Ty, 00).

(e) limsup 7P~ (t)wy(t) < 1 for each integer k > 0.

() wo(t) = f(t) + (p—1) [ r'~9(s)f*  (s)wo(s)ds for t > Tp.

PROOF. Let u(t) be a nonoscillatory solution of (E). By Lemma 2.1,
without loss of generality, we may assume that u(¢) > 0 and «/(¢) > 0 on
[Ty, 00) for some Ty > to. Let

OO (0)
W) = e

Then w(t) > 0 and
(3) w'(t) = —c(t) = (p— Dr' 1 (H)wi(t) <0

for t > Tp.
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for ¢ > Ty. This implies that w(t) is decreasing and lim;_, o w(t) exists.
Integrating (3) from t to T', we obtain

w(T) —w(t) = —/t c(s)ds — (p— 1)/t 1 (s)wi(s)ds

for T' >t > Tj. It follows from (1) and the existence of lim;_,~, w(t) that

(4) /00 19 (s)wi(s)ds < oo.

To

It follows from (As) and the decrease of w(t) that limp_, w(7T) = 0. This
implies

(5) w(t)=ft)+(@p—-1) /too r9(s)wi(s)ds for t > Tp.

It is clear from (5) that w > f on [Ty, o0), and hence (4) and (5) imply
that

(6) / = £ () (s)ds < / 1) (s)ds < 0o

To To

() w(t) > F(&) + (- 1) / P (s)(s)ds

for t > Ty, respectively. It follows from (E) that r¢=1(t)u’(t) is decreasing
on [Ty, 00). Then

u(t) uw(Tp) +fT '(s)ds
rlfq(t)u’(t)ﬂ(t) () (t)w(t)
B u(Th) + [q, T179(s)r7 1 (s)u/ (s)ds
a ra= () (t)m(t)
_ o)+ L/ (t) [, r79(s)ds
- ra=t(t)u' (t)m(t)
m(t) — 7 (To)
7(t)

for t > Ty. This implies that

7P~ () w(t)
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thus,
(8) limsup 72~ (H)w(t) < 1.

t—oo o

Let wy(t) = f(t) on [Ty, o), and let

wa(t) = f(t)+ (p—1) /too r1=9(s) f17 (s)wy (s)ds  for t > To.

Then ws(t) > wy(t) and

walt) < 50+ (- 1) [ () £ () (s)ds < wi(t)

for t > Tp. It follows from (8) that limsup,_, . 7"~ (t)ws(t) < 1. Suppose
n is a positive integer and wq, wo, ..., w, are defined such that w; < wy <
- <w, <won [T, o0), then

/00 r19(s) 171 (s)wy(s)ds < oo

To

whenever 1 < k < n, and

wrpi(t) = f(t) +(p—1) /too 7 (s) f47 (s)wi(s)ds

whenever 1 <k <n—1and t > Ty. Let w,y1 be given by

W (®) = £+ (- 1) | s 1 (s (s)ds.

Now

< w(t),

this implies that w, (t) < w,4+1(t) < w(t) for t > Ty. It is clear from (8)
that

oo

/OO 7 (s) f17H(8)wnt (5)ds S/ r79(s) fH (s)w(s)ds < oo

To To
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We now see that there is a sequence {wy}72, satisfying (a), (b), (c), and

(9) w(t) < w(t)
whenever k£ > 1 and t > Ty. Now (8) and (9) give (e). From (c) we see
that the family {ws,ws,...} is equicontinuous, so (9) says that there is

a subsequence {wg; }52; with a locally uniformly limit on [Ty, o0). This
and (b) say that {wy};2, has a locally uniform limit, say wy, on [T}, 00).
Clearly, wg < w, so that

/00 r1=9(s) f97(s)wo(s)ds < oo.
To

Now, Lebesgue’s Dominated Convergence Theorem yields

/too r1=9(s) f97(s)wo(s)ds = lim h 1 9(s) 17 (s)wy(s)ds

k—oo Jy

for t > Ty. This implies (d), and (f) is clear from the above discussion, so
that the proof is complete.

Corollary 2.3. If (E) is nonoscillatory, then

lim sup np—l(t){/too c(s)ds + (p — 1) /too ) (/Oo c<T)dT>qu}g 1.

PROOF. As in the proof of Theorem 2.2, we have

lim sup 77~ (H)wo(t) < 1,

t—o0

and

walt) = £+ (- 1) [ () 1 () (s)ds

— 1@+ -1 [ s,
t
where f(t) = [, c¢(s)ds. Hence, the proof is complete.
Corollary 2.4. If (E) is nonoscillatory, then

(10) /: o(s) exp ((p ) / () fq—1<7)d7) ds < o

to
and

) [T resses (-1 [ ) ds < .

to to
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PROOF. As in the proof of Theorem 2.2, there is a number Ty > tg
and a function wy on [Ty, 00) such that

wolt) = £+ (p— 1) / () 1 (s)wo(s)ds,

where f(t) = [~ ¢(s)ds. This implies that

(12) wy(t) = —c(t) = (p = 1)r' 1) f17 (t)wo(2).

Its solution is

wo(m) ~ | ' e(s) exp (<p - [ qu(f)fql(ﬂdf) s

0 = wy(t) exp E(p -1) /TZ rl_q(r)fq_l(r)d7'> > 0.
Hence,
wo(Tph) > /T: c(s) exp ((p —1) /T: T1q<7')fq1(7')d’7') ds.
This implies
(13) /T:O c(s) exp ((p - 1) /T: Tl_q(T)fq_l(T)dT> ds < o0.

Clearly, (13) is equivalent to (10). Let z be given on [Tp, 00) by

A0 [ (s T (s s) ds.
Then

Z(t) = =T [ (Owo(t) = —r T fA(E) — (0= D 1) 1) 2(1),
which implies that (11) holds. Hence, the proof is complete.
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