Solutions of a system of functional equations
in special class functions

By 5. CZERWIK (Katowice)

1. In the present paper we consider the problem of the existence, uniqueness
and continuous dependence on parameter # of solutions of the system of functional
equations

(1) ¢i(x) = hi(x! ‘pl[ﬁ.l(x)]s seny (%[.ﬁ,n(x)], H), i = l! AL

where ¢, ..., @, are unknown functions belonging to a certain function class G,
which is defined below.

In general, the solutions of a functional equations in a single variable depends
on an arbitrary functions (cf. [3], p. 44—45) and conditions ensuring the uniqueness
of a solution are of a particular importance (see also [4]). In the present paper we
consider this problem.

For the equation

@(x) = h(x, o[ (X)), ..., @[ £,(X)], u)

the corresponding problem has been investigated in my preceeding paper [2].

2. Let us introduce the notation:

2 1 aiks '= k; B k !
() Qi = l—ﬂ‘ﬂ‘. i’=k, 1, =1, .0y N,
3) . {“I,1af+1.k+1+0f+1.10’i.k+1s ' =k,
a’l.la‘;+l‘k+1_ag+l.la'l-.k+1s i =k,
P= L= 19.5= L v =T:
We assume
4) g0 r=L.. ,ni=1 ..t 1=p

We shall use the followiny fixed-point theorem for » transformations (cf. [5]).
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Theorem 1. Let (X;, d), i=1,...,n be complete metric spaces. Suppose that
the transformations T;: Xy X ... X X,—~X;, i=1, ...,n fulfil the following conditions

(5) dl[?}(_xls seey xn)i 'Ti(yl: sevy .vu)] == kZl afkdk(xks yk)s

s NE Xy LE= 1000,

where ag=0. If the numbers aj, r=1, ..., n, i, k=1, ...,n+1—r, defined by (2) and
(3) fulfil the inequalities (4), then the system of equations

X = LR sves X}y A Y oo B,
has exactly one solution x;<X,, i=1, ..., n. Moreover

x=lmxg, i=1..,n,
k-—~oo

where x; ¢ X;, i = 1, ..., n, are arbitrarily chosen and
xf,k+1= I}(xl_l, ...,xﬂ‘k), i.= l,...,n, k=0, I,....

3. Now we are going to establish a theorem on the existence and uniqueness
of solution of the system of equations (1) in special class functions.
We assume

HypPOTHESIS 1.

(i) Let (B, ||+|) be a Banach space. The functions /;: IX B"X R-B, I=(0, =),
R =(— ==, + =) are continuous in /X B"XR, i=1,...,n.

(ii) There exist functions Ly: I—-(0, =), i,k=1,...,n such that for every
X€l, UER, (31s ...y Yu)s (215 ..-5 2,)€B" We have

Hhi{—r: J"'ls ---v.vrn “)_hi(x: 21, seny zu) H)“ = kzl' Lﬂ:(x)”yﬁ.—zk”‘

(iti) The functions f;: /-1 are continuous in /.
(iv) Let the function L: /- R be locally bounded. For every u< R there exist
constants N; and points (ry ;, ..., 5, ;)€B", i=1, ..., n such that for x<J

J;‘ = ||hi(x’ rl,h sesy rn,i’ “)ﬂ - Ni cxp (L(x))'
(v) There exist constants a; such that
Ly(x)exp (L[ fx(x)])) = agexp[L(x)), i=1,...,n, x€L

We define G as the space of those functions ¢: /- B, which are continuous
in I and fulfilled condition

(6) lo(x)| = O(exp(L(x)))Y).

') lg(x)I=0 (exp (L(x))) denotes that there exists constant M=0 such that je(x)i=M
exp (L(x)), x€ 1.
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For ¢ <G we define the norm (cf. also [1])
el = sup (l¢ ()] exp (—L(x))).

We can verify that (G, |- |) is a Banach space.

Remark. If ¢,€G converges to @<G in the sense of norm |-|, then also
¢,, converges to ¢ uniformly in (0, d), for every d=0.

Now we shall prove the following

Theorem 2. Suppose that Hypothesis 1 is fulfilled. If the numbers af, r=1, ..., n,
i,k=1,...,n+1—r, defined by (2) and (3) fulfil the inequalities (4), then the system
of equations (1) has exactly one solution @;€G, i=1, ...,n, given as the limit of
successive approximations.

Proor. Let u€R be fixed. We define the transform

7}: X‘lx"'XXll K XI! Xk = G’ ¢i' = T'i((ol! esey ‘pn)s (P.tGGs ,sk o ls TR

such that
(?) ‘pi(x) = hi(xs %[ﬁ,:(x)]. reey (pn[fl‘.n(x)]) H), ' = ]s sany M.

We shall prove that if @;€G, i=1, ..., n, then ®,€G, i=1, ..., n. From Hypo-
thesis 1 we see that @;, i=1, ..., nare continuous in /and ®;(x)€ Bfor xcl,i=1, ..., n.
Also, by (ii)—(v), we have

l ¢i(x)li = .!hi(xa ‘Pl[fi-.l(x)]; vesy (Pu[fl‘.n(x)]a u)_hi(x’ rl,h LA RS rn.i’ H)H +"l‘ =

= :él' Ly (xX)|@x[ fix )] =i il +J; =

= 21 Ly (x)| @ —ryil exp (L[S (X))+J; =

[IA

xé a, @ —ryi exp (L(x))+J; =

= exp (L(x)) kZ; i | P — T, |+Ni] .
So ,£G, i=1, ...,n. Let now ¢;, ¥;€G, i=1,...,n and

P = Ti(p1s s @)y Wi = Ti(n, -, W)
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From (ii) and (v) we obtain the inequalities
12:(x)—=¥i(x)| =
— "hi(xs qo[ﬁ.l(x)]s seny @n[ﬁ.n(x)]s “)“hl(x! 'l"l[f;.l(x)]s weny \bn[ﬁ.n(x)L u)|| =

= é L) @xLfu =¥ [fiu 0]l =

= kén; Ly (x)|@x =W exp (L[ fix(¥)]) =

= exp (L(9) 3 aulon—va
Hence

|P;—¥; | §t2;ait|§°k—'f’kf, i=1,..,n,
and relation (5) is fulfilled. In view of (4) and Theorem 1, we obtain Theorem 2,
which completes the proof.

4. Now we shall consider the problem of the continuous dependence of solu-
tions of the system of equations (1) on parameter u.

We assume
HYPOTHESIS 2.

There exists constants M; and functions A4;: /-7 such that for every x¢I,
Uy, “!eRi (zll 40y zn)EB”

”hi(x? 21y ceey 2y ul)'—hf(x, 21y vees Zpy uz)” = Al(x)lul_“ﬁl

sup[4;(x)exp(—L(x)] =M;, i=1,..,n
x€el

and

Now we shall prove

Theorem 3. Suppose that hypotheses 1 and 2 are fulfilled. If. moreover,
(8) Zzait=P“-’-1,
imlk=1

then the system of equations (1) for every u¢ R has exactly one solution ¢;: I'X {u}—~ B,
@i€G, i=1, ..., n. Moreover, the functions ¢;(x, u), i=1, ..., n are continuous in I XR.

PROOF. Let @=(@y, ..., 9,), ¢;€G, i=1, ...,n. We define the transform

T'i.n(¢)(x) — hi(x! t;ol.[.fi,l("":)]! ek ‘pn[ﬂ.n(x)]o u), i= fa ceag M

Let Y=, ....¥,), ¥;€G, i=1,...,n. As in preceding theorem we can obtain
the relation

©) T, (@) =T, ()| = kz au| o=V s
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and next by (8)
(10) 31T ®-Tu®) = p S0l

i=1
Consequently, from Banach’s fixed-point theorem for contraction maps, for
every ucR there exists a unique fixed point ®=(g,(x, ), ..., 9,(x, ), ©;£G,
i=1, ..., n of transformation 7,=(T, ,, ..., T, ,), i.e. unique solution ¢;(x, v), ¢;€G,
i=1, ..., n of the system of equations (1).
So we have

J}.u(¢(x! u)) = (pi(x- u)9 T'i.lrl(¢(xi u!)) = (Pl(x! ul)9 ' = l! ceey 1.
From Hypothesis 2, we have
(11) |74, 0 (P)—T,,, (P)| =
= sup [A4;(x)lu—u,| exp (—L(x))] = Miju—u,|, i=1,...n
xel

Next, using (9) and (11) we obtain relation
@ (x, w)— @i (x, wy)| = | T; (P (x, ) —T;, (P (x, uy) |+
+ ITi.u((p(x! ul))_ﬂ,u;(¢(x1 ul))| =

= tZ Ay | i (X, w) — @i (x, uy) | + M lu—uy|.
=]
Hence by (10) we have

n n n
xZ; Qr (X, ) — (X, uy)| = PkZL |0 (x, u) — @ (x, uy)| + '“—“1“2 M,
= = t=1
and consequently
n n
; llqo,,(.\f, u) =@ (x, )| = (l_P)_]‘!“_"ﬂkZ; M.

So we see that the functions ¢;, i=1, ..., n are continuous with respect to the
variable # in R uniformly with respect to the variable x. Since ¢;, i=1, ..., n are
continuous with respect to the variable x in 7 for fixed <R, we easily seen that
@i, i=1, ..., n are continuous in /X R, which completes the proof.
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