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Optimal solutions of an alternative Cauchy equation

By DANIELA RUSCONTI (Milano)

Abstract. We consider the alternative Cauchy functional equation

flx+y)— f(z) = f(y) #0 implies g(z+y) — g(x) — g(y) = 0.

A characterization of new classes of solutions is given, when f and g are real functions.

1. Introduction

In the last years the alternative Cauchy equation

(1) flz+y)— flx)— fly) #0 implies g(z+y)—g(z) — g(y) =0,

where f, g are unknown functions from a group (X, +) into a group (S, +),
has been extensively studied (see [1], [2], for a rich bibliography). Among
the results concerning the previous equation, some allow to write the local
or global solutions of (1) when (X,+) = (R,+) and g (or f) satisfies a
suitable topological condition ([3]).

In this paper we suppose (X, +) = (R, 4) and we give some conditions
which permit to extend a local solution of (1) and to characterize the
solutions of (1) when g (or f) satisfies a weak topological hypothesis.

2. Notations and preliminaries

Denote by Z and N the classes of the integers and non-negative in-
tegers respectively, and by p;, : R xR — R, ¢ = 1,2,3, the maps given
by

pl(x,y)zx, pg(x,y)zy, pS('Tay) =T +y.
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Given a subset £ C RxR and a function ¢ : pi1(E)Ups(E)Ups(E) — S
we define

Qy={(v,y) € E:g(x+y) # g(x) +9v)},
Ag={(z,y) € E:g(z+y) =g(x) +9(y)},

and we denote by Qg and Ag the interior of {2, and A, respectively.

Let V be an open real interval; a function g : V' — S is said locally
affine in x € V if there exists a € Hom(R,S) such that g(x + u) =
g(x) + a(u) for all u in an open interval U > 0; ¢ is said locally affine in
V if it is locally affine in each point of V' and in this case ([3] prg. 2) we
have g(z) = a(x) + « for some constant «.

Denote by J a real open interval of the form (0,a), 0 < a < +00, and
let g:J — S, f:J—S. We introduce the following notations:

§e(x) = g(x) +9(t —x), wu(z) = fz) + f(t —2),
te2d, zeJn(t—J);

Arg(x) =gz +7)—g(x), red, z€(0,a—r7);
Hy=Hi(J)={x € (0,a—1t):g(x+1t)=g(x)+g(t)}, teJ;
re={(z,y):x+y=t} teR;

T, ={(z,y) : z,y,z+y € (0,t)} and Q;={(0,t) x (0,t)}, t>0.

Obviously it is & (x) = &(t — z) and ¢i(z) = @i (t — x).

A pair (f,g) is a solution of (1) in E C Rx R if p; (E)Up2(FE)Ups(E)
is contained in the domain of f and g and (1) holds for every (x,y) €E.

Let (f,g) be a solution of (1) in E and let (f, §) be a solution of (1) in
E with E C E; (f,§) is an extension of (f, g) if f and g are the restrictions
of f and § to pi(E) Ups(E) Ups(E).

Remark 1. If we study (f,g) as a solution of (1) in a triangle T, or
in a square ()., we can assume without loss of generality a = 1 and with
reference to this normalized case we denote I = (0,1), T =T, Q = Q1,

§= &

A solution (f,g) of (1) in E is non-trivial if Q,, Q¢ # 0.
A solution (f,g) of (1) in E is optimal if A, N Ap = 0.
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Remark 2. Let E C R x R; (f,g) is a solution of (1) in E if and only
if Vt € p3(F) and V(z,t —z) € E

(2) §e(x) # g(t) implies @y (x) = [f(1).
In particular (f,g) is a solution of (1) in 7" if and only if G; U F; = (0,1),
vt € (0,1), where

Ge={z€(0,t): &(z) = g(t)}, Fr={z€(0,1):¢i(z)=g(t)}

Remark 3. Let (S, +) = (R, +). Since (f, g) is a solution of (1) in RxR
if and only if (h, k) defined by h(z)=Af(azx), k(z)=png(azx), A, p, a0, is,
in the following section 4 we study, without loss of generality, the solutions
of (1) in R x R such that the function g satisfies some regularity-hypothesis
only in a right neighbourhood of the origin.

In order to present the aim of the present paper it is convenient to
state before some considerations.

The previous results ([2]-[4]) which describe the non-trivial solutions
of (1) are obtained starting from the following topological hypothesis on g:

(3) pi(Q) =pi(Qg) i=12.
Thanks to these results we know that:

— ([3]) All solutions (f,g) of (1) in T, that satisfy condition (3), can
be explicitely written and, by virtue of this, we can determine an
extension (f,g) to R x R with g still satisfying condition (3).

— ([4]) We can write the class of solutions of (1) in R x R satisfying
condition (3) in 7" but not in ¢ and we know that their form depends
on the group S.

As shown by an example in [2], the description of the solutions of
equation (1) without any additional condition seems hopeless. Thus in the
present paper we substitute condition (3) with some other algebraic and
topological conditions.

In section 3 the problem of extending a solution of (1) given in T is
treated and particular theorems, when ¢ satisfies the condition
(4) re(0,1): gla+7)=g(@)+9(r), v€(0,1-7)

are stated. To this purpose it is convenient to remark that if (f,g) is a
solution of (1) in T' then we know the values f(z) + f(y) and g(z) + g(y
also when (z,y) € Q\T.

In section 4, we characterize classes of real and optimal solutions of
(1) in R x R, when g satisfies the following condition

(5) Li={t>0:T,C A} #0 and H,(RT) D UT(0)
where @ = Sup L;.
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3. On the extension of a solution (f,g)

In this section (f, g) denotes a non-trivial solution of (1) in T.

Lemma 1. Let t € [1,2).

i) There exists an extension (f,§) of (f,g) to T U (Q Nr.) if and
only if there exists at least a couple of constant ¢; and k; such
that, for every x € (t — 1,1), &(x) # ¢ implies pi(x) = k¢; in
this case we may assume §(t) = ¢; and f(t) = ky.

ii) If & (or oy) is constant on (t — 1,1), then there exist infinitely
many solutions in T'U (Q Nry); otherwise there exist at most two

solutions.

PROOF. Since (f,§) is a solution of (1) in Q@ Ny if and only if & (z) #
§(t) implies ¢, (z) = f(t) Vx € (t—1,1), 1) follows easily.

ii). If &(p4) is a constant function on (¢ — 1,¢), all solutions are
obtained by setting §(t) = & and f(t) arbitrarily chosen (or vice-versa). If
there exists a solution in @ N r; when & and ¢; are not constant then, as
a consequence of (i), there are two sets F' and G with FUG = (t —1,1)
such that ¢, and &; are constant functions on F' and G respectively; as it
is easy to see, this solution is not unique if and only if F N G = (); in this
last case, ¢; and & are constant functions on G and F' respectively. OJ

Lemma 2. Suppose {(z) =¢, z € 1.
i) Let (f,g) be an extension of (f,g) to Ty with g such that

gt)=gt—1)+¢, te(1,2) and g(1)=c¢

then

fA)=ft—-1)+et—-1), tep(Qy)N(1,2),i=1,2,3.
ii) Let n € Z and let (f,§) be defined by

{f(t) = f(t—n)+np(t—n); te(nn+1)
g9(t) =gt —n)+nc
and f(n) arbitrary, §(n) = ne;

then (f,§) is an extension of (f,g) to R x R.

PROOF. 1) Since T = QU(TQ\Q) and pi(QgﬂQ)ﬂ<1, 2) = @, 1= 1, 2,
first we prove that i) holds with ¢t € ps(2; N Q) N (1,2). Let z,y € I with
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rhy=1,1€ps(NQ)N(L2), then §(t) = 3z +) = glety—1)+e £
g(z) + g(y); from & = c it follows

{g(l‘+y1)+g(1w)#g(y)

~—

gx+y—1)+g(l—y) #g(x
g(1 —z) +g(1 —y) #g2—x—y)

therefore

fle+y—1)+f(1-y) = f(z)
fA—2)+ f(1-y) = f2-z—y).

Considering the above equations, we deduce ¢(z) = p(y) = p(z +y — 1);

{f(x+y1)+f(1fli)f(y)

the previous considerations and our hypothesis imply that

f) = flz+y) = f(2) + fy) = p(@) = fF(1 - 2) + p(y) = fF(1 = y)
=20(x+y—-1)-fC-z-y)=pl+ty-+flz+y—-1)
=ft—1) + ¢t —1).

Now, we prove i) with t € p;(Q2; N (12\Q)) N (1,2). Considering that if
i =3 then dx € (1,2), y € I with t =z +y and §(¢t) # g(z) + g(y) and if
i =1,2 then Jy € I with t+y = z and g(x) # g(t) +¢g(y), it is sufficient to
prove that §(t) = g(z+y) # g(x) + g(y) with y € I, z,t € (1,2), implies

&) =ft=1)+e(t-1) and f(z)=f(z—1)+p(x-1).

Since gz +y) =g(x +y—1)+c#glx—1) +c+g(y) and &(t) =c,
then
) (9(1—y) #g9(x —1)+g(2—z—y)

9g2—z)# 92—z —-y)+g(y)
L9z +y—1)+g(1—y)#g(z)
hence
(f(l—y)=flz-1)+ f(2—z—y)
L fC—2)=f2-2—y)+ f(y)
| fla+y— 1)+ f(1—y) = f2).

By these equations it follows ¢(y) = p(z —1) and f@)=flz—1)+ oz +
y—1) and by virtue of f(z+y) = f(2)+ f(y), f(e+y—1) = fz=1)+f(y)
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and the previous considerations we have
F&)=f@)+ fly) = fla =) +pl@+y—1)+ f(y)
fe+ry—D+e+y—1)=ft—-1)+e(-1),
plat+y—1)=fla+y-1)+f2-z-y)
fle=1)+Ffy)+f2—z—-y)=ey) =plz-1)
and so f(z) = f(z —1) + oz — 1).

ii). By the definition of g, it is easy to see that

(z,y) € Q5 <= (x —n,y—m)€Qy n,m e Z and
{(z,y) : x or y or z +y belongs to Z} C A;

hence, it is sufficient to show that (f,§) is a solution in Q\T'.
So, let z,y € I, x+y =1t € (1,2) with g(z + y) # g(x) + g(y) : as
shown in i), this implies
flz+y—1)+ f(1
f@+y-1+ 101 (-77)
fA=z)+ fA-y)=f2-z—-y)

r) =

) =

hence it follows ¢(z) = ¢(y) = ¢(z +y — 1) and then
x ) =

Y

f(y)

fla+y) =flr+y—D+o@+y—1)=flz+y—1)+oy) =
= f(z) = f(A=y) + o(y) = f(z) + f(y).
Thus the lemma is proved. [

Theorem 1. Suppose {(z) = ¢, x € I and let § be defined by
gt)y=gt—n)+mne, n<t<n+1; g0)=0.
The pair (f, g) is an extension of (f,g) to R x R if and only if
f(t) = ft—n)+ne(t—n), tepi(Qz), i=1,23 n<t<n+l, neclZ.
PRrOOF. ii) of Lemma 2 shows that the condition is sufficient. Now

we prove that it is also necessary.
By the definition of g and by £(z) = ¢ it follows easily that

tepi(y) <= (t+n)epi(y) YneZ, i=1,2,3.
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Furthermore, we have g(x) + g(n —x) = nc Vn € Z: indeed it is trivial if
reZandif p<zx <p+1with p e Z we have

g@)+gin—z) =gl —p)+pctglp+1-z)+(n—p—1c
=gz —p)+9(1—(z—-p))+@+1c

Hence we can prove that ¢t € p;(5) for some ¢ = 1,2,3 if and only if
(n —t) € pp(Qy), Yn € Z, for some k = 1,2,3. To this purpose it is
sufficient to observe that if g(x+y) # g(x)+g(y) then nec—g(n—(x+vy)) #
nc— g(n —x) + g(y), hence g(n — (z +y)) + §(y) # g(n — x); this implies
the previous property by puttingt =z +y or t = .

To verify the necessary condition at first we show that the assertion

is true
Vtepi(5)N(n,n+1), n>0,i=1,23.

We proceed by induction. For n = 0 it is trivial, for n = 1 it is a con-
sequence of ii) of Lemma 2. Assume it is true for n — 1, n > 2, and let
t € pi(Q) N (n,n +1). The pair (f,§) is an extension of (f, 9)|r, and
&n(z) = ne Vx € (0,n); hence, using i) of Lemma 2 as in Remark 1
concerning the “normalized case”, we can write

f(t) =ft—n)+ep(t—n), tep(Qz)N(n,2n), i=1,23;
that is f(t) = f(t —n) + f(t —n) + f(2n —t); since 2n —t € (n — 1,n), it
follows

fO=ft—n)+ft—n)+fl+n—1t)+n—p(l+n—t)
=f(t—n)+et—m)+(n—1et—n)=f(t—n)+np(t—n).
This proves the assertion V¢ € p;(£25) N (0, +00).
The next step is to show that
(z,9) € Qg = oz —n)=ply—m)=pl@+y—r)
where n,m,r €Z : n<x<n+1, m<y<m+1l, r<zx+y<r—+1.
In fact by the property of g we get
{§(m+y—n—m—1)+g(n+1—:v)%g(y—m)
gle+y—n—-—m-1)+gm+1-y)#g(x—n)

then R
{f(w+y—n—m—1)+f(n+1—:v)=f(y—m)

fla+y—n—m—-1)+f(m+1-y)=f(z—n)
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and this implies p(z — n) = @(y — m); moreover, we can deduce that if
r=n-—+m
{g(w+y—n—m)7ég(x—n)+g(y—m)
—gll = (@+y—n—-—m)] #g(x—n)—g[l = (y —m),
that is
{f(w+y—n—m)=f(w—n)+f(y—m)
fl=@+y—n-—m)=—f(z—n)+f[1-(y—-m),

hence p(z+y—r)=¢ly—m). fr=n+m+1

{ g@+y—n—-—m—-1)+g(l+m—y)#gx—n)
—gl—(@+y—n—m—-1]+9(1+m—y)#—g(1 - (z—n),
and so, by proceeding in the same way, we obtain ¢(z+y—1) = @(x —n).

At last we show the assertion for
tepi(Qg)ﬂ(—O0,0), i:17273§ —n<t<—n—|—1, n > 1.

If ¢ =1,2 then Jy € (n,n+1): (t,y),(t+n,y —n) € Qp; therefore
flt+y) = f(t) + f(y) and f(t+y) = f(t+n) + f(y — n) hold; this
implies f(t) — f(t+n) = f(y —n) — f(y) and, having y > 0, f(y) =
fly=n)+ne(y—n) = fly—n)+np(z+n) andso f(t) = f(t+n)—np(t+n).

If i=3 then3(z,y) € Uy, x+y=twithr <z <r+l1, s<y<s+1
and —n =r+s, r+ s+ 1 for suitable 7, s € Z; since (x —r,y — s) is in Qj
as well, by virtue of the previous property we can write

FO) =f@)+fy)=fla—r)+ro@—r)+ fly—s)+so(y — s)

f(x+y—r—s)+(7"+s)go(t+n)

hence we obtain f(t) = f(t+n) —ne(t +n) in the case —n = r +s; in the
case —n =1 + s + 1 we deduce

FO) =ft+1+n)—(n+ et +n) = f(t+n)—ne(t+n).

The necessary condition is so proved. 0
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Lemma 3. Let 0 < x < t < 1 — 7 and assume condition (4) holds;
then

i) &eqr(®) = Eeyr (T +7) = &(2) + 9(7), Prar(7) = @1(x) + Ar f(t — )
and @, (x +7) = @(x) + A f(z

i) e ¢ Gy = Arf(x) = A f(t) = A f(t — )
PROOF. i) is easily verified.
ii). By i) and Remark 2, we have x € Gy < x € G4 &+ 7 € Giyr
therefore = ¢ G, implies that f(t) = pi(z), f(t+7) = pr4r(z) = prar(z+

7) hold and then f(t+7) = f(t) = pr4r(7) —p1(2) = Prar(+7) — 1 (),
so by i) and by the definition of A, we deduce ii). O

Lemma 4. Let nT < 1, n > 2 and assume condition (4) holds; then
ft+qr) = f(t) +qA-f(t), teps(Qy), t+qre(0,1), qeL.

PROOF. In this case the functions A, g and A, f are obviously defined
n (0,7] € (0,1 —7) and A, g(z) = g(7).

The assertion is trivial if ¢ =0 or ¢ = 1.

Let t € p3(Q2y), t+q7 € (0,1), ¢ > 2; by (4) we can suppose t € p3(£24N
QT)' SO7 El(x7y) S (077—)7 Jf—l—y =t : x,y Q/ Gt; T, T+ T,T + 27 Q/ Gt+2‘r
and then

fE+27) = o (@+7) = fla+7)+ ft+7—2)
= f(@) +Arf(2) + f(t —2) + A f(t — 2)
= pt(x) + Ar fz) + A f(E — )
and, by Lemma 3, f(t+27) = f(t) +2A,f(¢).

As a consequence of i) of Lemma 3, we can write

O 2r) = e 20) = e 1)+ S
= pt(x) + Ar fz) + Ar[f(2) + A f ()]
= f() + 28 f(2) + A [f(z +7) — f()]
= f() + 20 () + A-[f(E+7) — f(?)]

and therefore A [f(t+ 1) — f(t)] = 0.
Now we proceed by induction; let the assertion be true for ¢ > 2; since
for t + (¢ + 1)7 € (0,1) we have

f(t+(q+1))=f(t+QT)+Af(t+QT)
f@) +qAr f(t) + A [f(t) + qA- f(1)]
f@) + (@ + DAL f(E) + gA-[f(t +7) — f(P)]
f@) + (@ +1)Af(D)

x+T)

f
f
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and the lemma is so proved. O]

Theorem 2. Let A, f =k, k constant, and assume that condition (4)
holds with 7 < & . Then (f,J) defined by

(6) {f(t) f(t =n7) +nk nr<t<(n+1)r, nez

9(t) = g(t = n7) +ng(7)
is an extension of (f,g) to R x R.

PROOF. It is easy to see that fII = fand g7 = g. Now, if (f g)is a
solution in T, then it is also a solution in R x R; indeed §(z+y) # §(z)+
9(y), withnr <z < (n+1)r, mr <y < (m+1)7, (n+m)7 < x+y < (n+
m+2)71, n,m € Z implies that g(x+y—(n+m)71)) # g(x—n7)+g(y—m7),
therefore f(z+y— (n+m)7)) = f(x —n7)+ f(y—m7) and so, by adding
to both sides of this equality nk + mk, we get f(z +1y) = f(z)+ f(y).

T hanks to the previous consideration, the theorem is proved when
T < i, because in this case (f, g)|T2T = (f,9) holds; when 7 = % it is
sufﬁClent to verify that (f,§) is a solution on {z,y>0:24+y=1}. To
this purpose, by using (2), we can show that

&) #5(1) = g(1—7) + g(r) implies (x) = F(1) = f(1 —7) + k.

Let z € (0,1) : &(x) # g(1), it is obviously  # k and we can suppose
€ (0,7), having &(x + 7) = £(2);

g(@)+g(l—2x) #g(r)+g(1—7) implies g(x)+g(1-7—2)#g(1-7)
and the following equality
f)+fl-1—z)=f(1-7), fl2)+f(l-2)-Af(l-z—7)=f(1-7)

that is p(z) = f(1 —7) + k = f(1). O
Remark 4. Let (f,g) be the solution in T" with g and f defined by
0, z€l0,3/5) 1, zel0,3/5)
gx) =1 1, z€[3/54/5). fl)=4q 2, z€[3/54/5)
0, ze€[4/5,1) 3, xze€[4/5,1).

In this case (4) holds with 7 =4/5 , and A, f = 2 is a constant function;
since (3/5,3/5) € Q3N Q; this example shows that Theorem 2 is not true
if 7> 1/2.
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Theorem 3. Let (f,g) be such that
(x,y) € QN (QN\T;) = z,yeGrorz,y,c+y &G,
and assume (4) holds with 7 < 1/2. Then (f, §) defined by

) { F(t) = f(t = n7) +nA, f(t —n7)
9(t) = g(t —n7) + ng(7)
nt<t<(n+1)1,ne€Z, t>1
is an extension of (f,g) to R x R.

PROOF. Let (z,y) € Qg ; (4) and (6’) imply that =,y # nt  Vn € Z.
Let nt <z < (n+1)r, mr<y<(m+L7, (m+mr <z+y<
(m 4+ m + 2)7; since (z —n1,y — m7) € Q4 then f(r+y— (n+m)7) =

f(@ —n7) + fly —m7).
Ifx+y < (m+m-+1)r, it follows

fle+y)=flz+y—(n+m)7)+ (n+m)Arf(z+y—(n+m)T)
= flx=n7)+ fly —m7) + (n + M)A f(z +y — (n+m)T)

and, by virtue of ii) of Lemma 3
Arflx+y—(n+m)T)=Arf(x —n7) = A f(y — m7)

and so (z,y) € Aj.
Ifx+y>(m+m-+1)r, it follows

f@t+y)=fl@+y—(+m+1)7)
+(n+m+ DA f(z+y— (n+m+1)r)
=flez+y—n+m)r)+n+m)A-flz+y—(n+m+1)7)
=fl@z—n7)+ fly—m7)+ (n+m)A f(z +y— (n+m+1)7)
and the assertion proving that
Arflxr+y—(n+m+1)71)=Af(x —n1) = A f(y — m7).

To this purpose, let © = & — n7, v = y — m7; the previous considerations
imply that (u,v) € Q,N(Q-\T>), ¢glu+v—71)+9g(T)# g(u)+ g(v) and
by the hypothesis that w,v € G, or u,v,u+v—7¢& G,.

In the first case, when & (u) = &, (v) = g(7), we obtain

gut+v—7)+g(r—u) #gw), glutv—7)+g(Tr—v)#g(u)
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and as consequence of ii) of Lemma 3 A, f(u+v—7) = A, f(u) = A f(v).
In the second case, by virtue of ii) of Lemma 3, we have

Arf(u), Arf(v), Arflu+v—7) = A f(7).

The theorem is so proved. O

4. Optimal solutions of (1) in R x R
In this paragraph we suppose (X,+) = (S,4+) = (R,+). In the fol-
lowing [t] denotes the integral part of ¢ and [t]. = —(1 + [—t]).

Lemma 5. Let a,5,c,d € R : 0 <a < (; ¢,d+# 0. The pair (f,g)
defined by

“b - (8- 1)
8 :< c[2].+1)a
N - (121-[5].)-

is a non-trivial optimal solution of (1) in R x R.

PRrROOF. Let (f,g) be of the form (7) (the proof is the same for the
form (8)) and let

z € [ia, (i+ Do) N [rB, (r+1)B), y€ [jo,(j+1a)N[sB,(s+1)8),
1,7,1,8 € 7.

Soz+y € [ma,(m+1)a)N[ng,(n+1)5) withm=i+jorm=i+j+1
andn=r+sorn=r-+s+ 1.
Now, since

g@)+gy)=(+j—r—sc, fl@)+fly)=0G+j+2+r+s)d
glx+y)=(m—n)e, flr+y)=(m+n+1)d

we obtain

n=r+s+1
therefore, g(x +vy) # g(x)+g(y) if and only if f(z+y) = f(z)+ f(y). O

m=1+7 {m:i—l—j—i—l
r
n=r+s

g(x+y) #g(x)+9(y) = {
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Definition. Two solutions (f1,91), (fz2,g2) of equation (1) are equiv-
alent if fy — f1; and g2 — g1 are additive functions.

Lemma 6. Any non-trivial optimal solution of (1) in R x R, for which
condition (5) with H, # R holds, is equivalent to a solution of the form
(7) or (8).

PrOOF. By the condition (5) and the results in [3], we may assume
g(x) =0 and so

al)=g@)+gla—x)=0 , xz€(0,a).

Let g(a) = ¢ and let o be defined by o' = Sup{t >0 : (0,t) C H,}.
From the definition of o and the assumption H, # R™, it follows

g(z) =ic, x € [ia, (i + 1)a) N (0, + ') with ¢ # 0 and o < +oc.

Let 6 =a+a and Ng € N, No > 1 : Noa <3< (Nog+ 1)a ; the form
of g implies that Q,(= Ay) contains all points (z,y) € T such that

z € i, (i + D), y € jo, G+ Da), x+ye((i+j+Da,(i+j+2)a)

with 4,7 >0 : i+ j =0,1,..., Ny — 1. Therefore ([3]) we may assume
f(x) = (i+1)d, x € [ia, (i+1)a)N(0,8) with d # 0 and f(a) = pa(z) =
2d, x € (0,c). Now, let z,y € (0,0), x € [ia, (i + 1)), y € [jo, (F+1)a);
since we have

9@)+gy) =(i+je,  fl@)+ fly)=(+j+2),
if t € [6,208) N [ma,(m+1)a), t=x+y, (z,y) € Qs\Tp, we have that

(s 1) € {(me, (m +2)d) ; ((m = 1)e, (m +1)d)}.

)

So, by virtue of ii) of Lemma 1, necessarily it is
)
)

o) { g (m+2)d o (9) {f(t)i(erl)d

(m —1)c
Now we prove that if ¢t € (5,24) then (9) holds.
The definition of § implies that Ve > 0 3y € [3, 8+ ¢) N [Noa, (No + 1)av))
such that g(v) # g(v — a) + g(«), therefore f(v) = f(v—«a)+ f(«) and so

{ f(v) = (No+2)d
9(v) = (No — 1)c.
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Suppose, ab absurdo, that 3ty € (5,206) N [ma, (m + 1)a) such that
{ f(to) = (m+1)d
g(to) = me.
It follows tg — v € (la,, [+ 1)) N (0,8) withl =m—Ng—1orl =m— Ny

and therefore we have

o =7+ f(y) = (m+2)d or [f(to—7)+f(y) = (m+3)d

and

gto =) +g(y) =(m—=2)c or g(to—7)+g(y)=(m—1)c

so (to —7,7) € Q4 N Qy contrary to the hypothesis.
Now, since

f(B) = (No +2)d o f(B) = (No +1)d
9(8) = (No = 1)c 9(B) = Noc,

by virtue of the previous considerations we see that (f,g)r,, is of the
form (7) or (8) respectively. The next step is to show that if (f, g)z,, is
of the form (7), then (f,g)|z,,, n > 2, is of the same form and so is (f, g)
on the whole R x R. By induction, let (f,g)z,, be of the form (7) and
consider t € [ma, (m + 1)a) N [nG, (n+1)8) ; since if (z,y) € {T(41)8 N
Qnp}\Tnp is such that

x € lia, (i +Da)N[rs, (r+1)8), y € [jo, (j + Da) N [sB, (s + 1))

with 0 < r, s <n,weobtainm=¢4+jor m=i+j5+1, n=r+sor
n=r-+s+1 and

g(x) +g(y)=(G+j—r—3s) f@)+ fly)=(+j+2+7r+s)d;

we can remark, as above in Q3\T}3, that
(& 1) € {((m —n)e,(m+n+2)d) ; ((m—n+1)c,(m+n+1)d);

((m—1-=n)e,(m+n+1)d); ((m—n)ec, (m+ n)d)}

and therefore, by virtue of Lemma 1, f(¢t) = (m +n + 1)d and g(t) =
(m — n)c necessarily holds.
S0 (f39)|Ts1) 18 Of the form (7) and therefore (f, g)r+xr+ as well.
At last, if (f,g) is of the form (7) in Rt x R™ we prove that (f, g) is
of the same form in R x R.
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Let y <0, y € [jo,, (+1)a)N[sfB,(s+1)B), j,s < 0. Since Vz > —y with
2 € [iao (i + 1)) 1 [, (r + 1)), &+ y € [mar, (m + Do) N [, (n 1 1)8)
we have

glx+y)—g(x)=(m—n—i+r)c and f(x+y)—f(z)=(m+n—i—r)d

with j=m—torj=m—1—1, s=n—rors=n—r—1; we can remark
that

(9(z +y) —g(@), fla+y) — f(@) € {((F—s)e, (F + 5)d);
((j —s—1)c, (j+s+1)d)- ((G+1=9)c,(j+s+1)d);

((j—s)e, (j+s+2)d)}

(J

and consequently f(y) = (j+s+1)d and g(y) = (j — s)c necessarily holds.
So (f, g) is of the form (7) in (R\{0}) x (R\{0}). With similar considera-
tions, as consequence of the following equalities

9(@) +g(=2) =0,  f(z)+ f(-2) =0, z€(0,a)
g(a)+g(—a)=c, fla)+ f(-a)=d
9B)+9(=B)=—c, fB)+f(=B)=d, if Noa<p<(No+1l)a
9(8) +9(=B) = fB)+ f(=p) =2d, if 3= Noo

) = d; so (7) holds in R x R. With a similar

we obtain ¢g(0) = 0 and f(0
prove we show that if (f, g)|z,, is of the form (8) then (f, g) is of the same
form in R x R. O]

Theorem 4. The pair (f,g) is a non-trivial optimal solution of (1) in
R x R, satisfyng (5) with H, # R*, if and only if it is equivalent to a
solution of the form (7) or (8).

PrROOF. Lemma 6 proves the necessary condition.
Let (f,g) defined by (7) or (8); by Lemma 5, (f,g) is a solution of (1),
furthermore it is easy to see that (5) holds with H, D (0,5 — «) and we
have RT # H, because H, N (8 — a,23 — @) = 0; hence the sufficient
condition is proved. O

Remark 5. Let g = %oz, p,q € N, p>qand 7 = qf = pa; then

if (f,g) is defined by (7) it follows g(z + 7) = g(z) + g(7), z € R;
if (f,g) is defined by (8) it follows f(z + 7) = f(z) + f(7), z eR.
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Indeed, in the first case = € [ia, (i + 1)a) N [rB, (r + 1)3) implies
r+17E[(i+pa,(i+p+Da)N[(r+q)8,(r+q+1)P)
and therefore
glz+71)=(+p—1—q)c=gx)+g();
in the second case z € [ia, (1 + 1)a) N (rB3, (r + 1)5] implies
z+71E[(i+p)o,(i+p+1)a)N((r+q)8,(r+q+1)p]
and therefore
flx+7m)=>G(+p+1+r+qd=(>Gi+r+1)d+ (p+qd= f(x)+ f(7).

Remark 6. By Remark 3 and Theorem 4, we can characterize in a
similar way the solutions of (1) in R x R having the form

o= (5[}

(77)
o= (.- L)
RN

Remark 7. For the solutions of (1), characterized by Theorem 4, con-
dition (3) is not satisfied because

{z =pa:pa+qB, p,q €N} C (pi(Q)\pi(Q)?) i=1,2.

Remark 8. If § = Noaw =1, Ny > 1, then (f, g) defined by (7) or (7’)
satisfies the condition (3) in 7" but not in Q([4]).

Lemma 7. Any non-trivial optimal solution of (1) in R x R, for which
condition (5) with H, = R holds, is equivalent to a solution having one
of the following forms (10) or (11):

(10)
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(11) fe) = [2] ! for x < 0,
1= ([ 1)
{ :g, } ) for x >0
@ =3]e
{f(o):d or {f(O)ZU
9(0)=0 9(0) = ¢

a,c,d € R with a > 0 and ¢, d # 0.

PROOF. Proceeding as in Lemma 6, it is easy to see that H, = RT
implies o' = 400 = 3, T = Q3 = RT x R" and since in RT x RT (10)
and (11) coincide, the assertion is proved in R x R*.

To prove the assertion in R x R, let y < 0, y € [jo, (j + 1)a); since
Ve > —y with z € [ia, (i + 1)), x +y € [ma, (m + 1)) we have

gz +y)—glx)=(m—i)c and  f(z+y) - f(z)=(m—1)d

with j =m —1 or j =m — ¢ — 1, we can remark that

(9(z+y) —g(), flx+y) - f(2)) € {(Ge,jd); (G + De, (5 +1)d) }

and consequently

§ fly)=(G+1)d ) fy) = jd
1o {g(y) = je or { 9(y) = (5 + De.

Let A and B be the subsets of R~ in which (10”) and (11”) are verified
respectively; it is AN B = () and AU B = R~ manifestly.
Since we can remark that if z,y < 0 then

(9(z) +9(), f(z) + f(y))

(9(x) +9(), f(x) + f())

(9(x) +9(v), f(x) + f(y))
we deduce B = () or A = (), that is (10) or (11) holds in (R\{0}) x (R\{0}).
If (10) is true in (R\{0}) x (R\{0}), the following equalities

g9(x) +9(—2) = —¢, f(2) + f(-2) =d,  w€ (i, (i + 1)a)

((i+j)e, (i 4+j+2)d)in A x A,
((i4+j+2)e,(i+7)d) in B x B,
((i+7+1c,(i+j+1)d) in A x B;
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and
glicr) + g(—ia) =0,  f(ier) + f(—ic) = 2d
imply that g(0) = 0 and f(0) = d necessarily holds, so (10) is true in
R x R.
If (11) is true in (R\{0}) x (R\{0}), the following equalities

9(@) +g(=2) =0, f(z)+ f(-2) =0,  x€ (io, (i +1)a);
and
g(ia) + g(—ia) = ¢, f(ia) + f(~ia) =d
imply that g(0) = 0 and f(0) = d or g(0) = ¢ and f(0) = 0 necessarily
holds, so the assertion is true. [

Theorem 5. The pair (f,g) is a non-trivial optimal solution of (1) in
R x R, satisfyng (5) with H, = R™, if and only if it is equivalent to a
solution of the form (10) or (11).

ProoOF. Lemma 7 proves the necessary condition. It is easy to verify
the sufficient condition.

Remark 9. Let (10%) and (11’) be obtained by exchanging in (10) and
(11) the symbols [ | and [ ]..

As in Remark 6, we can characterize in a similar way the solutions of
(1) in R x R defined by (10’) or (11’).

Remark 10. Theorem 5 gives, besides the solutions defined by (10)
(and already determined in [3] under the condition (3)), also the solutions
defined by (11) for which

{r=ia:1€Z\{0}} C (pi(Qg)\pi(Qg))7 1=1,2.
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