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Let us denote by L,(— ==, =) — as usual — the Banach space of measurable
functions in (— <=, ==) with norm

/@, ={ [ If@PFax’? (1=p<)

resp. for p=-oo, o
£ (x)]le = vrai-sup |f(x)].

.
et 2

Let P, be a set of algebraic polynomials of degree not greater than » (n=0, 1, ...).
Lt

(1)

r.x.ﬂ(x) — (I -+ [xlz)'ﬂ"lhe— lea.'2’

For an f satisfying v,z f€L,(— <=, =), we define

(2 E, = E"(vy: f) = Inf llog,,(f=8), n=0,1,....
We have for each v, g f€L,(— o, ),
(3) EP (v, 55 f) =0 (n— ).

It is known that there exists a unique

4 g.(x)=q,(f; x) = q,(L,; f; x) that EP(v,4: f) = |lv,, s(f—q)l,.

The polynomial g,(L,; f; x) is called the n-th polynomial of best approximation
of f(x) with the weight v, z4(x) in L,-space.
The characterization of

() EP (v, p: f) = O(n™)

by the integral modulus of continuity of f is due to professor GEzA FReuD [I].
In this paper of us, we give an alternative condition for (5) by the derivates of the
polynomials of best approximation. The analogue of our Theorem for trigonometric
approximation of periodic function is due to M. ZAMANSKY [6], G. I. SuNoucHI [5]
and for algebraic approximation to S. PAWELKE [4].
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Theorem. Let v,z fcL,(—=, ). Let r be a positive integer, and let y be
such positive real number, that (1—1/x)r—y=0. For the polynomial g,(f:x)=
=g,(L,; f; x) the following statements are equivalent:

(6) () EP(ty5 f) = 0.
(M) (i) 25,0, = OmA-12r=7),

PRrOOF. The proof will be based on the following inequalities:

1) For each real A there is a constant*) M, with the property that for each
sequence O<u,=u ., =...=u;, such that 2=u/u;_,=4 for k=i=l and for
each positive decreasing function ¢(u) defined for u=0,

lo‘|_l

I
(3 ,Zk uow) =M, 23 m+1)"1o(n).

n=[(1/2)u,]

(See G.G. LorenTz [4, p. 58—359])
2) By a not yet published result of Freud **) for each p,<P,, we have

(9) Hl'z.ppv(.””p ! M::l.'r.a. ﬂ'"{l” iy Iira.ﬁanp'

3) If f isan r-time iterated integral function of /1, and v, V€L, (=, =)
then

(10) EP (v, 5 ) = MD, . gnV2=||v, 5 fO) .
(See G. FreuD [1]).

a) (i)—~(ii): For n=1, let k be such integer, that 2*=n<2**', We have

3" (x) = [g(x) — gox (X)) + [ (%) — g1 (X)) + ... +
+[g:(¥) — ¢ ()N +[g1(x) — go (X))
For E,=E"(v,,; f), we notice that
(12)  |lvg,p(qei—qu-Dll, = 2Es-r (i=1,2,..., k), [v55(qs— 92, = 2Ex
Now, from (11), (9) and (12), using the inequality (8) we get
v, 59571, = M®,  p{nC =V 2Ep+ 280V DEy 1 . +20-VarE 4 2F,} =

(13)

(11)

k
= 2(1_U"'+1M}al.)r,a.p [‘Z‘; 2111—1!a}r£'2,+£-o] =
2k—1
= 2(1-1/ayr+ .:M;I.L."'_Mn' lz; (H— l)”‘”""lE; =
n—1
= 2(1—1.‘4:).r+2‘54&)"‘“"3ﬂ,fl_"l ,2 (f‘l‘ 1)(1-1)'@:--15‘_
=0

*) The M), . denote positive constants, which depend only on 4, p, ...
*#) Special cases are delt in [2]. The more general case was included in prof. Freud’s lectures
at the Szeged University in the year 1973/74.
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Hence follows that, if E;=O0(/~7), then since (1—1/x)r—1—y=>—1, we have

00,5047l = O(ra=aw=)
which was to be proved.

b) (ii) = () : If [|vg, s (N)ll, = An=Vor=y,
then from (10) we obtain
(14) 24,5420 () — Gul G2 I} = MG) 0 A-077
Furthermore, since g,[g.,(f)]¢P,, we have
05,5 {@en(f) = @ul@2a O 2 = 05, 6{f = G [Gea OO}, —
—|lvg, sf = g2 O, = EP(0,, 55 ) —EL (04,55 f)-
From (3). (14) and (15) we get

(15)

Ex = 2”, {Ezt—Egnl} = Mg]r.:.p'li' 2”' =iy — 0(2-.&.,.),
b=y =k

from which follows, that E,=0(n~7). This completes our proof.
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