On the functional equation f(x-+y)+g(xy) = h(x)+h(y)

By GYULA MAKSA (Debrecen)

1. Introduction

The following problem is due to Professor Z. DARGCZY (see [1]). Let R denote
the set of real numbers and let R, = {x|x¢R, x=0}. Find all continuous functions.
f.g. h:R,—R satisfying f(x+y)+g(xy)=h(x)+h(y) for all x,ycR,. This
equation has been discussed under other assumptions too (see [2], [3]), but its general
solution on R, has not been found. The purpose of this paper is to give the general
solution of the above mentioned equation on R, .

First, we shall solve the following problem:

A. Find all functions f: R, —R satisfying

(1 Sx+ay)=fx+)—flay+1) = f(y+ax)—f(y+2)— fax+1)

for all x, y,2€R,.

With the help of the solution of Problem A. we can easily give the solution of
our original problem which can be formulated as follows:

B. Find all functions f, g, i: R, —~R satisfying

() fx+p)+g(xy) = h(x)+h(y)
for all x, yéR,.
2. Problem A.

The following theorem will be important in view of the solution of Problem A.
Theorem 1. Let
S:R,-R, H:R,XR;-R, T:R,—+R
satisfy the equations
(a) Sx+y)—f(x) = H(x, »)+T (») (x,y€R,)
(b) H(x+y,z) = H(x,2)+H(y,2z) (x,y,2z€R,).

Then there exist
D:R,XR, —+R, B:R,—+R, CeR



26 Gy. Maksa

such that

(c) D(x,y) = D(y,x) (x,y€R,)

(d) D(x+y,z) =D(x,z)+D(y,z) (x,y,z€R,)

(e) B(x+y) = B(x)+B(y) (x,y€R,)

f) f(x)=D(x,x)+B(x)+C (xcR,).
PRrROOF. Let

F(x,y) = f(x+y)=f(x)=f(¥) (x, y€R,).
Since F is an additive deviation (see [4]) and by (a) we have

F(x,y) = H(x, )+T(»)=f(») (x,y€R,)
therefore

H(x+y,z2)+H(x, y)+T(y)—f(¥) = Hx,y+2)+T(y+2)—-f(y+2)+H(, 2).
According to (b) it follows that
(3) H(x,y)+H(x,2)+T(y)—f(y) = H(x, y+2)+T(y+2)=f(r+2z) (x,¥, z€R,).
After interchanging y and z in (3) we can see that
T)—f(y)=T()—f(2) (»,z5Ry)

and so there exists CER such that

4 I(y) =f(»)—C (y€R,).

It implies that

(@) fx+y)—fX)—f()+C = H(x,y) (x,y€R,).
Let now

D(x, y)=%H(x- ¥) and B(x)=%[4f(x)—f(2x)—3C] (x, y€R.,).

Then — by (@") — we get (c), furthermore (&) implies (d). Using (@¢’) and the
properties of D we obtain (e) and (f).

We remark that the converse of Theorem 1. is also true.

Investegating equation (1) we obtain the following result:

Theorem 2. Let f-R.—R be a solution of (1) and let x<R, be fixed,
moreover let

m, = max {—1 —a—a?, —2—a}, D, = {(u,v)|(u,v)€R% u=>-—1,0v>—a}

F,(u) = fu+1+a+ad) —f(u+2+a) (uclm,, =[).
Then

®) F,(y+0)+F,(0) = F,(0)+ F,(1)
holds for all (y,t)€D,.
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PRrROOF. Let
(6) xdy = f(x+ay)—f(x+a)—flay+1) (x,y€R,).
A simple calculation shows that

(1) xiy = yix (x, y€R,)

(E+1+a)a0+0+(Lr1)a2 = (Le1) a0+ 404050+ (©20ED)),
(7

Hence,
(y+l)&[%+l+a]+2i [—:?-{-l] — (y+2)o”t[%+l]+(y—+-l):'i(l+a) ((y, 1)eD,).

By (6) and the definition of F,, this implies that (5) holds for all (y, t)€D,. i
Now we use an extension theorem (see [5]) and we get the following result:

Theorem 3. Let f: R, —~R be a solution of (1) and let BER., be fixed. Then
there exist functions Ly, T:R, =R such that

(8) Ly(u+v) = Lyg(u)+Ly(v) (u,vER,)

and

Su+p)—f(u) = Ly(u)+T (B) (u<R,).
PrOOF. Let

Lﬂ,(f)= Frrﬂ—_—l(f)—Fy'm(O) (IE]’”Vm, """[).

Then — applying Theorem 2. — from (5) we obtain (8). It is known by [5] that there
exists one and only one function L;:R—R such that

Ly(u+v) = Ly(u)+Ly(v) (1, 0ER)
and

Ly(w) = Ly(w) (u€lmyze, =D).
Let

T@)=L(-2—Vt+1)+ Fr5(0) (t€R,).

If ucR, then u—2—yg+1 €lmyz—;, =[, therefore
Ly(w)+T(f) = Ly + Ly(—2—VB+ 1)+ Fgr5 (0) =
=L(u—2-VB+ 1)+ F5(0) =
= Ly(u—2—-Vp+1)+ Fpm0) =
= Fys@—2-YB+1) = f(u+h)—f(w). i
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Theorem 3. allows to apply Theorem 1. and so we get the following result as the
solution of Problem A.

Theorem 4. Let f: R, —R be a solution of (1). Then there exist additive functions
A, B:R,—~R and CcR such that

) f(x) = A(x*)+B(x)+C (x€R,).

Proor. Let T and L; be as in Theorem 3. and let H(x, y)=L,(x) (x, y)€R.).
Then f, T and H satisfy (@) and (b) in Theorem 1. Thus there exist

D:R.,XR,~R, B:R,—~-R, C¢R
with the properties (¢)—(f). By (f) we obtain from (1)
(10) D(x,ay)—D(x,a)—D(ay, 1) = D(ax, y)—D(a, y)—D(xx,1) (x,y,2€R,).
If we write x+1 instead of x in (10) and use the properties of D we obtain
D(x,ay)—D(x, o) = D(ax, y)—D(xx,1) (x,y,2€R}).
Combining this equation and (10) we get
(1) D(ay,1) = D(x, y) (o, yERY).

Let A(r)=D(t, 1), (t¢R,), then — by (11) — we obtain (9). “
We remark that the converse of Theorem 4. is also true.

3. Problem B.

The following theorem gives the solution of Problem B.

Theorem 5. Let (f, g, #): R, —~R® be a solution of (2). Then there exist additive
functions A4, B:R,—~R and ¢:R,—R with the property ¢(xy)=¢(x)+¢(y),
(x, y€R,) and C, C,, C;€R such that

) f(x) = A(x*)+B(x)+C (x€R,)
(i1) g(x) = e(x)—24(x)+C, (x€R,)
(iii) h(x) = A(X)+B(x)+9(x)+Cy (xER.).
PrOOF. Putting y=1 in (2), we obtain
(12) h(x) =f(x+1)+g(x)—h(1) (xcR,).

Thus (2) can be written in the form
(13)  fx+y)—f(x+1D)=f(+1) = g(x)+2(»)—g(xy)—2h(1) (x, y€R,).

By [4], it is known that the right hand side of (13) is a multiplicative deviation and
so we have (1). According to Theorem 4. (9) implies (i). Using (13) and (i) we get

(14) 24(xy)—24(x)—24(y)—24(1)—2B(1)+2Ah(1) = g(x) +g(y) —g(xy)+C.
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Let C;=2[h(1)—A(1)—B(1)]-C and

(15) o(x) = g(x)+24(x)—C; (x€Ry).
Then (14) implies that ¢(xy)=¢@(x)+@(y) holds for all x, y¢R. and by (15) we
C+C,

obtain (ii). Finally, let C,= s Then (12) implies (iii). H
We remark that if C+C,=2C, then the converse of Theorem 5. is also true.

4. Remark
The equations

AW = S~/ -g W+ (x¢R,)

¢(x) = h(x)=f()+C—C; (xER,)

derived from (i), (ii) and (iii) show that if the functions f, ¢ and & have some analytic
property on a certain subset of R, then — usually — the functions 4 and ¢ also
have the same property. For example, if the functions f, g and / are continuous at
the point x, (xcR.) or measurable on a certain measurable subset E of positive
measure of R, then both functions 4 and ¢ are continuous at x or measurable
on E, respectively. Thus there exist «, y€R such that A(x)=oax, ¢(x)=yInx
for all x¢R,, moreover by (i) there exists f€R such that B(x)=px forall xcR,.
In these cases, of course
Jf(x) = ax?*+fx+C

g(x) =yIlnx—2ax+C;

h(x) = ax*+Bx+yInx+C,
for all xeR..
The author would like to thank Professor Z. DArROczY for all his help.
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