Convergence of Hermite—Fejér interpolation
polynomial on the extended nodes

By V. KUMAR (Lucknow)

1. In 1969 BERMAN [1] proved a surprising result that the Hermite— Fejér inter-
polation process H,(f, x) of degree =2n-—1 defined by the conditions:

(]) Hn(f; xk)=f(xk)s H;(ﬂ xk)=0, K= ], 2,...,"

constructed on the nodes

2k—1
(2) N=1 x=Co8 5 T kE=1,2:3 .cnlt
or
-1
(3) Xe+1=—1, X=cos 3 T &) [y SN

diverges for a simple function f(x)=|x|at x=0, while according to the well known
result of FEJER [3] the polynomial H,(f, x) constructed on the nodes x, = cos 2k2; : n,
k=1,2,...,n, the roots of the Tchbycheff polynomial of the first kind, T,(x),
converges to a continuous function f(x) in [—1, 1]. Recently we [6] proved the
divergence of H,(f, x) for nodes (2) or (3) every where in [—1, 1].

The point system (2) or (3) is the extension of the Tchebycheff nodes by +1 or
—1 and the Tchebycheff nodes are best interpolation nodes. It appears due to the
result of BERMAN [1] that the addition of +1 or —1 in any system of nodes disturbs
the convergence of the Hermite—Fejér interpolation polynomial. In this paper we
show that this is not always true. We prove

Theorem 1. The Hermite—Fejér interpolation process H,(f, x) constructed on

;ﬁ;:n (k=0, ..., n+1) converges uniformly to f(x) in [-1,1],

when f(x) is continuous in [—1,1].

Theorem 2. The Hermite— Fejér interpolation process H,(f, x) constructed on

2n+1
Sf(x) is continuous in [—1,1].

the points cos

n (k=0, ..., n) converges uniformly to f(x) in [—1, 1], when

the points cos
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The proof of theorem 2 runs exactly on the same lines as proof of theorem 1.
So we omit the proof.
2. For our purpose we consider the system of nodes

2k—1

4 Xop1==1, x = cos
() n+1l k 2ﬂ'+l

TR N . 0y FPTRNEY

2k—1
The points cos —— T” are the roots of Jacobi polynomial P/~V*'?(x), which

is identical with

W,(x) = const [
satisfying the differential equation
) (1 =)W () +(1 =2x)W/(x) +n(n+ W, (x) =

It is well known that

cos (2n+ 1)9/2]
Cos sz x=cos@

. 1
W, (x) &x—x,
and
W) =W (X)W, (x) Z"
W2 (x) k=1 (x— xk)_
which give
n n(n+1)
© .g; {l+x,‘) 3 :
e 1
? —
) 2T =n(n+1)
®) 20 +x)W2(x) & 1 sin@n+1)0  cos*(2n+1)0)2
2n+1? & (x—=x) (2n+1)sind % (2n+1)*cos?0/2
and
2(14+x)(1 —x2)W3(x) Z", 5 (2sin20/2 —cos®*6/2)sin (2n+1)0
& Qn+1) & (x— x,,)2 e (2n+1)sin 0
+ (2cos 30/2 —cos ) cos*(2n+1)0/2
(2n+1)*cos®*0/2

3. Hermite—Fejér interpolation process H,(f. x) constructed on the nodes
(4) is given by

lA)
(1 +x)*W2(x)(1 —x,)
2n+12(x—x)*

To prove theorem 1, we need the following lemmas.

H,(f, x) =[1+2/3n(n+1)(x+1)]

(10)

+2 Z"'f(xa) l—%(-"—-"&)
k=1 Xk
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Lemma 1. Forany f€C and —1<=x<1

. 2(1+XWx) & f(xD _
) =Gt S

where
—1

ey e k=T T,

X; = COS

Proor. First, we prove this lemma, when f(x) is a polynomial. So it suffices
to take f(x)=x/. j finite integer =0. For ;=0 (11) follows at once from (8).
For j=1, we set

o 21+ x)W(x) & xi  2(1+x)WE(x) Z". {x—(x—x)} _
-~ Cn+1* Ex—x)  Qu+l)P S (x-x)
. 2+0WNx) f o X R e T :J-:}
T (2n+1) {kg'l (x_—"k)-i-ké igqu( APl 4
Since
n o i y j
> D JC(=1)i(x—x) x| = 2/n(27 1),
k=1 i=1
therefore,
e 2(1+x)W2(x)x & 1 | _ 200 +x)W3(x)2/n(2' -1)
o 2n+1)2 et x—xl 2n+1)2 ;
Hence
lim A, = 0,

owing to (8) and the inequality (1 +x)W7(x)=2.
Now, let f(x)cC. We know that for &=0, there exists a polynomial P(x)
such that
|f(x)—P(x)| <e for —1=x=1.

Setting
_ 20+ (x) & S
RO =G & -
we get
(12) IR,(f)| = |R,(f—P)|+|R,(P)|.

Since (11) holds, when f(x) is a polynomial, therefore there exists a number
N such that

(13) |R,(P)) <e for all n= N.

3D
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Further

(14) R,(f—P) = 20T 4 [f)—PCx)] _

2n+1)* & [x — x|
_ 2040 § Ix—xl _ 400X & 1

2n+1) & (x—x)* — @n+1)} & x-x)
S { 1 (2sin*0/2—cos’6/2) sin (2n+1)0 2(cos‘8/2-cos&)cos‘*(2n+1)6/2}
7 |sin%6 (2n+1)sin®*6 (2n+1)?sin? 6 cos 62 !
—l<x=<l.

Hence from (13), (14) and (12) it follows that
lim R,(f) = 0.
Thus lemma 1 is proved.
Lemma 2. For any fcC and —1<=x<1

(15) im 204+ DA X)W x) 3 f(x)

o 2n+1) 2 ey gl

where

2n+1 n

PROOF. As in the proof of lemma 1, it is sufficient to prove (15) only for f(x)=xJ,
j=0,1,2,.... For f(x)=1, (15) follows atonce from (9). Further let f(x)=x, then

_ 21401 & x

X3 = COS m o) e

B,

Q2n+1) &=
. 2(1+x)(1—x2)w:3(x){ R T W }
- (2n+1)? =1 (x—x) S x—x)’

Hence
lim B,, = x
o

owing to (8) and (9).
Now, let f(x)=x/, j=2. Then

B 214+ 2)(1 =x)WX(x) & x|
4. e

2n+1) =1 (x—x)®
_2(14+x)(1 =x3)W¥(x) Z", {x—(x=x)yY _
g (2n+1)? = (e=x)r
_204+x)A=x0x) | & X -
L (2n+1)* {kgl' (x—x,)* | (x_-\'t)+

+ 2 ZJ'J'C.-(—I)‘x"“(x—xk)“z},

k=1 i=2
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which gives
204+ x)(1 =x)W3(x)x! =2 1
(2n+1)? k=1 (x—x)?

Bjy— +

2(1+x)(1=x)Wi(x)jx) =1 & 1
* 2n+1)* Kol X— Xy

< 2(1+x)(1 - —x)WA(x)
(2n+1)?

=

kzl'g; JCi(—1)x?=i(x— x, )i~ l
But

n o j
2 2 JC(— 1)‘x"*(x—xk)*‘2’ < 2-%n(2-1-j),
k=1 i=2

therefore,

29(14+x)(1 =x)W2(x) & 1
(2n+1)* =1 (x—x)?

_ 27@ 1)) +0)(1 -3 W)
Qn+1) '

—

B, —

2 1+ ) (1 =)W x) & 1
(2n+1)* =1 X=X,

Taking limit, we get

,'l]-rll B}” e xJ
owing to (8), (9) and the inequality (1 +x)W2(x)=2.

Thus we have proved that (15) is true when f(x) is a polynomial. Further by
repeating the arguments as in the proof of lemma 1, we can prove that (15) is true for
arbitrary f(x)€C[-1, 1].

Similarly we can prove

2k—1

3 +lT’ 7 M SR

Lemma 3. For any f€C and x,=cos

&Sfx)  f(=1)

{ i & Ts - 12
and
& Jx) _ S()
ol o ey P e b
PROOF of theorem 1. From (10), we have
W,
H,(f,x)=[1 +%n(n+ D(x+1)] ng(-x;) =D+
(18) :
2(1+x)*Wi(x) —Xi
3 (2n+1)2 IlZlf( l){(x xk)z (x—x,)(l-i-x‘) "
Since

_ ]_ (1—-x2) x 1
Jr.)2 G=-x)A+x)] ~ =—x)  x—-x 1+x’

(1+x)[(

3
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therefore,
7. WA (:
(19) H,(f, %) = [1+5 n(n+ D (x+1)] (?_n—fl))?f(— 1) -
2+ 0)W2(x) & fx) | 2001 +x)W3(x) {(1_ %) Z'L Sf(xd) : f(xk)}
2n+1) El+x, 2n+1) (x— Y,‘) = ox—x)°
Now taking limit, we get
(20) ”15.12 H,(f, x) =..I!.r2 [l+%n(n+l)(.\'+l)] (;Vj.?)z f(=
21+ )WiH(x) & f(x) . 2(0+x0)(1=x)WHx) & f(x)
e PRI Tin T Qn+1) AT

;. 2x( W) & S
+l!!-r£1 (2ﬂ‘+‘i)2 k=1 X—X; =

f( . 2 f(xa)
G lZ ey

. 2(1+X)(1 =x)W(x) & S(x) . (+X)WPx) & ()
+,!‘!.[E (2H+1)2 k=1 (x—xk}" +2x"l!'n°“l’ (2"+’)2 k=1 X _-"k'

hm (1 +x)W3(x)

Applying lemmas 1 — 3 to (20), we get
}_i.nl H(.x)=f(x) for -l<x<1
owing to the inequality (1+x) W;}(x)=2. Again putting x=1 in (10), we have

SCD 4 w4 5 S
Cnr1)E T @n+lE S T—x, @n+lpE & T+

HAL ) = [I+%n(n+l)]
(21

Taking limit, we get

f( 1) 4 S 4 /0w
llm H/(f, 1) =——+ llm Gntle kZ; (i, nan; Gn+i) S T+x,’

which with the help of lemma 3 gives
lim H,(f. 1) = f(D).

This proves theorem 1 for x=1. For x=—1 theorem 1 follows from continuity.

4. Quasi-Hermite-Fejér interpolation process Q,(f. x) defined by the con-
ditions:

O.(f, 1) =f(), Q.(f, =1)=f(-D),
O.(fix)=f(x), O(fix) =0, k=1,2,..
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is given by

b s Jett 2 W(x) LA
R [' +{ = W (%) } "‘"‘*’] [W.’ A=Al

One can easily prove the following.

Theorem 3. The quasi-Hermite-Fejér interpolation polynomial Q,( f, x) given
by (22) constructed on the zeros of Jacobi polynomial P{~**V® (x) or PM% =12 (x)
converges uniformly to f(x), when f(x) is continuous in [—1, 1].

I am grateful to DRr. K. K. MATHUR for his help and guidance in the pre-
paration of this paper.
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