Integrability conditions of a structure f,
satisfying /°—72*f= 0

By M. D. UPADHYAY and V. C. GUPTA (Lucknow)

Summary: Yano [2] has obtained certain results on a structure defined by a tensor field
f(f = 0) of type (1,1) satisfying f*+/f = 0. Ishihara and Yano [1] have obtained its integrabi-
lity conditions. Now we propose to obtain integrability conditions of a structure f, satisfying
f*—A*f =0, where /. isacomplex number not equal to zero.

In section 2, we have studied the Nijenhuis tensor of f,—structure and deduced some of
its properties. In sections 3 and 4, we have obtained the conditions of partial integrability and
integrability of this structure in terms of its Nijenhuis tensor.

1. Preliminaries: Let M" be an n-dimensional differentiable manifold of class
C*= and let there be given a (1,1) tensor field f (f#0) of class C* satisfying:

(1.1 f3-if =0,

where 4 is a complex number not equal to zero.
Let us define the operators s and ¢ by

- -,

I denoting the identity operator. Then we have

Theorem (1.1). For a tensor field f=0 satisfving (1.1), the operators s and
t defined by (1.2) and applied to the tangent space at a point of the manifold are com-
plementary projection operators.

Proor. By virtue of (1.1) and (1.2), we have

s+t =1
1 2 £2 s
-2

SN R

T T

Which proves the theorem.
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Let S and T be the complementary distributions corresponding to the pro-
jection operators s and ¢ respectively. If f is of constant rank r, then the
dimensions of S and 7 are r and (n—r) respectively. We call such a structure
a f,-structure of rank r and the manifold M" with this structure a f,-manifold.

Theorem (1.2). For a tensor field f+#0 satisfying (1.1) and the operators s and
t defined by (1.2), we have

f=sf=f fi=1f=0.
Pe=m 'y FPreift=

ie. f actson S as a n-structure operator and on T as a null operator.

(1.3)

ProOF. By virtue of (1.1) and (1.2), we have

f

p=g=ill) =L=r

5 = FL ) = =408,

2
fi=i=r-s(%) =o.
frr=1*=f(ft) =0.
Hence the result.
Corollary (1.1): The f,-structure of maximal rank is a =-structure.

Proor. If the rank of f=n, then dim 7=0 and dim S=n. In this case,
t=0 and s=1I.
Hence f satisfies:
I—-(f/A)?* =0,

Fioa2r=0.

1.c.

Hence the result.
2. Nijenhuis tensor of f,-structure:

For convenience henceforth, we will write / in place of f;-structure. Then the
Nijenhuis tensor N(X, Y) of f is

(2.1 N(X,Y) = [fX, fY1-f /X, Y-S X, fY]+f?[X, Y],
i.e.
(22) N(Xs Y) = [fX¢ fY] _hf[.sz Y] _f[Xs fY]+;'25[Xv Y]’

in consequence of (1.2).
Equation (2.1) can also be written in the form

(2.3) N(X,Y) = N(sX,sY)+ N(sX,tY)+ N(1X,sY)+ N(tX, 1Y),

in consequence of (1.3).
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Theorem (2.1). We have the following identities:

(2.4) N(tX,tY) = s- N(tX, 1Y) = 2%s[tX, Y],
(2.5) t-N(X,Y) = t-[fX, fY],

(2.6) t-N(sX,sY) = t-[fX, Y],

@2.7) t-N(fX, fY) = Mt-[sX, sY].

ProoOF. The proofs of (2.4) to (2.7) follow by virtue of the equations (1.2), (1.3)
and (2.2).

Theorem (2.2). For any vector fields X and Y, the following conditions are
equivalent:

(i t-NX,Y)=0,
(ii) £- N(sX,sY) = 0,
(iii) t-N(fX, fY) = 0.
PRrROOF. In consequence of (1.2), (1.3) and (2.2), it can be easily proved that
N(sX,sY)=0 ifandonlyif N(fX,fY)=0,

for all vector fields X and Y.

Thus, by virtue of (2.5) and (2.6), the conditions (i), (ii) and (iii) are equivalent
to each other.

The Lie derivative Ly f of the tensor field f with respect to a vector field Y is,
by definition, a tensor field of the same type as f given by

(2.8) (Ly /)X =fIX. Y]-[fX.Y].
Then by virtue of (1.3), (2.1) and (2.8), we have
(2.9) N(sX,tY) = f(Ly f)sX = f{s(Ly f)sX},
i.e.
(2.10) [ N(sX,tY) = As(L,y [)sX,

in consequence of (1.2).
3. Integrability conditions:

Theorem (3.1). For any two vector fields X and Y, the distribution T is inte-
grable if and only if

(3.1) N(tX,tY) = 0,
which is equivalent to

(3.2) s-N(tX,tY) = 0.
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Proor. The distribution T is integrable if and only if
s+ X 1Y) =0,
for any two vector fields X and Y. Thus, by virtue of (2.4), the theorem follows.

Theorem (3.2). The distribution S is integrable if and only if any one of the
conditions of theorem (2.2) is satisfied.

ProoFr. The distribution S is integrable if and only if
t+[sX,5Y] =0,

for any two vector fields X and Y. Therefore, by virtue of (2.7), the theorem
follows.

Theorem (3.3). For any two vector fields X and Y, the distributions § and
T are both integrable if and only if

(3.3) N(X,Y) = s- N(sX, sY)+ N(sX, t¥) + N(tX, sY).
ProOF. By virtue of s+r=1, equation (2.3) can also be written as
(3.4) NX,Y) = 5s-N(sX,sY)+1t- N(sX,sY)+ N(sX, tY) +
+ N(tX, sY)+ N(tX, tY).

Thus by virtue of (3.1), (3.4) and theorem (3.2), we get the result.
Now suppose that the distribution § is integrable and take an arbitrary vector
field X, tangent to an integral manifold of S. Let us define the operator f, as

follows:
f«XI =le°

Thus by virtue of theorem (1.2), the induced structure f, is a n-structure on each
integral manifold of S.

Let us denote by N, (X,, Y,) the vector valued 2-form corresponding to
the Nijenhuis tensor of the =z-structure induced from f;-structure on each integral
manifold of S and for any two vector fields X; and Y; tangent to an integral
manifold of S. Then we have

(35) N*(XI’YI)=[f*xlif#yl]_f$[f*xl’yl]_
_ft[Xlif»tYl]'l"'F[Xl!Yl];

from which in view of (2.1), it follows that

(3.6) N(sX,sY) = N,(sX, sY)

for any two vector fields X and Y in the manifold.

Definition (3.1): We say that the f;-structure is partially integrable if the dis-
tribution § is integrable and the n-structure f, induced from f on each integral
manifold of S is also integrable.
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Theorem (3.4). For any two vector fields X and Y, a necessary and sufficient
condition for the f;-structure to be partially integrable is that

3.7 N(sX,sY) =0,
which is equivalent to
(3.8) N(fX,fY)=0.
Proor. For any two vector fields X and Y, N(sX,sY)=0 if and only if
N(fX,fY)=0. Therefore, by virtue of (3.6) and theorem (3.2), we obtain the result.

Theorem (3.5). For any two vector fields X and Y, a necessary and sufficient
condition for the distribution 7 to be integrable and the f;-structure to be parti-
ally integrable is that

(3.9) N(X,Y) = N(sX,tY)+ N(tX, sY).

Proo¥. The proof of the theorem follows by virtue of the equations (2.3), (3.1)
and (3.7).

4. The condition N(sX,tY)=0.

Theorem (4.1). The tensor field s(L,y f)s vanishes identically for any vector
field 'Y if and only if

(4.1) N(sX, 1Y) = 0,

Sfor any two vector fields X and Y.

Proor. The proof of the theorem follows by virtue of the equations (2.9) and
(2.10).

When both distributions S and 7' are integrable, we can choose a local coor-
dinate system such that all § are represented by putting (n—r) local coordinates
constant and all 7 by putting the other r coordinates constant. Such a coordinate
system will be called an ‘adapted coordinate system’.

It can be supposed that in an adapted coordinate system, the projection op-
erators s and ¢ have the components of the form:

L 0 00
2 “:[0 0]’ ’=[0 !]

respectively, where 7, is a unit matrix of order r and I,_, is of order (n—r).
Since f satisfies: fs=sf=f and fr=1f=0, the tensor f has the components
of the form
1 0]

(4.3) [= 0 0

in an adapted coordinate system, where f, is a square matrix of order rXr.
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Thus, the Lie derivative L,y f has components of the form

L0

for any vector field ¢Y in T.

Theorem (4.2). For both distributions S and T being integrable, the local com-
ponents of the f,-structure are functions independent of the coordinates which are con-
stant along the integral manifold of S in an adapted coordinate system if and only if,
for any two vector fields X and Y

(4.5) N(sX, 1Y) = 0.

PRrROOF. Let us assume that N(sX, tY)=0 for any two vector fields X and Y.
Then from theorem (4.1), the tensor field s(L,yf)s vanishes identically for any
vector field Y. Hence we have

Lyf=0, and therefore L" = 0.

Which implies that the components of f are independent of the coordinates which
are constant along the integral manifold of the distribution S in an adapted coordinate
system.

Conversely, if the components of f are independent of these coordinates, then
L’=0. Therefore the tensor field s(L,y f)s vanishes identically for any vector field
Y. Hence N(sX, tY)=0 for any two vector fields X and Y.

Theorem (4.3). Suppose that the distributions S and T are both integrable
and that an adapted coordinate system has been chosen. Then the components of f

are independent of the coordinates which are constant along the integral manifold
of S if and only if

(4.6) N(X,Y) = s- N(sX, sY),

for any two vector fields X and Y.
ProOF. The proof of the theorem follows by virtue of (3.3) and theorem (4.2).

Definition (4.1) We say that the f,-structure is ‘integrable’ if
(i) the structure f, is partially integrable: i.e.,

N(sX,sY) = 0;
(ii) the distribution 7T is integrable: i.e.,
N(tX,tY) =0; and

(iii) the components of the f,-structure are independent of the coordinates
which are constant along the integral manifolds of S in an adapted coordinate system.
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Theorem (4.4). A necessary and sufficient condition for the structure f, to be
integrable is that

(4.7) N(X,Y) =0,
for any two vector fields X and Y.

Proor. The proof of the theorem follows from the theorems (3.1), (3.4) and (4.3).
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