Multiplicative congruences on matrixsemigroups

By R. PUYSTIENS (Gent)

In memorian of Andor Kertész

Let R be a ring with unity and M,(R), n=1, the matrixring with unity E
over the ring R. The group of units of R and M,(R) will be denoted by G(R)
and GL,(R) and the elementary matrices of M,(R) by D,(a), T,(b) and P,;
psqc{l,2,...,n}. The matrix E, represents a matrix with 1 as (p, g)-component
and every other component zero. '

Let % be the set of all multiplicative semigroup congruences é on M,(R) such
that the factorsemigroup M, (R)/é is commutative and 2 the set of all multiplicative
semigroup congruences ¢ on M,(R) such that T,,(b)~ E(c) forall p, qgefl, 2, ...
....n} and for all b of R.

Lemma 1. T,.(b) is a groupcommutator of GL,(R) for all bER and for
pifg—1,q+1}.

PRrOOF. It can be checked that for pc {g+2, ¢+3, ...}

T 0y = XX =2y
in which
X= Tp—vl.q(_b)'l-Ep.p—l

Y="T,_1,40)
and for pe{...,q—3,9—2}

Tpe(b) = 23 & dach £ais
where
X= Tp+1,q("b)+ p.p+1

Y= Tp1.e®)

Lemma 2. Let R be a ring with an element a such that {a, (1 —a)}= G(R)

then T,_, . and T,., . are groupcommutators in GL,(R)

PrOOF. It can be verified that for pc{g—1,g+1}
Tpe(b) = XYX-1Y-?
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where
X =Tp((1—a)~"-b)

Y = D,(a)
From lemma | and lemma 2 one deduce immediately the following

Theorem 1. If R is a ring containing an element a such that {a, (1—a)}< G(R),
then €S 2.

In the following we consider only rings R such that the multiplicative semi-
group R and the matrixsemigroup M, (R) are semigroups with separating group
part [1], p. 256. We denote by

— D,(R), D, P and TL,(R) respectively the sets {D,(r)|ré R}, UD,(R), {P,lp,
ge{l,2...,n}and {7, (r)|r€R and p, g€ {l, 2, ..., n}}

— M, (R) the multiplicative subsemigroup of M,(R) generated by the set DUPU
UTL,(R)

— GL,;(R) the group of units of M,’(R) with commutatorgroup CL; (R).

— @ the empty set.

Lemma 3. 7L,(R) is an admissible set, [2] p 178] in M, (R) and an invariant
subgroup of GL,;(R) containing the commutatorgroup CL;(R) of GL;(R).

PROOF. We have to prove that for all matrices 4 of GL;(R)
(1 ATL,(R) =TL,(R)A
Since
Dq(r) =P1q'Dl(r)'qu
Ppg = Tpg(1) Top(— 1) e Tpe(1) - Dy (— 1)
(1) reduces to

(2) for all r belonging to G(R):D,(r)TL,(R)=TL,(R)D,(r) which follows from
the identities

(3) D,(a) T, (b) = T,(b)-Dy(a) if p#r and p#s
D,(a)-Tps(b) = Ty(a-b)-D,(a) if p#s
Dy(a)-T,,(b) =T, (b-a~")-Dy(a) if r#p
For all p,gc{l,2,...,n} and for all a, bcG(R) we have
PpeTL,(R) = D,(—1)TL,(R)
D,(a)TL,(R) = D,(a)TL,(R)
D,(a-b)TL,(R) = D,(b-a)TL,(R)
and hence, for all 4, BEGL;(R):
ABTL,(R) = BATL,(R)

and

Suppose that
ATL,(R)B N TL,(R) # 0 with A, BcM,;(R)
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or, equivalently
ATL,(R)BNTL,(R) # 0 with A,B<GL;(R)

or,
ABTL,(R) NTL,(R) #0 with A,BcGL;(R)
Then
ABTL,(R) S TL,(R)
or

ATL,(R) B = TL,(R),

from which we may conclude that 7L,(R) is an admissible set in the semigroup
M, (R).

It is well known, see [2], p. 179, that every semigroupcongruence & on the
multiplicative semigroup M, (R) which admits 7L,(R) satisfies the relation

@ «C*T S & S BC

in which
o = (TL,(R)XTL,(R)) U {(4, A)[| A€ M,/ (RNTL,(R)}
B = (TL,(R)XTL,(R)) U (M, (R)\TL,(R) X M,7 (R)\TL,(R))
and
«C*T = the unique minimal congruence containing o

BC = the unique maximal congruence contained in f.

Definition. A semigroupconvergence o satisfying the relation (4) will be called
a T-congruence on the multiplicative semigroup M, (R).

Theorem 2. If 6 is a T-congruence on the multiplicative semigroup M, (R)
then the factorsemigroup M, (R)[0 is commutative and there exists a semigroup-
congruence o on the multiplicative semigroup R such that M, (R)/ is isomorphic
with R/p.

Proor. If A and B represent any two clements of M,’(R)/6 then A contains
a matrix of the form D,(a) and B contains a matrix of the form D,(b) for which

D,(a)+ D,(b) = D,(b)- Dy(a)
and hence
A-B=B-A.

The restriction of the semigroupcongruence & to the subsemigroup D,(R) of
M, (R) induces a congruence ¢ on the multiplicative semigroup R of the ring R
since the multiplicative semigroup R is isomorphic with D,(R). The stated semi-
groupisomorphism follows from the fact that each class of M, (R)/d contains
elements of D,(R).

If M, (R)#M,(R), then one can introduce the following equivalence relation
¢ on M, (R):

X~ Y(O') = ngnnxl,rr(lh Xa n(2)s voos Xp,mlm) ™
3

e gsgn j'll:'yl,st'(l): Yo, a7 (2)s o0 yu.s'(n)(g)“'
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in which 7= and =" are permutations on the set {1,2,...,n} and g the semigroup-
congruence on R of theorem 2.

Theorem 3. If the associated semigroupcongruence ¢ on R of a T-congruence
& on M, (R) is also a ringcongruence on R, then the relation ¢ on M,(R) is a
semigroupcongruence.

Proor. The result follows from the fact that the factorring R/¢ is commutative.

Examples
1. Matrixrings over division rings.

The multiplicative semigroup M, (L) over a division ring L is a semigroup
with separating group part. Moreover M, (L)=M, (L) and by theorem 1, the set
TL,(L) is an invariant subgroup of the group GL,(L) containing the commutator-
group CL,(L) of GL,(L) which is a well-known result since for n=2 and for
n=2 with L={0, 1} one has TL,(L)=CL,(L). For n=2 together with L={0, 1}
one has CL,({0, 1})& TL,({0, 1}). Moreover, there exists a semigroupcongruence
o on M, (L) which admits 7L,(L). By theorem 2, there exists a nontrivial semi-
groupcongruence ¢ on the division ring L such that M,(L)/d is semigroup-
isomorphic with L/p. Since L/p is a group with zero, the factorsemigroup M, (L)/é
will be also a group with zero and with unity 7L,(L). By the results of P. Dubreil,
[2], p. 182, & must be unique and be equal to

Rrp ) = {(4, B)¢ cart® M,(L)| AXETL,(L) < BXcTL,(L), ¥X&M,(L)}

It is clear that, unless n=2 together with L={0,1},é will be the semigroup-
congruence determined by the determinantmorphism defined by J. Dieudonné [3],
for which GL,(L)/CL,(L) is groupisomorphic with G(L)/C, in which CL,(L)
represents the commutatorgroup of the group GL,(L) and C the commutator-
group of the group G(L). In the case n=2 together with L={0, 1} it can be
proved that M,({0, 1})/6 is semigroupisomorphic with the group with zero
{0, 1, x||x2=1}.

2. Matrixrings over commutative rings.

Let R, be any commutative ring. The multiplicative semigroups R, and
M, (R,) are semigroups with separating group part. By theorem 1, the subset 7L,(R,)
of the matrixring M,(R,) over a commutative ring R, is an invariant subgroup
of the group GL;(R,) containing the commutatorgroup CL;(R,) of GL;(R)
and TL,(R.) is an admissible set in M, (R.). Every T-convergence & admitting
TL,(R,) satisfies the relation «C* TE&E pC. The T-congruences xC*T and fSC
on M. (R, can be characterised as follows.

Let Jdet, denote the semigroupcongruence associated with the restriction
det, of the determinant on M, (R,).

Proposition 1: aC™ T=det,

ProoF. Clearly TL,(R,)Sdet;{l}={McM, (R)|det M=1} Conversely, let
A be a matrix of M,’(R,) such that det, A=1. From (3) it follows that 4 can be
written as a product of 7,,(b)-matrices and a diagonalmatrix diag (ay, @ss, .-+, @)
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n
with /] a;=1. This diagonalmatrix will be called an associated diagonalmatrix D,

i=1
of the matrix 4 of M,’(R,). This matrix D, also belongs to 7L,(R.) since D,
can be written as a product of matrices of the form D;(r)-D;(r~') for which D;(r)-
*D;(r )=T;;(r)Tj;;(1—r=")T;;(—1)- T;;(1—r) Therefore A belongs to TL,(R,).
This means that «C*TC det, C BC*T and it remains to prove that det, CaC*T.
Let (A, B)ccart* M7 (R,), then from A~ B(det,) it follows that det,4=det,B
and D,(det,A)=D,(det,B). If D, and Dy represent respectively associated
diagonalmatrices of the matrices 4 and B then clearly D ,~A4 (xC*T) and
Dy~ B («xC*T). Since also D,~D,(det,4) (xC*T) and Dz~ D,(det,B) (2zC*T)
we obtain D,~ Dg(xC*T) and finally A~ B(xC*T).

Proposition 2. If R. is a commuitative ring then the unique maximal congruence
admitting TL,(R.) of M,(R.) equals the Dubreilcongruence associated with the set
TL.(R.).

Proor. Since 7L,(R.) is a normal divisor of GL,(R,) and co (GL;(R,)
a primesemigroupideal of M, (R,), the partition determined by the cosets of 7L,(R,)
in GL;(R.) and the set co(GL,(R,) determines a congruence & on M, (R,)
such that M, (R,)/é will be a group with zero. Therefore  must be the Dubreil-
congruence associated with the set 7L,(R.). It is the unique maximal congruence
admitting 7L,(R,) since any congruence which is greater than & will be the trivial
congruence on M,’(R,).

Corollary 1. Any T-congruence on M. (R, is greater than the determinant-
congruence det, and smaller than the Dubreil-congruence associated to the set
TL,(R.) in MS(R,).

Corollary 2. If Ry denotes an Euclidean ring then M, (Rg)=M,(Rg) and
therefore one has : any T-convergence on M, (Ry) is greater than the determinant-
congruence det and smaller than the Dubreil-congruence associated to the set
TL,(R,) in M,(Rp).

The multiplicative congruence @ on R corresponding with the multiplicative
congruence det, on M, (R,) consist of the diagonal 4 of cart® R and therefore
is a ringcongruence on R By theorem 3 the relation

X ~Y(o) = 2 SEN T Xy £(1)s X2,7(2)5 =+os Xp 2 () =

n

’,
o ngnn X127 (1) * X2, 07 (2)5 «++3 X, =" (n)
n

must be a multiplicative congruence on M,(R,) which is indeed the case since it is
the multiplicative congruence associated with the determinant on M, (R,).
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