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On the form of some solutions of a linear iterative
functional inequality of n-th order

By BOGDAN CHOCZEWSKI (Krakéw) and MARIA STOPA (Krakéw)

Abstract. Three representation theorems are proved for continuous solutions of
a linear iterative functional inequality (1) of n-th order, with constant coefficients.

1. Introduction

We consider the following functional inequality with constant coeffi-
cients:

(1) V1(f™(2) + an—1p1 (f" N (2) + ...+ aor(x) <0

where 1) is an unknown function and f* denotes the i-th iterate of a given
function f. The paper contains three theorems of the representation type
for the inequality (1) concerning its continuous solutions. They are based
on results from paper [3] obtained for the inequality of second order of
type (1) (with some special functional coefficients).

We assume the following hypotheses:

H) f:I—-1I,1=10,a), a>0,fiscontinuous and strictly increasing
onl and 0 < f(z) <z, x € I\{0}; a; €R, i=0,...,n—1.

The polynomial:

(2) wWp(A) = A" + an_ A" a X+ ag

is called the characteristic polynomial of the inequality (1). Denote by
A1, ..., A the roots of this polynomial.

If ¢/ :— Ris a solution of inequality (1), then the function ¢5 : I — R,
given by the formula

3) () = 1 (f(2)) = My (2)
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satisfies the inequality of (n — 1)st order:

(4 2" (2) + b2t (F (@) + .+ botpa(z) O, wel

where by, ..., b,,_o are the coefficients of the polynomial obtained on di-
viding polynomial (2) by (A — A1):

A=A £, oA 2 b)) = wa(N).
In turn, introducing the functions ; : I — R:

Yi(x) = Vi1 (f(r)) = Nic1i—i(z), (i=3,...,n)
we get the following system

V1(f(x)) — M (@) = a(w)

(5) :
wnfl(f(x)) - )\nflwnfl(x) = wn(x)

7/}n(f(x)) - )‘nd}n(l‘) <0

which is equivalent to inequality (1), in the following sense: if ¢ is a
solution of (1) then the system of functions (¢4, ... ,1,) satisfies (5); and
conversely, given a solution (¢1,...,%,) of system (5), the function
satisfies inequality (1).

2. Preliminaries

In this paper we shall consider the following two cases concerning the
roots of the characteristic polynomial (2)

(I) I>|N| >N >0,i=1,...,n—1; M ER

(II) ‘)\1’2|/\2‘ZZ‘)\I€’>17 ‘)\k+1|:-~:’/\k+l|:1
I1>N>M>0,i=k+1+1,....n—1; \gryr1 €R
1<k+l<n, kile{l,...,n—1}.

Note that in both cases complex roots of (2) are allowed and that in the
case (II), we practically classify only the roots according to whether they
are either outside, or on, or inside the unit circle.

In the sequel we shall use the following notions and notations.
1. A function n : I — R is said to be f-decreasing iff

n(f(x)) <n(zx), zel
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2. For a given solution 11 : I — R of (1) let ¢, : I — R be the function
corresponding to (defined by) this ; via system (5). By ¥, we denote
the family of solutions to (1), which are asymptotically comparable (at the
origin) with a solution qg : I — R of the Schroder equation

(6) o(f(x)) = Mno(z), zel

The definition of ¥,, follows:

v, = {1/11 : I-R; ¢, >0 in I and there exists a ¢ : IR satisfying (6)
¢(xz) > 01in I\ {0} such that hm 121((33) + 0}.

3. Casen = 2

The case of n = 2 in (1) is a special case of the inequality that has
been considered in [3]

(M) (2 (@) = A (@) + u(@) D1 (f (@) + Ma)u(z)yr(z) <0

where 91 is an unknown function, g, A and f are given functions, f2
denotes the second iterate of the function f. Indeed, putting in (7) A(z) =
A1, p(x) = Ao where Aj, and g are the roots of the polynomial (wy(A) =
A2 + a1 + ag), we obtain (1) with n = 2. In what follows we shall make
use of the following results adapted from [3] to the case of n = 2 in (1).

Lemma 1. Assume (H) to hold and let ¢ : [ — RT be a continuous
solution of equation (6) (with n = 2) and let

(7) 0< X< |M|<1.

Then each function:
(8) ¥ () Z s vel
)\Z+1 27

(wheren : I — R is a continuous, { f }-decreasing function) is a continuous
solution of the inequality (1) (with n = 2).

Lemma 2. If (H) and (i) hold and v € W,, is a solution of (1), then
(a) There exists the function ¢q : I — R given by:

9) po(z) = hm o (f7 () A5 rel



32 Bogdan Choczewski and Maria Stopa

where 1)y is the function defined by (3), and this function is continuous
in I, satisfies equation (6) (n = 2) and ¢o(x) > 0 in I \ {0}.

(b) There exists the limit:
(10) tim [ (@), 60 (2)] = (A2 — A1)~

where ¢ is given by (9).

(c) If 1y € W4 is a solution of (1) (with n = 2), then there is exactly
one {f}-decreasing and continuous function n : I — R*, n(0) = 1, such
that 1y is given by (8) (with ¢2 replaced by ¢o(x), defined by (9)).

4. Case (I)

We start with the case (I) of all the characteristic roots of (2) in abso-
lute value less than unity. The following theorem corresponds to Lemma 1.

Theorem 1. Assume (H) and (I). If ¢, : I — R is a nonnegative
solution of (6) then every function ¢ : I — R given by:

i1t Fin—1
@) = ()o@ S Y Y e S

’Ll-i-l
Zl =0 ’Ln 1= 0A

n—1
(11) rel

(wheren : I — R is a continuous, { f }-decreasing function) is a continuous
solution of inequality (1).

ProoOF. To start the inductive proof let n = 2. Then the Theorem
reduces to Lemma 1, cf. (8).

Assume the assertion is valid for inequalities (1) of order n — 1. To
prove that it is also for inequalities of n-th order, it is enough to check
(cf. Section 2) that the function vs(z) : I — R given by (3) satisfies
inequality (4). We calculate

Ya(z) = 1 (f(2)) — Mepr ()
_ (_1)n+1 Z Z 77 f’Ll+ Fin— 1+1( )))\i1+...+in,1

Zl+1 Z'n, 1+1
AatLL L\

’LlO 'Lnlo

n(fot (@)
B )‘l(bn Z Z )\11+1 . )\Zn 1+1 >\”

11=0 ip—1=0 n—1
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i1+ tin—1 ) )
S ) DD SR S

i1=112=0 i —1=0 n—1

) o) 77 fzz—‘,- A1 T i i1
_¢n Z ( )) )\n+...+ n—

io+1 in—1+1
2=0 in—1=0 )\ st )‘nfl
> x> i1+ i1
— Z Z Z n(f () it Fin—1
n )\7,1+1 .A’Ln 1+1°"m
i1=112=0 in—1=0 o n—1
it tin—
Z Z n(f" '(z)) \i2 e Fin 1
)\ZQ-‘rl ')\Zn 1+17n
i2=0 ip—1=0 n—1

since the first and the last expression in brackets cancel each other. Thus
the function 1)y is given by (11) (with n replaced by n — 1), therefore, by
the induction hypothesis, it satisfies inequality (4). According to (3), the
function 1 satisfies inequality (1).

To proceed further, we need the Lemma corresponding to Lemma 2
(a) and (b). This is our

Lemma 3. Assume (H) and (I). If )y € W,,, then there exist:
— the function (with v,, generated in (5) by 1)

(12) dolw) = lim [0, (F@)AT], wel

which satisfies equation (6), is continuous in I and positive in I \ {0}.
— the limit

(13) lim [1)y () /o (= [[

PROOF. For n =2 our Lemma is just Lemma 2 (a) and (b).
Assume the Lemma to be true for inequalities (1) of order n—1, n > 2.
Since vy satisfies (1), it satisfies also the equation

(14) V1(f(2)) — Mpi(z) = ¥a(x)

where 15 is a solution to (4). From the definition of the family W¥,, (cf. Sec-
tion 2 — the limit condition) we conclude, by (14), that there exists
lim, o ¢ (x)/d(x) and it does not vanish. Thus ¢y € ¥, ;. By the
induction hypothesis we get the existence of the following limits:

T [\ (£ ()] = do(e), w1



34 Bogdan Choczewski and Maria Stopa

(this is so since 1), is generated by 9 as well) and

n—1

(15) lim [1y(2) /o (2)] = [ [ (A = A0) 7

=2

Moreover, the function ¢ actually has all the required properties. Hence,
as Yy € ¥, there exists the limit lim,_.o[¢)1(x)/¢o(z)]. To calculate it,
divide first both sides of (14) by ¢o(f(x)), (x € I\ {0}):

i(f(x)  Aha(x)  a(x)
do(f(x))  An do(x)  Ando(x)’
Passing to the limit, as z — 0, here, we obtain
. () Al 1 ()
i 2 [1- 52 =50

= im .
An =0 @g (.1')
On account of (15) we have (13).

For the functions belonging to the family ¥,,, we have the following
representation theorem.

Theorem 2. Assume (H) and (I). Let ¢, € ¥,,. There is exactly one
function n : I — R, continuous, {f}-decreasing, n(0) = 1, such that

n 77 fZ1+ +7/n l(m)) 1 (2 1
P1(z) = (-1 +1¢ Z Z )\11+1 )\l )‘n+ e

11=0 in—1=0 n—1

(16) zel
where ¢ is defined by (12).

PRrOOF. For n = 2 this is Lemma 2 (c).

Assume our Theorem to be true for inequalities (1) of order n — 1.
Since 9 satisfies (1) (cf. Section 2 — the definition of ¥,,), it also satisfies
equation (14), where 19 fulfils (4). This means that ¢» € ¥, _; and, by
the induction hypothesis, there is exactly one function n : I — R, which is
continuous, {f}-decreasing, n(0) = 1, such that

i2+...+in_1 T
a(z) = Z Z s ./\’“( 11)1)‘312+ e

’Lz-‘rl
12=0 Tn—1 0)\ n—1

(17) el
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From Lemma 3 we know that (13) holds. Thus the function

Y1 ()
~ ¢0<$) ’

z eI\ {0}
(18) Yi(z) =

n

13( X)L =0

is continuous in /. The function ¢ = 1/11 satisfies the equation

Ya(z)
An¢0(x).

> 1, so that this linear iterative functional equation

S — S2o0) =

By (I) we have

possesses the unique continuous solution which is given by the formula

wzf’ ))(
Ui (z) = AZ )

(cf. [1] Th. 2.7 or [2] Ch. 3.1C). According to (17) and (16) formula (16)
follows.

)H—l

5. Case (II)

We conclude the paper with a theorem concerning the case (II). Let
m=n—(k+1)

be the number of those characteristic roots of the polynomial (2) which
are inside the unit circle.

Theorem 3. Assume (H) and (II). If ¢, : I — R is a continuous
solution of the inequality (1) such that the function 4,41, generated by
1 via the system (5), belongs to the family ¥, and if at least one root of
the characteristic polynomial (2) is equal one, then there exist a constant
¢ € R and a continuous, {f}-decreasing function n : I — R, n(0) = 1, such
that

(19) Pi(x) =

C

ILA7 (1= N)

n - n(frr (@) g
+( +1¢ Z Z i1+1 in—1+1 A"1+ e b, TE€ I
11=0 in—1=0 )\ < )‘n 1
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where ¢ is given by (12) and r denotes the number of those characteristic
roots of (2) which are from the unit circle and differ from 1 and —1.

ProOF. If ¢ : I — R is a continuous solution of inequality (1) such
that ¥g1i+1 € Wy, then by Theorem 2 the function yy;11 is given by
the formula

f741+ Al — 1(3:))
Y (@) = (1) e Z Z )\zl+1 s MR

1=0  im_1=0 “k+I+1 " ')‘n 1

rzel

Using this formula in the (k 4 [)-th equation of the system (5), i.e.
Vi1 (f (@) = Mgttt (@) = Yryi41 (@)

we may go back to the first equation of (5) by the same way as it has been
done in the proof of Theorem 2 from [4]. This procedure, whose details
are not reproduced here, then yields formula (19).
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