The determination of the jump of a function by Norlund means
By JAMIL A. SIDDIQI (Quebec) *)

1. Let f be a 2n-periodic function integrable in the sense of Lebesgue and let

1 = ;
(A) 5 o + > (a,cos nx+b, sin nx)
n=1
be its Fourier series. The series conjugate to (A) is
(B) > (b, cos nx—a, sinnx) = > B,(x)
n=1 n=1

whose n-th partial sum will be denoted by S, (x). If there exists a D(x) such that
(@) =fx+0)—f(x—0)—D(x) = o(1) (- 0),

then D(x) is called the jump of the function f at the point x. Even when this does
not hold, D(x) may satisfy either the relation

W) = [ W@ldu=o@) @0,

or, still more generally, the relation

() = [Y@du=o0@) (t—0)

In each of these latter cases, f will be said to have a generalized jump D(x) at the
point x. e

The problem of the determination of the jump of f by means of its Fourier
coefficients has been investigated by a number of writers. Broadly speaking, there
are two different methods that have been adopted in this connection. FRIER [6],
CsILLAG [4], SzipoN [18], LukAcs [9], ZygmunD [19], and SzAsz [15] determined
the jump by considering the summability of the sequence {nB,}. Subsequently
SzAsz [16] devised a new method for the determination of the jump. He considered
the difference of the means of two different orders of the partial sums of the corre-
sponding conjugate series instead of the summability of the sequence {nB,}. This
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line of research has been pursued further by MAruyamA [10], CHow [2], [3],
MOHANTY [13], MINAKSHISUNDARAM [11], SzAsz [16], [17], MisrA [12] and others.

In this paper, we obtain analogous results using Norlund’s method of sum-
mability.

2. Let {p,,} be a sequence of complex numbers such that P,=p,+...+p,#0.
The series 2 u, with partial sum s,,—Z‘ u;, is said to be summable by the Nérlund's
method of summatmn defined by the sequence {p,}, or simply summable (N, p) if

lim N2(s) = lim P;? D po—ii =1im P72 3 P, sty
n—co n-—oco k=0 oo k=0

exists. The conditions for regularity are

(i) p.=o(P,) (n = =),
(ii) z’ P =0(B) (n o),

of which the latter is automatically satisfied when the sequence {p,} is positive.
We write throughout

A'p, = Apy = py—Pr-1, AP =4(4""'p) (r=>1)

with p,=0 for k<O0.
We prove the following theorems.

Theorem 1. If there exists a D(x) such that ¥ (t)=o0(t) (t -0) and, in particular,
if Y(1) = 0(1) (1-+0), the sequence {nB,(x)} is summable (N, p) to D(x)/r, provided

o) t_Z';kEA’ng o[

(ii) Z | = 0 (%]’

k=1

Theorem 2. If there exists a D(x) such that y,(t)=o0(t) (t—+0), the sequence
{nB,(x)} is summable (N, p) to D(x)/r, provided

o, o P,
(1) 12'; k|4%p| = 0(?].
(“) Z [Pkl —y _fl_,;_ .

Theorem 3. If there exists a D(x) such that ¥(f)=o(f) (t~0) and if ;—"-d
as n--<o, then for any regular (N, p):

Jim [N2(SC0) - M2 S}l = 22 togd,
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provided that there exists an 1#0 such that

s _ 4 [i] L
. - i+ giad (5 o)
for some A.
We remark here that, as shown in § 3, the different hypotheses on the sequence
{p,} made in theorems 1, 2 and 3 imply that (¥, p) is regular.
*If, in the above theorems, we choose

_[(n+a—=1) _  I'(n+a)
P.—[ & ]—m (@=>-1),

we get, as corollaries, the following theorems due to FEJER [6] and CHOw [2] (cf. also
SzAsz [16], MARUYAMA [10]).

Theorem 1°. If there exists a D(x) such that ¥ (t)=o(t) (t—~0) and, in particular,
if Yy(t)=o0(1) (t—+0), the sequence {nB,(x)} is summable (C, ) to D(x)/n for every

a>1.

Theorem 2’. If there exists a D(x) such that Y,(t)=o0(t) (t—+0), the sequence
{nB,(x)} is summable (C, «) to D(x)/n for every a>2.

Theorem 3'. If there exists a D(x) such that ¥(t)=o(t) (t~0) and if §-d

as n--<o, then

lim (820~ 5:0) = 2P 10g 4

for every a>0, where S*(x) denotes the (C, @) — means of the sequence S, (x).

3. In order to prove the theorems we need the following lemmas whose proofs,
if not detailed below, are known (cf. [1], [S], [7], [8]).

Lemma 0. For a given sequence {s,}, let S; be defined inductively by S?=s,,
Syr=8"1+S8S{"*+...4+85;7* (r=1). Let A be any real number, and {T,} a sequence
of positive numbers. Suppose that, for some r=1

> k*|S[*| = KT,

k=1

and

> ki+r+l|s,| = KT,.

k=1

Then, for 1=p=r (¢ an integer)

.Z’I ka\+r+l-nlsg| = KT..

Lemma 1. If .j'kldp,‘[=0(P, , then np,=O(P,) and .Z.' Pl = O(P,).
-] =0
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Lemma 2. If (i) 3 k|4p,|=0(P,) and (i) |P,| <=, then Zn' |dpe| = o(P,)
k=1

The result holds, if, in particular, (ii) is replaced by (ii)’ i’ Li =0(P,) which
implies the former.

Lemma 3. If 3 |dp|=0(P,), then 3 p,e®=0(P,) uniformly in t for
O<d=|f| ==

Lemma 4. If
- P| ¥ :
(+) S-o(zx) =0
then ni-*=o0(P,) and
. : < IPI':] e o ‘PII
=t ki+1 N o[nj-l

ProoF. The condition (*) for all n, implies that for some constant 4>0
n-1 = A|P,|2|P,|

Also, for every n=N,

so that A‘1|P1|Z'l =4 1Pl

= and n/~!=o(P).
1
| Py "" s | Pyl Loyt |Pk| ni=1 Pyl
|P,, ka ol i 2k1“+N P, N% % =5 ka
so that
ni-* = |P| A
E P, kg; kI +1 = N

Since N is arbitrary, it follows that 2 LA

F,
2R O[rr'“]'
Lemma 5. If Z”’kld’pk|=0(P"] and. 3 o[ﬁ], then
k=1l n k=1 k n
, P
3 1dpd = o2
k=1 .

n V o
2 S n
n] o kg;!d Pl 0(n]'
ProOF. The first assertion follows from lemma O, if we choose r=2, i=-2
and s,=4%p, so that S{=4p,, Si=pi, Sf=P;. Using lemma 4, we get
2 2 =X 2 — n
Sl =3 s Svienl+y Sviani= o 27 +0

ke o)

ng
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Lemma 6. If

Pn = O(Pa)’ Z I‘dpkl = O(Pn)

k=0

and 3 (n—K)|4%py| = o(P), then 3 (n—Kk)p,e™ =o(P,) uniformly in t for
k=0 k=n
0<d=|t|=m.
Lemma 7. If
S k|43p:| = 0 [ L= s 1Pl _ [ﬁ-_
tglk]d p"l_o[n‘] s ;‘Z B - 2P

=1
then él’MTp"l — O[%]

ProOOF. Apply lemma 0 with s,=4%p,, r=3 and Ai=-3.
Lemma 8. If

Srwni=ofZ) aa 23 -ofZ)

then 3 k|dp| = O(P) and Zu'[A’pd:o[-i—;].
k=1 k=1

PRrOOF. The proof is similar to that of lemma 5.
Lemma 9. If

po=o() and 3 m—ky-Halp| =o(P) (j=1,23)

then Zﬂ (n—k)?pye™ = o(P,) uniformlyint for 0 <4d=|t|=n.
k=0
ProOF. Making three successive Abel’s transformations, we get
> (n—kppe =
k=0
= Z (1—€")*[{(n—k)*(4°p)—6(n—k) (42 py—1) — 34 py 1 +64p; - o} ™ +
=0

+(1—€") Py 1"+ ¥ +2(4p,-1— Pa-p) €] =

= o[ 2 —kplnl+ 3 =R 14p)+ 314D+ B +pmal) = 0(P.
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Lemma 10. If there exists an [#0 such that

2-0ft) oo

and (N, p) is regular, then
oy s oy A -
O lim [P ==, @) ZE=0@) ad Gi) 3 kianl=0@.
ProoF. (i) Given any >0, there exists an n, such that for all n>n,

n|p,|
ll—e <
H=a=T1n

< |l|+e.

Since (N, p) is regular, 3 |p,|<A|P,|, where A>0 is a constant, so that |P,|>
s 8
>A"1|py|#0 for all n. Hence for n>n,

| —e
n

~1|pol < |pal

and

lim 3 py| =o.

Since 3 |p<A|P,| for all n, lim |P,|=os.
1
(i1) Since (i) holds and (N, p) is regular, we also have

410 [ 7, I |
(iii) We have SF T E AT i A
so that = [—+O [—]]
Pyy=P,—p,=P, [l —-5—+0 [—nl—,]] :
Hence
|4Pa| = |Pa—Pu-1| = | Pa ;+O(n—l,]]—P.-1[n_‘l+o[n_lz]) =
[ o £ro ) etreo ()] -2
and

S klap = o) Lg Bd) _ o).
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4. PrOOF of Theorem 1. We have

Z': kkBk(x)—&

g l) D(x)

Z' k(—

by virtue of lemmas 5, 2 and 3.
Put

f lﬁ(t)— ka,. ysin kt dt = (f +f+f)|b(r) Z'kp,_tsmk!d:

=L+ Ly+Ls, (say).
Now

L= O[j.n ‘W (0)|dt) = 0 [n . w[%)] = o(1),

by virtue of regularity conditions.
And

La=0[f|w

by virtue of lemmas 5, 2 and 6.

In order to show that L,=o(l1), we make use of an estimate for the kernel
in the interval (n~%, §), given by ASTRACHAN [l]. We have

| O - :
~y 1;:: kp, - sin kt

1 2 S 3
T“kg;(n—k)pte dr]=o(‘f ¥ ()| dt) = o(1),

=4 ,é M, (1)

where, setting t=[t"1],

_ nR(t™) e
Mlll(’)'_' R(ﬂ) ’ Mu’l(‘) ] ‘R(n) ’
_ (n—1)|dp, _ r@==1)
MIS(‘) o I’R(n) L] MI‘(‘) g IgR(n) ]
_ r(n=1) _ Wm)-w()
M,s(1) = PR() ’ M(1) = *R(n)

Vin—1)—V(1-1)
*R(n)

Mn‘l(‘) -
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and
Ty =5 |puL r(u) — r[l]’ Rn == ozu| Fis R(u) - R[n]:
¥ =0, V,=,1§":|Ap.l, V() = Vs
W, =tg'; (=) |42, W(u) = Wy
Now
- [vo 3 kpy-ysinkedt = O f 1701 zM,,,(.»)d:)
1/n
For j=1,
4 nR(1Y) nR(t7Y) ;
S o T v @)- o ]m Jrog R ARG~ =

_o[an|]+o(l)+o(R( ) f”; |dR(s)!]=°(l)+°[|—;;|"Zn'-%-l']=

=1

n

2 5 1Pil) _
= o+o (o 314) = o1

by virtue of lemma 4 and the hypothesis.
For j=2,

! nr(t~ )
J VOISR

= nr(t= ndr(t™) nr(t 1) dar
=[0G ]u, ,f Akl f TOR® P

= 0 () o 22 4 o lj' ar ) +o (s lj':gds] s

= oy +o () oy 2 1ami) +o (15 2 2) = o

by virtue of lemmas 4, 1 and 5.
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For j=3,

N (n—1)|4p)
¥, M=
g (n—7)|4p (n—7didp|
= [’P(') 7R (n) ]1,., 1,-[ YO —army
[
|4p,| dz (n—1)|4p,|
+ [P@)- R T2 f?(r)Tm

i/n

o O[R?n)]+o[ﬁ(n) 1f S("_[s])ldldp[’lll]+
+o(zis f [4pl sl +o s f (n—IsD) [4pea ds) =
- 0[;7]+°[T11’:a§ k(n—k)|42pk|]+

3 (n—Rldn) = o)

k=1

+o(or 2 lanl)+o( 5

by virtue of lemmas 4 and 5.
For j=4,

? r(e-1—1) ,
1)_! W’(’N g ISR(H) df g

rc- =1 ) 4 dr(t-1—1) $ r(c-1—1) ,
- ['P(t)-—t%-—- m—”_!' 'I’(r)-T(n)+2”{ YO —srey 4 =

= O[ﬁ]”[rg((:))]“[x(ln) fsldr(s—l)]]+a[-k%fr(s—l)ds] o

= O[T;J]+a["|g'il ]+0(|P.. j|:_lkidp,.:[]+¢:v[“:,“ tg'l || = (1),

by virtue of lemmas 5, 4 and 1.

For j=35,
=1} r(n—1) ny r(n—1)
l{[w(n Sy de=[ro- ] +2 fw(r) L
r(n) "r(") |pn jpu
“O[R(n) [R(n) |P,,|]+ [|P,,|]“’(')’

by virtue of lemmas 5 and 1.
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For j=6,
: Wm)-We™ . _
[ WOl — iR — % =
W(fl)—W(!"l) d 3 dW(f h W(n)—W(t™) s
= [IP(')' ISR(ﬂ) ]1"“"”.[ ’F(f) SR( ) —_— 2 r{?(‘) ‘sR(n) dr
[’:E:;]-'_ [R(n) SdW(s)]+°(R( ) ; f W (n)—W(s)] ds]

= o[ S —ianl)+o (37 2 ka—blapl) = ot

k=1

by virtue of lemma 5.

For j=17,
) 2
[ ol Al ‘,’SR;;()’ .5 v
at =] }=Vi 1) _dv(e—2—1)
_['P(l') *R(n) ]Hn 1;. *R(n)
[ =
+2 fw(r)-V(”_lr),;gf)‘ D -

i/n

- o(%3), [R() slav(s — l)|]+o[R(ln)ffn[V(n-—l)—V(s—~l)]ds]=

- ofply Sianeol

nl k=1

i =ZZ' Idp.]

by virtue of lemma 5.
Combining these results we prove that L,=o(1). This completes the proof
of the theorem,

5. PROOF OF THEOREM 2.
We have, by virtue of lemmas 7, 2 and 3,

k kB (x)— @

o _f %(;) Z‘kﬂp,, xcos ktdt+o(1).

n k=0

It suffices to show that the last integral is o(1) (n— ). This integral can be written
as the sum of three integrals L,, L,, L, over the intervals (o, n~) (n~3, 8) and (4, n)
respectively.
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Since P;! 2 k*p,_,coskt is O(n®) for 1€(0, n~*) and since, by virtue of lemma 9,
it is o(1) for 1€(d, n), it follows that L,=o0(1) and Lg=o0(l) (n— ).

Now
L] 1 »
= o / a1+ - 3 (r— ko pucos (n—kye| ar) =
=0 Z(n k) p, cos (n— k)rl dr] = o(1),
n k=0
provided

[l

1/n

dt = 0(1).

Pn 2(" —k)? pe™

k=0

We require a suitable estimate for the integrand in the interval (n71, 9).
Put

iz;, (n—k)?pe™ =2,+Z, (t=0),

where k ranges over the integers =t=[r"'] in X, and over the integers >t but
=n in Z,. It is clear that

Bl = 3 1pl-—k? = nt 3 |py| = n*RGY.
Making three successive Abel’s transformation, we see that
|Zs| = A[n*t72|p,|+n*t2|Ap|+nt=2|p_s| +172|pp—s |+ (n—1)*1 2|4 p | +
+nt2|Ape |+ 173 pesl + 172 |APy-a |+ 173 | Pu-s| +

+178 3 (n— k) |dPpy| 4170 Z(n k)|4%py| +17° Z'[Apk ol]:

Hence a0
a *g;(n k)2 p, e| =
_ [PHRETY | mirY) | nildp| | mtTir(i=1) | 7'r(n—1)
o R(n) R(n) R(n) R(m) R(n)
(n=<y't2|4a%,|  nt~*ldp,,|  t=*r(t2=2) ., 7 2Ap,,| , t™2r(n-2)
F R() R(n) R(n) Rn) T R .
W) W] | W=D =W =] V(=) V(-] _
R(n) & R(n) R(n) g

13
=4 2 M),
i=1

where W, = 2"' (n—k)2|4%p,.!, W(u) = W,.

k=0
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As in the proof of theorem 1, we show that

faM,,(:) dt = 0(1),

1i/n

by virtue of the hypotheses and lemmas 1, 5 and 7.
Combining the above results we find that L,=o(1) and this completes the
proof of theorem 2.

6. PROOF OF THEOREM 3.
Since

COS-L t—cos (n+%] 1

8,09 = 5= [ YGx+D—fx—0)} — at
0 sin—1
2
and
NS} = 35 3 puaSi) =
1 1
- 1 s cosir-—cos[k+?] D(x) 5 ]),
= J VO 55 2 s — P, ._Zu”“ k
Sln—z-f
we have
. os%t—cos[k+%]r
NS} Np{S ()} = jww 2,: 2 Pn- dt—
E sin—1
2
1 1
, 1 2 °°s?‘_°°s[k+3] DM g, 11
~ S VO 5 Z P =1 = T S e
sin—1f
2
D(x) 2 1—(=1)
B R0 LLC s
= D(x) & 1-(-1) DG 3 1- (—1)"
kL 2 e 2 Pur—p P, B e
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Now
1/n cos[k+%]t
y="f t.b(t)-———cot—rdr jw(r) = P dt +
1/m sin —
).
1
b CDS(k'I"i]I
+fw(r)”” Pacn—— dt+
sin —1¢
2
yi—cos[k+)
1/m cos—t—cos | k+—=|t
+ ¥ 2 pui— A
2rrP Pt el
sin —1
2
1 1
1Un ” cos —i-t —CoSs [k +-i-]r
- f V() M > Pt — dt.
sm?r

It is easily seen that, in view of lemma 10,

1 1
1/n cos?r—cos[k+5]r
Jyo: M, an ‘ = dt
smit

and
1
cos |k+—|t
(V0525 s [12] dr

Ln sinil

are o(1) as n— <= (cf. HiLLE and TAMARKIN [8]). The same is true for these expressions
with n replaced by m. Thus we get

1n 1/n

I(x) = f!,b(t)-—cot—;—rdt+o(l)- [ ||J/(t)1%]+o(l)=

1/m 1.‘

3 [
=0(m [ W@®|dt)+o(1) =0(m [ |y dt)+o(1)=
1/m 0

1
-

=

[IA

=o(m-&+o(l) = o[%]%—o(l) = o(1), where El

2D
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It remains to show that

.. Dxy[1 = 1—(—=1* 1 2 l—(—l)"]_D(x)
We have

s L Lgp 1 3 {3(Pa_ Paa) 1)
A i ey 38l oy T 0 P o it o0 7

]
aM!

+
o pv—-k Pv—l—l pv] l}
. N =
l{lé;[ Pv—l Pv 0( )
2 Pt SRS e re) v
" r 1) =
v=n24'~1 VP, I:g; Pv k+v-821.-1 v Zl' Pk—l Pv 1 +0( )

= log %-{-o(l) = logd+o(l),

since the hypothesis implies that

P 4 1
Pn — Pn—l+pn — Pn—l+Pn [n +n2+0 [nz]]
or that

| ]
P, [l T (ﬁ]] = Faer
and
np, np, -F

ot (o)

2 ’
e L T
n n n

so that given any &>0 there exists an n, such that

il i vpy ]Pk-—l
kgl' (Pk—l P,_,) v—kl~

1

V=N k=1

—

kpk VDy

Pk—l Pv-!

v=1 P

|Py-al+ A4 5 l_ktl
ng+1

1)k

Since lim P"ZP,, *( 3)

Z exists, the assertion holds and the proof of the theo-
rem is thus completed
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