Fixed point theorems for some classes of contraction
mappings on nonarchimedean probabilistic metric space

By L. ISTRATESCU (Timisoara)

1. K. MENGER [8] initiated the study of probabilistic metric spaces in 1942.
In 1958 B. Scuweizer and A. SKLAR took up the investigation of these spaces and
since then have developed many aspects of their theory.

In [12], [14] are proved some fixed point theorems for contraction mappings
defined in [12, Def. 5] or strict contractions [14, Def. 33].

It is our purpose in the present Note to give an extension of some results of
V. M. SEGHAL, A. T. BHARUCHA—REID [12] and H. SHErwooOD [14] for nonarchi-
medean Menger spaces.

2. We first recall [10] that a z-norm is a function T:[0, 1]X[0, 1]-[0, 1] which
1s associative, commutative, nondecreasing in each place and satisfies T(a, 1)=a
for each a<[0, 1). A r-norm T is archimedean ([7], [11]) if in addition to satisfying
the above conditions, it is continuous on [0, 1]X[0, 1] and T(x, x)<x for all
x€(0, 1). A characterization of archimedean r-norms is due to C-H. LING [7] which
proved that a 7-norm 7 is archimedean iff it admite the representation

T(x,y) =g " (g(x)+g()

where g is continuous and decreasing function from [0, 1] into [0, =] with g(1)=0
and g~V is the preudo-inverse of g.

The continuous, decreasing function g appearing in this characterization is
called an additive generator of the archimedean 7-norm 7.

A nonarchimedean Menger space is an ordered triple (S, #, T) where (S, %)
is a nonarchimedean PM-space, T is a t-norm and the nonarchimedean Menger
triangle inequality

v,) F,,(max {x,y}) = T(F,(x), F,,(»)

holds for all p, g, r in S and all x, y=0, where F(p, q)=F,, is a mapping from
S S into the set of nondecreasing, left-continuous functions F such that F(0)=0
and lim F(x)=1.

X == oo

Definition 2.1. [13] Let (S, #) be a nonarchimedean probabilistic metric space;
let g be an additive generator and let k be a number such that 0<k<1. A mapping
f: S-S is a contraction map on S with respect to g and k if for every p, g€ S

: X
8oF () p0q)(¥) = kgF,, [T]



30 I. Istrdtescu

Theorem 2.1. Let (S, #,T) be a complete nonarchimedean Menger space
under the archimedean t-norm T with additive generator g. Let f be a contraction
map on S with respect to g and k where O<k<1. Then there is a unique point p in
S such that f(p)=p.

PRrOOF. Let ¢ be an arbitrary element of S. Define a sequence {p,} inductively
via p,=f(q) and p,.,=f(p,) for every positive integer n. It follows by induction
that for every positive integer n,

8(Fpupnes () = k"8 [qu{p) [%]] -
Then for m=n and x>0 we have
F, ,.(x) =T(F,,...(), F,_,.;.(kx)) =
= T(T(Fyp00s(: Fpuvpuaslkis Fiyope (k22)) =
= gV [8(T(Fp,p s (¥): B s (kD) +8(F, 0, (K2X)] =
= g g[8 (e (Fpppner N+ 8(Fpr s puss kX)) + 8(F, 5 (K2 X))} =

S o ] G LTS B L o) | R Lo 3]

A sequence of points {p,} in S is a Cauchy sequence if F, , —H (pointwise)
as n,m-- where H(x)=0 if x=0 and H(x)=1 if x=0.

We conclude that {p,} is a Cauchy sequence since g~ and g are continuous,
k*~0 as n—e<o, F,,(x)~1 as x—»<= and g~V (0)=1. Since (S, %, T) is complete
there is a point p such that {p,}—p. For every x and for every positive integer n,

pr(p)(x) = T(Fpp,.(x)s Fp,,ﬂp}{x)) = g(_”(g(Fp ,(x))+g(pp,.f(p)(x))) =

= g-» [3(Fpp,. (¥)) +kg [F,,[%]]] =

= lim g-» [g(ﬂw- )+ £y, (%]]] -~

ie., p=f(p) and p is a fixed point of f.
One can prove the uniqueness of the fixed point as in [13] where T is a strict
t-norm.

Remarks. A t-norm is strict if 7" is continuous on [0, 1]X[0, 1] and strictly
increasing in each place on (0, 1] (0, 1].

The t-norms Prod (x,y)=xy and T,(x,y)=Max{x+y—1,0} are archi-
medean. Prod is additively generated by —log |, ,;: and 7,, by the function g,
defined by g,(x)=1-—x and

l-x, x=1

(=1)(x) —
gk {o, . o
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The f-norm Min admits no additive generators [1], [7].
A very natural definition of a contraction map in probabilistic metric spaces
was suggested and studied in [12].

Definition 2.2. Let (S, #) be a nonarchimedean probabilistic metric space.
A mapping f: S— S is a contraction map on (S, #) if and only if there exists a con-
stant k€(0, 1) such that

*
Frippa(X) = Fpy [T)
for every p, g€ S.

Theorem 2.2, Let (S, #,T) be a complete nonarchimedean Menger space,
where T is a continuous t-norm satisfying T(x, x)=x for each x€[0, 1]. If f is any
contraction mapping of S into itself then there is a unique p€ S such that f(p)=p.
Moreover, f"(q)—~p for each q€S.

Proor. To prove the existence of the fixed point, consider an arbitrary g€ S,
and define p,=f"(g), n=1, 2, ... . We show that the sequence {p,} is fundamental
in (S,#,7T). Let ¢ A be positive reals. Then for m=n we have

FPnFM(s) ( PnFu*l(e) Pn-rll"rn(s)) T[ QFl [ku]’ Pn+ll’m(£8)] =

o T[ qu[k"]’ [ ‘H’l(kn]" pnupm(k*-‘:)]] [ A k" T AR | s)]

since S, (max {x, y})=T(F,(x), F,,(y)) and T is associative.
Using the same argument repeatedly, we obtain

Fran® = T(Eop (&), Frwcara 0] = T (B (5], £ (5] = Fun ()

Therefore, if we choose n, such that F,, [ni] >1—4 it follows that F, , (e)=1—A4
0

for all n=n,. Hence {p,} is a fundamental sequence. Since (S, #, T) is a complete
nonarchimedean Menger space, there is a p€S such that p,—-p, ie., f"(q)—p.

Let Uy, (e, 2) be any neighborhood of f(p). Then p,—p implies the existence
of an integer n, such that p,cU,(e, 4) for all n=n,. However

Fﬂl’n}f(l’)(s) Pnﬂ[ ] — p..p(a) >1-4

for all n=n,. Therefore f(p,)E€U,, (e, A) for all n=n, ie., f"(q)—f(p). Since
(S, # T) is a Hausdorff space [4] we conclude that f(p)=p. This proves the
existence point of the theorem.

The proof of the uniqueness part is the same as in [12].

Corollary 2.1. Let (S, d) be a complete nonarchimedean metric space and let
f: 8~ 8 for which there exists k€(0, 1) such that d(f(p), f(q)=kd(p, q) for all
p, g€ S. Then f has a unique fixed point py€ S anq f"(q)—~p, for each g€S.
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PrROOF. If F, (x)=H(x—d(p,q)), p,q€S, XER then (S, # Min) is a non-
archimedean Menger space which is complete if the metric 4 is complete. Then
since for each x>0

Frpypiq(kx) = H(kx—d(f(p), f(q))) = H(kx—kd(p, q)) = H(x—d(p, q)) = Fp(x)

it follows that f'is a contraction on § into itself and the conclusion follows by The-
orem 2.2,

Remark. Since t-norm Min (x, y) is the strongest possible universal f-norm
[10] and T(x, x)=x it follows that in Theorem 2.2, T(x, y)=Min (x, y). In [14]
it is proved that for T=T7,, and T=Prod there exists a contraction map on the
Menger space (S, #, T) having no fixed point.

For to prove a similar result for the mappings which are local contractions
on a nonarchimedean probabilistic metric space we recall that the family

Uy, 2) = {q€S: F,y(e) = 1-2,e >0, >0, peS)
is a basis for a Hausdorfl nonarchimedean uniformity on nonarchimedean Menger
space (S, #, Min) [4].
Definition 2.3.[12] Let ¢=0 and A=0. A mapping f: S— S is called an (¢, 1)
local contraction if there exists k€(0, 1) such that if p€S and g€ U,(g, ) then
Frmpkx) = Fpy(x) for x=0

The nonarchimedean probabilistic metric space (.S, #) is called (e, 4)-chainable
if for each p, g€ S there exists a ﬁnite sequence p=py, Py, -.-, Pn=q of elements
in Ssuch that p;,,€U, (g, 1), ie., (&)=1—4 for i=0,1, ...,n—1.

Theorem 2.3. Let (S, #,T) be a complete nonarchimedean (g, A)-chainable
Menger space, where T=Min. If f:S—S is an (e, A)-local contraction then f has
a unique fixed point p,€ S and f"(p)—~p, for each pcS.

P.Hlpi

Proor. We first prove that for each p€ S and for positive real x, there exists
a positive integer n(p, x) such that Fym, m+1,(x)=1—4 for all m=n(p, x).
The reason is similar as in [12].

Let p=py, pys ..., Pw=/f(p) be a finite sequence such that F,  , (e)=1—
i=0,1,...,n—1. Since f is (g A)-local contraction it follows that Fﬂm“mp,,(s)__

"Fpmp‘(k]:-l—i and that the sequence of elements f(po). f(py), ..., f(p,)

is an (e, A)-chain for f(p) and f*(p) and hence by induction f“(p) OR. i ¢, rwEe
f"(p,) is an (g, A)-chain for /" (p) and f"*'(p) for each positive mteger r. Therefore
for x=0, and for each integer r=0

X
Frisario® & Froun )
and

X
Ff'tpo!f'{Pul(x) = T[‘Fpnm {kr]‘ Pl!’n[kr]] =

= 1 [Bun(2) 7(un(2). £n(2))
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It follows by induction that

Ff’tpo)f'(p..)(x) T (Fpopr (X/K"s T (Fpy py (X/K7), ..., T( Fyspna(XIK), Fp,_ 5, (X[K).. )

Since n is a fixed finite integer, there exists an integer m;=>0 such that
F,p.,(x/k)=>=1—-4 for each r>m, i=0,1,...,n—-1. Let n(p,x)=
—max{mo,m,,. ,my_y}. Then Ff.-(,)rnu,)(x)}l—). for all r=n(p,x) and
the assertion is proved.

By the above reason, for e=0 there is an integer n(p, g) such that
Fpnpymerp(@)=1—A4 for all n=n(p,e)=n,. If f™(p)=q we have that
Fngypn+1(q(€)=>1—2 for all integer n=n,. On the other hand for all x=0

»
Fpngypn1g)(X) = Fyp) [k"]’ n=0,1,..

As in Theorem 2.2 we prove that the sequence {f"(p)} is fundamental in S.
Let f™(p)~po€S and Uy, (¢", A') be a neighborhood of f(p,). Since there is
an integer m=0 such that f"(p)€ U, (e, )N Up,(¢’, A’) for all n=m we have that

’

i & 2
F!""(p)ﬂm)(s) = Ff"(p)p. [‘F] >1-i, n=m.

Therefore f"(p)—f(p,) and hence f(p,)=p, and the existence of a fixed point
of fis proved.

The uniqueness follows as in [12].

A similar result of EDELSTEIN [2] for nonarchimedean metric spaces is given by

Corollary 2. 2. Let (S, d) be a complete g-chainable metric space and f: S—+S
satisfy the condition that d(p,q)<¢ implies d(f(p),f (g))é kd(p, q) for some
k, k€(0,1) and p, g€ S. Then f has a unique fixed point p,€ S and f"(p)—p, for each
PES.

PrROOF. Since for F,,(x)=H(x—d(p,q)), p,q€S, xR it follows that
(S, #, Min) is a nonarchimedean (g, 2)-chainable Menger space we observe that f
is a (e, A)-local contraction for A=>1 and the result follows.
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