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Summary.

The horizontal and complete lifts from a differentiable manifold M of class ¢* to its cotan-
gent bundle ¢T(M) have been studied by Yano and PATTERSON ([2], [3]). YANO, HOUH and CHEN
[4] have studied the structures defined by a tensor field @ of type (1, 1) satisfying @*+ &*=0. The
purpose of the present paper is to obtain certain results on horizontal and complete lifts of
@ (4, — 2)-structure.

In section 2, we have obtained the conditions under which the complete lift of a tensor field
@ of type (1, 1) having a ©(4, —2)-structure in M may have a @(4, —2)-structure in ¢T(M).
In section 3, we have proved that the processes of computing the Nijenhuis tensor of @* and
taking the complete lift are commutative. In section 4, we have proved that the horizontal lift of
a tensor field @ of type (1, 1) having a @(4, —2)-structure in M will also have a @(4, —2)-struc-
ture in c¢T(M).

1. Preliminaries.

Let M be a differentiable manifold of class ¢= and dimension n, and let ¢7T(M)
be the cotangent bundle of M. Then ¢T(M) is also a differentiable manifold of
class ¢=; the dimension of ¢T(M) is 2n.

Throughout this paper, we use the following notations and conventions:

(1) m:cT(M)—M is the projection of ¢7T(M) onto M.

(i) Suffixes a,b,c,...,h,i,J, ... take the values 1 to n and I=i+n, etc.
Suffixes 4, B, C, D ... take the values 1 to 2n.

(iii) #7(M) denotes the set of tensor fields of class ¢~ and type (r,s) in M,
and J](cT(M)) denotes the corresponding set of tensor fields in c¢7'(M).

(iv) Vector fields in M are denoted by X, Y, Z. The Lie product of X and Y
is denoted by [X, Y] and the Lie derivative with respect to X is denoted by %y.

If A is a point in M, then n~1(A4) is the fibre over 4. Any point P€n~1(A)
is an ordered pair (4, p,), where p is a 1-form in M and p, is its value at 4. Let
U be a coordinate neighbourhood in M such that A€ U. Then U induces a coordinate
neighbourhood n~*(U) in ¢T(M) and P<II~*(U).

If X,Y,ZcJs;(M) and @€ S} (M). Then we have [2]

(1.1 (X+Y)° = XC+YC,
(1.2) 0°(Z°) = (02)° + (£, 0Y,

where X€, Y€, Z€ are the complete lifts of the vector fields X, ¥, Z respectively
and OF is the complete lift of the tensor field ©.
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2. The complete lift of a ©(4, —2)-structure.

Let © be a tensor field of type (1, 1) and of class ¢* in M which implies that
@c S (M) and let © satisfy the following:

(2.1) e'—-02=0.

That is, © is a ©(4, —2)-structure on M [4].

Let @! be the components of @ at a point A in a coordinate neighbourhood
U. Then the complete lift @€ of @ is also a tensor field of type (1, 1) in ¢T(M) whose
components @4 in n~1(U) are given by [2]

Bt =e, & =0,
005 00
éf = F [a l‘] él Bhs

where (x!, x%, ... x") are coordinates of A relative to U and p, has components
(p1s P2y ..-s pn). Therefore, we have

(2:2)

= o! 0
2.3 oc = o = [ ! ,
) = aei-00n 6
where 0,=0/0x'.
Now, in consequence of (2.3), we have
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where 20,084 % (9,05 — 9, ©%).

Let us put

@.5) Ly; == 2(0) p, 0O+ 04 p, d,0%).
Then in view of (2.5), equation (2.4) becomes

g s e"E! ]
hoi — R
(2.6) (CHCK [Lu 0i0i)"
Hence we have

=z =z = (6)6) ]9{9* 0]
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Now we shall prove the following lemma and theorems:
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Lemma (2.1). In order that the complete lift @€ in ¢T(M) of a tensor field ©
having © (4, —2)-structure in M may have O (4, —2)-structure in cT(M), it is necessary
and sufficient that

(2.8) L’U‘ 9,‘: 9?'}‘9}, G{Lﬂ — L},;.
PrOOF. Since @ satisfies @*—©2?=0, therefore
(2.9) 00\ 0[0} = 6"6;.
Thus in view of (2.7) and (2.9), we obtain
i T ere; 0 ]
h Qi " P rl A = "
(&8) ROTT [L,,,@{@HQ;,@{LJ, ©; 60!

Let us assume that the condition (2.8) is satisfied. Then from (2.10) we have
[6!' e; 0 ]
Ly, 636,)°
which in view of (2.6) yields e 5 4
6161,6/6! — 616,
Thus @€ in ¢T(M) satisfies
(09'—(89* = 0.
The necessary condition can be proved in a straight forward manner.

Theorem (2.1). In order that the complete lift O€ in ¢T(M) of a tensor field @
having © (4, —2)-structure in M may have © (4, —2)-structure in ¢cT(M), it is necessary
and sufficient that

959){6:‘17..3[; g]+9},9i9’;‘p,3[J@f]+919{9fp,3[,9:]+
+6; o] ©;p, 01405 — O p, 00— 0O} p, 0,07, = 0.

Proor. From lemma (2.1) it follows that the complete lift @€ in ¢T(M) of @
in M satisfying ©*—@*=0 will satisfy (@°)*—(@°)*=0, if and only if (2.8) is
satisfied. Now the condition (2.8) in view of (2.5) can be expressed as

{6} Pa 3[1’ :] + 9; Pa BUG:'I]] 6{ 9? + O;c 6]‘ lefpr 3[19;] + @: Pr a[l@;]} =
= 0}p, 0O+ O}p, 0,07,

2.11)

or

2.12) 0 p, 005 OLOF+ O} p, ;04 0L OF + O}, 0] 05 p, ;07 +

+0,0] @5 p, 01,05 — Oip, 0,05 — O} p, 0,04 = 0.
Thus the theorem follows.

Theorem (2.2). In order that the complete lift OF in ¢cT(M) of a tensor field @
having © (4, —2)-structure in M may have @ (4, —2)-structure in cT (M), it is necessary
and sufficient that

(2.13) (curl V+2p, It (,07)* — (curl V+2p, 't ,05) = 0,
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where we have defined the following:

(2.14) curl V = %, —Vin = pa(05,:— 610
and
(2.15) 2re, 04 & re,e;—-rs6;.

PROOF. Let us assume that the complete lift @€ in ¢T(M) of © having @ (4, —2)-
structure in M has a @ (4, —2)-structure in ¢T(M). Since in view of (2.2), the only
relevant part of the components of @° in ¢T(M) is

P.(0,04—0,0%), where 0; = d/ox".
Therefore @€ satisfies
(2.16) [Pa(2:05—0,0D)) —[p. (0,05 —9,09)]* = 0.

Let I'j, be a symmetric affine connection in M. Then the covariant derivative of
©% with respect to x! is given by

(2.17) @5, = 0,04+I7,0;,—I4},05.

In consequence of (2.17), equation (2.16) assumes the form
[Pa(O4,:— 014 + 7 OF — 701 —[p.(OF,;— 1, + 7, O — 7, O] = 0.

As regards a fixed, © is covariant. Hence in view of (2.15) we have

2.18)  [p.{(©1,i— Ot +2I (O — [Pa{(O4,i— Of0) + 2T 7 ORY = .

Equation (2.18) in consequence of (2.14) yields (2.13). Similarly, it can also be
proved that the condition is sufficient.

Corollary (2.1). In a Kihler space with @ (4, —2)-structure, the complete lift
©OF of © has a (4, —2)-structure in ¢T(M) if and only if

(2.19) 2p IO —2p I Oh)? = 0.
Proor. For a Kihlerian space, we have [l1]
(2.20) 04:;,=0 or curlV=0.

Thus by virtue of (2.13) and (2.20), the result follows.

Corollary (2.2). In a manifold M with @ (4, —2)-structure if curl V=0, then
OF€ has a ©(4, —2)-structure in ¢T(M) if and only if (2.19) is satisfied.

PrOOF. The proof is similar to that of Corollary (2.1).
3. Nijenhuis tensor of the complete lift of O°.

Let ©c#}(M). Then the Nijenhuis tensor of @ is given by [2]
3.1) No,o(X,Y) = [OX, OY]-0O[OX,Y]-0O[X, OY]+O?[X, Y].
For every @€ ] (M), we also have [2]

(3.2 (0°) = (0%)°+(Ne,0)"-
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Let © be a ©(4, —2)-structure on M. That is, ©@*—©%=0. Now we shall prove
the following theorems:

Theorem (3.1). The Nijenhuis tensor of the complete lift of ©* vanishes if Lie
derivatives of the tensor field ©* with respect to X and Y are both zero and © is an
almost product structure on M.

ProOOF. In consequence of (3.1), the Nijenhuis tensor of (@*)° is given by
Nigve,e9e(X 6, YO) = [(0Y)° X, (0%)° Y ]— (0% [(O%)° XC, YI—
—(O)°[XC, (0Y°Y ] +(0Y)°(0%°[X¢, Y4,
which in view of (2.1) yields
Niowe, ehe(XC, Y6) = [(OHCXC, (63°Y]—
—(@°[(@)°XC, Y- (0*)°[XC, (0)°YI+(09)°(6)°[XC, Y.
In consequence of (1.2), we have .
(3.9 (@) XC = (02 X)° +(Zx 0?).
Therefore by virtue of (3.4), equation (3.3) becomes
(3.5) Neeve,eme (X, YO) = [(©2X)C, (0*Y)]+[(Zx 6%, (0*Y )]+
+[(02X)°, (%, 0Y)']+[(%x 6, (£, 6?)']- (0% (82 X)C, Y |-
—(03°[(Zx 0%, YU1—-(0¥°[XC, (8*X)] -
—(@*°[XC, (ZyO%)"]+(0)°(OF[XC, YL.

If Lie derivatives of the tensor field @* with respect to X and Y are both zero. Then
we have

(3.3

£,0=0 and %6°=0,
Therefore equation (3.5) reduces to
Negve,@eme(X€, YO) = [(0*X)C, (6*Y)]—-
—(@)°[(0*X), YT (0)°[XC, (6*Y)]+ (09)°(0)°[X", Y°).
Now for every X, Y€ S} (M), we have [2]
3.7 [X€ Y] = [X, Y]

(3.6)

Therefore by virtue of (3.7), equation (3.6) becomes
(3.8) Neve,o9c(XC, YO) = [0%X, O*Y°—(0)°[0*X, Y-
' — (@Y°LX, O2Y[°+(OY)°(OHF(X, Y.

If @ is also an almost product structure on M, @*=1, where [ is the unit tensor
field. Hence, equation (3.8) yields

Nghe, g4 (XC, Y€) = 0.

6D
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Theorem (3.2). The Nijenhuis tensor of the complete lift of ©* is equal to the
complete lift of the Nijenhuis tensor of ©* if

@) £0:=0, £62=0
and

(ii) [X,Y)C=0, RY=0;

where

(3.9) R = Zgry, 00+ %ix, 60102 — Zix, 11 6.

PrOOF. In consequence of (1.1) and (3.1), we have
(Net, 02 (X, Y))¢ = [02X, O*Y]C—(O2[O%X, Y])°— (O X, O*Y])¢ +(O'[X, Y],
which in view of (3.4) yields
(Nes,62(X, Y))° = [62X, O2Y]°— {(OF[62X, Y1 —(Zi2x,nOY"} —
—{(BH°LX, O*Y1°— (L, 0011 0"} +{(OYFLX, Y1 — (Zix,1,0%)").
In consequence of (3.2), we have
(3.11) (03)°(0%)° = (0" + (Ne2,6)" .
Therefore by virtue of (3.11), equation (3.10) becomes
(3.12) (Ner,e:(X,Y))C = [0%X, O*Y°—(©*°[@%X, Y] —(O)C[X, ©*Y]°+
+(92)C(92)C[Xs Y]C— (No’, 9‘)V[X: Y]C+(gie'x. r]92+g}x.e=r] 93—3’[‘!. ¥] 9‘)V-
Hence in view of (3.12), equation (3.8) yields
Nigve, 09 (X €, YC) = (N2, 62(X, ¥))+(Ne2,62)" [X, Y] —
—(Zox, N0+ Lix,001 0* — L1x, 10",
which in consequence of (3.9) gives
(3.13) Me‘)".(o‘)c(xes Yr') = (Ns’.e’(Xs Y))C+ (Ne’, e')V[X, Y]C—RV-
If [X,Y]°=0 and K"=0, then equation (3.13) reduces to
Nigte, 09 (X €, YC) = (Nes,e2(X, Y))C.

Theorem (3.3). The Nijenhuis tensor of the complete lift of ©* is equal to the
complete lift of the Nijenhuis tensor of ©* if

(3.10)

(l) gx92= 0, 3’1492——" 0
and
(ii) ZY=0, R"=0.

ProoF. Since [X, Y]°=0 implies that [X, ¥]=0 or %, Y=0. Therefore
from theorem (3.2), the result follows.

Theorem (3.4). The processes of computing the Nijenhuis tensor of ©* and taking
the complete lift are commutative.
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PrROOF. Since ©@*—©*=0. Hence the result is obvious.
4. The horizontal lift of a ©(4, —2)-structure.

Theorem (4.1). Let © ¢ 5} (M) be a © (4, —2)-structure on M. Then the horizontal
lift @ of © is also a O (4, —2)-structure on cT(M).

ProoF. For every © and ¥ such that @, Y€1 (M), we have [3]

4.1 ey +yfer = (ey+yo)t.
Now replacing ¥ by © in (4.1), we obtain
(4.2) (%) = (0.

Also replacing ¥ by @2 in (4.1), we get

e1(eY)"+ (03" or = (209",
which in view of (4.2) yields
(4.3) (67 = (69"
Further replacing ¥ by ©@? in (4.1), we obtain

6" (6" +(69" 0" = (26",
which in consequence of (4.3) yields
(4.4) (6%t = (6Y".
Since @ is a ©(4, —2)-structurc on M. Therefore @*—©*=0. Hence from (4.2)
and (4.4), we have

(0™)* = (04" = ()" = (o,
s (Of)i— (OH) = 0.
Thus @% is a @ (4, —2)-structure on cT(M).

Remark: The equation (4.4) can be generalised as follows:
(GH)K = (QK)H’
where K is some positive integer.
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