Projective symmetry in a special Kawaguchi space
By H. S. SHUKLA (Gorakhpur) and H. D. PANDE (Jabalpur).

1. Summary and introduction

M. C. CHakl and B. Guera [1] have defined an n-dimensional conformally
symmetric Riemannian space. In one of her papers, B. GUPTA [2] has studied various
properties of the projectively symmetric Riemannian spaces. The object of this
paper is to define an n-dimensional projectively symmetric special Kawaguchi
space and discuss its properties.

An n-dimensional metric space, in which the arc length of a curve x'=x'(¢)
is given by the special integral

(1.1) 3= fF”’d.', F = A;(x, x')x"'+ B(x, x’),

where A4;(x, x") and B(x, x") are differentiable functions of x, x’, is called an »-
dimensional special Kawaguchi space. A. KAwAGucsr ([3], [4]) has defined a con-
nection in a special Kawaguchi space by applying the “Craig vector” of the func-
tion A;x"*+B. The Craig vector is defined as

(1.2) T; = (Axiy—24i0)) X" — 243 X"+ By;,
0A 0A OB
Where AH‘) = Kx';k"', AH‘ = 3_1_:, B(‘) — -_d‘F'.

There exists a relation
F = A;x®%  where 2p # 3,

(1.3) XM = x" Lo 2" = (24, X™— B) G",
Gy = 24,4y~ Ayy, GuG" = 6}.

The covariant derivative of a contravariant vector field ', which is homo-
geneous of degree zero with respect to x’, is defined by

i I 17 X P
(1.4) Vit =g o T+t Tmpd Viv'= 7

Then from the brackets of Poisson for covariant derivatives, we find the curvature
tensor fields as follows:

(1.6) (V;V =V V) ot =—Bj;'d,
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where
(1.7) Bjii' = 'ty
(1.8)
or oI’ i i i i
Rjiit = =58 — =8+ Ty pTwym —Tow Tom + TinTowm — T To g
wl dr ar
(1.9) Kp' = Bxf:‘ ~ ox ';’ +ru)rmm_f(nrm(h)
These curvature tensor fields satisfy the following identities:
(1.10) Rjii" = —Riji', Rji'+ Riij'+ Rij' = 0,
(1.11) Ki! = Rji'x", Rpi' = Kplyy = VW Kp',
(1.12) Bjii'x" = 0.
The Bianchi identity for Kj;’ is given by
(1.13) Vi Kii'+V; K + Vi K, = 0.

2. Projective curvature tensor

S. KawaGucHI [5] has defined the projective curvature tensor W}, in a special
Kawaguchi space as follows:

. 1 N
Wi = Rjii - x—1 [5_', Rii*— iR % n+l — Vi Rji."+
2.1

o

’ 'p---a 1 .
+n3—l [65 Vi Ria — kY Rﬁja]“F:l‘[fS}Rk;a — 0k Rji,"1— 5‘th.

Thus defined projective curvature tensor is a homogeneous function of degree
zero with respect to x’' and satisfies the following relations:

(2.2) W = Wia = Wi, = 0,
(2.3) Ve Wiy =0,
(2.9) tWin =0, Wig+Wi,+Wi =0,
(2.5 wxt =W, Wi =W,
where

-y 1

Wi = Ki'+—— s [V/Ki,*—Vy _m‘]'l' [Kka + Vk (Ka'x b)] =

(2.6)
Ok
n+1

[K; ,¢“+ V (K="
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3. Projectively symmetric special Kawaguchi space

We call an n-dimensional special Kawaguchi space a projectively symmetric
special Kawaguchi space if the projective curvature tensor Wj, defined by (2.1)
satisfies the relation

(3.1 Ve WJ‘H = 0.

For brevity, we denote such a space by PSK, -space. Applying V,, to (2.1) and using
the commutation formula (1.6) and the fact that V,x""=0, we find that the con-
dition for a PSK,-space becomes

. 1 "
(3.2) Vo Rjii" — == [6% Vi Rii* — 34 Vo R —

aei Vi Vi Rjia®+ Bij” Resa® + Buii” Rjra®]1+

x*
n:—1

o OV Vi Ridi?+ B Rigi} = 04V Vi Riji? + B Ris®)] —

1 i
w57 [0} Vi Riia® — 04 Vi Rjis = = VR = .

If the space is recurrent, we have
(33) VaRjii" = Vo Rjii",

where V,, is a non-zero vector field. If Bj;=0, then ¥, is independent of x". Letting
Bjii'=0 and using (3.3) in (3.2), we have

(3.4) VaWia =
Since V,, is a non-zero vector field, we have
(3.5) W}u =0,

1.e. the space is projectively flat. Thus we have

Theorem 3.1. If Bj;;'=0, then every recurrent PSK,-space is projectively flat.
Now contracting (3.2) with respect to the indices i and m, we have

. 1 xt
(3.6) ViRjii'— o [V; Rui® =i Roji*l ——

m1 YV VeRiia+

x’h ’ i ’ 1 T ToAts 1 o
-+ nz_l [vl VJ'R};&’ _Vl VkRﬁjﬂ]—m[Vleud —Vkth ]—n—_I:Tv'th —- 0_

Transvecting (3.6) with x”!, we have

1 - , X"
(3.7 ViKy'- o [V, K — Vi K, ] o~ 0 [V; Riis®—Vi Rjip“] T ViRji.* = 0,
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where we have uscd (1.11) and the fact that Rj;’ is homogeneous of degree zero
with respect to x”. Hence we have

Theorem 3.2. In a PSK,-space the relation (3.7) holds good.

Let us now consider the projective transformation of the function I'(x, x’)
defined by the equation
(3.8) I(x, x') = I''(x, x’)+a(x, x)x",

where «(x, x") is an arbitrary scalar function positively homogeneous of the first
degree with respect to x”’. The tensor W}, is invariant under the projective change
(3.8), ie,

(3.9) Wi = Wi.

Differentiating (3.9) covariantly and noting the homogeneity property of Wj,
we have

(3.10) Vo Wiy = VoW iy — a VWi +W iy o0y Ol +

i i i i
+ 0 a) omy W it X — 0 iy Wi = W a0y (my X7 =WV it %y — 208 my W it — W %y (omy X —
i i ¥
=W i %y — W jia %ty omy X

where V, denotes covariant differentiation with respect to I™. Contracting (3.10)
with respect to the indices i and m and using (2.2), (2.3) and the homogeneity pro-
perty of «(x, x"), we have

v T i
ViWia = ViWju+(n—2)a Wi —
i i i
— X" Wan gy iy +W jar %y iy + W jra %y i)

We now assume that the space and its projective map are both projectively sym-
metric. Then we have

(3.12) V.Wiu=0 and V,Wi, =0.

(3.11)

Consequently, from (3.11), we have
(3.13) ¥ 2)“(«) Tk — 4 [Wakla(j)(i)+W a:“(n(u"‘W u“m(i)] —
We can, therefore, state the following theorem:

Theorem 3.3. A necessary condition that the projective map of a PSK,-space
be a space of the same kind is that (3.13) holds.

Abpplving tl;e commu}atlon fon'nula (1.6) to Wi.. we have
(3‘I4) (Vj I& vj)uflm Jl’r W£w+BJRI’W +-B;kmr Ire FW‘
Ir+

In view of equations (2.5), and (3.1), (3.14) becomes
In view of equations (2.5), and (3.1), (3.14) becomes

(3.15) Wim Biii" +Wis Bjin” — Wi Bji* = 0.

Thus, we have
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Theorem 3.4. In a PSK,-space, the relation (3.15) holds.
The Bianchi identities for the projective curvature tensor in a special Kawaguchi
space have been obtained by one of the present authors [6]. They are given by

(3.16) VW i+ VWi +ViWay = Vi Rjii +V; Rimi' +
1
+ Vi Ry ji' = —— [0) (Vo R — Vi Rini) +
+ 0k (V; Romi® — Vi Ry ji®) + 00 (Vi Raji® =V Risii )] —

— x'i
n+1

[V (Vi Rjic® +V; Ria® + Vi Ry ja®) +

e ST R
e e [05V1 (Viu Ridia" — Vi Rima®) + 0k¥1 (V; Ry — Vi Ryja") +
|
nt—1
+ 0k (V) Rpia® — Vi Rjia®) + 0% (Vi Rjia® — V; Riia®)] —
By _
=] VmRjia + V) Rins® + Vi Rji).

Tansvecting (3.16) with x” and using (1.11), (2.5), (1.13) and the fact that V,, R’
is homogeneous of degree zero with respect to x’’, we have

+ 05, Vi (Vi Rija"—V; Riga™)] —

[6% (Vi Riia® — Vie Rpia® +

; : ' L . i
(3.17) VWi A ViWin+ VW = = —— [05 (VK — Vi Kin) +

+dk (V, Koot -V Ko+ a8 (Y K;;*—V,; K9] —

- .
= o 05 (Vou Riia = Vi Ryis?) + 04 (V; Riia® = Vo Rjia®) +

x't

n+1
For a PSK,-space, the left hand side of (3.17) is zero and accordingly, we have

+ 04 (Ve Rjia® — V; Riia®)] — (Ve Rjia®+ V; Rimg® + Vi Rmja®).

Theorem 3.5. In a PSK,-space, the relation

1
B18) —— [0 (Vo Kii®— Vi Kan) + 0k (V Ko~V Kijf) + O (Vi K j* =V, Kii)) +
1
o 16}V Rii® = Ric®) + 34 (V) Riia? Vo Riid® + 31 (Ve Riig? —V R —

- 2
-'”—_H(Vm Rjia"+V; Rima” +Vi Rpj") = 0,

holds.
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