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§ 1. Introduction

According to a theorem of A. H. CLIFFORD [2] by a completely O-simple semi-
group we shall mean a 0O-simple semigroup S containing at least one 0O-minimal
left ideal and at least one O-minimal right ideal.

R. P. RicH [9] is concerned with the following question: When does a semi-
group S with 0 contain a two-sided ideal 7 such that it is a completely O-simple
subsemigroup of S? Rich’s answers are the following two interesting propositions.

Proposition 1.1. (See R. P. RicH [9).) Let M be a O-minimal two-sided ideal
of a semigroup S with 0 such that M*=0. If M contains at least one 0-minimal left
ideal of S and at least one 0-minimal right ideal of S, then M is a completely O-simple
subsemigroup of S.

We shall say that a two-sided ideal M of a semigroup S with 0 is a completely
O-simple ideal of S if M is a completely O-simple subsemigroup of S.

Proposition 1.2. (See R. P. RicH [9).) Let R and L be 0-minimal right and
left ideals of a semigroup S with 0, respectively, such that RL=0 and LR#0, then
LR is a completely O-simple ideal of S.

Conversely, if M is a completely O-simple ideal of S, then M =LR, where L
and R are O-minimal left and right ideals of S, respectively, and RL#0.

The first purpose of this paper is to prove the following sharpening of a part
of Proposition 1.2.

Theorem 1.3. Let R and L be O-minimal right and left ideals of a semigroup S
with 0, such that RL=0. Then: (i) K=SRLS is a completely 0-simple ideal of S;
(ii) for every non-zero element a of RL, K= SaS holds.

We shall also prove two corollaries of this theorem. (See Corollaries 3.1 and 3.7.)

In order to give an analogue of Theorem 1.3 for rings we need some pre-
liminaries.

Proposition 1.4. (See B. L. van der WAERDEN [13], §123.) If L is a non-
nilpotent minimal left ideal of a ring A, then there exists an idempotent element e
in L such that L=Ae.

Since a simple ring has no non-zero nilpotent ideals, it holds
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Proposition 1.5. (Cf. E. ARTIN—C. J. NEesBITT—R. M. THRALL [l1],
Corollary 5.4B.) Let e be a non-zero idempotent element of a simple ring 4. Then
Ae is a minimal left ideal of A if and only if e4 is a minimal right ideal of A.

Propositions 1.4 and 1.5 imply

Corollary 1.6. A simple ring contains at least one minimal left ideal if and only
if it contains at least one minimal right ideal.

Thus the completely 0-simple semigroups and the simple rings having at least
one minimal right or left ideal can be considered as analogous notions. This analogy
is supported also by the structure theorems of D. REees [8] and M. PeTrICH [7],
Theorem II. 2.8, respectively.

According to these remarks we shall use the following terminology.

By a completely simple ring we shall mean a simple ring having at least one
minimal left or right ideal.

We shall say that a two-sided ideal M of a ring 4 is a completely simple ideal
of A if M is a completely simple subring of A. _

Another purpose of this paper is to prove the following analogue of Theorem 1.3,

Theorem 1.7. Let R and L be minimal right and left ideals of a ring A, respectively,
such that RL#0. Then: (') K=ARLA is a completely simple ideal of A; (ii") for
every non-zero element x of RL, K=AxA holds.

In §3 we shall also prove two corollaries of this theorem. (See Corollaries
3.3 and 3.8))

In §4 we shall give some examples in connection with Corollaries 3.1, 3.3,
3.7 and 3.8.

§ 2. The proofs of the main results

ProOOF OF THEOREM 1.3. Let / be a two-sided ideal of S such that RS 7 and
let x be a non-zero element of L. Then the product Ix is a left ideal of S contained
in L. By the O-minimality of L, either Ix=0 or Ix=L. If Ix=0, then the set
X of all the elements x of L with /x=0 is a non-zero left ideal of S contained in
L. By the O-minimality of L, we have X'=L, thatis, /L=/X=0. By our assumptions
RL+=0 and RC/I, so this case is impossible. We conclude

(2.1) Ix = L (for every non-zero x¢ L).
If J is a two-sided ideal of S such that LZJ, then one can show dually
(2.2) yJ = R (for every non-zero y€ R).

Since 0#=RLSRMNL, from (2.1) and (2.2) it follows that
(23) Sa=L, aS=R and SaS = LS = SR. (for every non-zero a of RL).
Hence
SRL=L, RLS=R, SaS = SRLS = SaS-SaS,

(2.4) (0 # a€ RL).
R=RLSSLS=SaS, L=SRLES SR=SaS

These relations show, in particular, that the assertion (ii) is true.
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Now we prove that K is a 0-minimal two-sided ideal of S. Let C be a non-
zero two-sided ideal of S contained in K and let ¢ be a non-zero element of C.
Since CS K=SaS (0=acRL) the element ¢ has the form c¢=sar for some s, 1€ S.
From c=sar=0 and a<RL it follows that sa is a non-zero element of L and at
is a non-zero element of R. These facts and the relations (2.1), (2.2), (2.3) imply
L=Ssa=Sa and R=atS=aS. Now we have

ScS = SsatS = SatS = SaS = K.

On the other hand, ScSE SCSEC. So we conclude C=K, that is, K=SaS
is a 0-minimal two-sided ideal of S. This fact and the properties (2.4) of K imply,
by Proposition 1.1, that X is a completely O-simple ideal of S, indeed.

ProOF OF THEOREM 1.7. The assertion (ii") can be proved in the same manner
as the assertion (ii) of Theorem 1.3.

In order to prove that the ideal K=A4RLA=AxA (0=x€RL) is a completely
simple subring of A, it suffices to show the simplicity of the subring K.

First we remark that the minimality of the ideal K=A4xA of A and the
relation

(2.5) K=AxA =LA =AR = ARLA =K?* (0 #x€RL)

can be shown in the same way as the 0-minimality of the ideal K= SaS of S and
the relations (2.3,), (2.4,) in the proof of Theorem 1.3.

Now let D be a non-zero two-sided ideal of K=A4xA. Since D=D+AD+
+DA+ADA is a non-zero ideal of A contained in K, the minimality of K implies
that D=K. This fact and (2.5) imply

K =K?=KDK = K(D+AD+DA+ ADA)K S KDK < D,

whence D=K. This means that K is a simple subring of A, indeed.

§ 3. Some corollaries

First we prove the following corollary of Theorem 1.3.

Corollary 3.1. (Cf. R. P. RicH [9], A. H. CuirFoRD—G. B. PRESTON [3],
Theorem 6.25.) The following conditions on a semigroup S with 0 are equivalent:

(1) S has at least one O-minimal right ideal R and at least one O-minimal left
ideal L such that (LR)*#0;

(2) S has at least one O-minimal right ideal R and at least one O-minimal left
ideal L such that LR+#0 and RL#0;

(3) S has at least one O-minimal right ideal R and at least one 0-minimal left
ideal L such that RL =0,

(4) S has at least one completely O-simple ideal.

PRrROOF. The implications (1)=(2) and (2)=(3) are trivial.

The implication (3)=(4) is valid by Theorem 1.3.

(4)=(1). Let K be a completely 0-simple ideal of S. By Proposition 1.2, there
exist at least one 0-minimal left ideal L of S and at least one 0-minimal right ideal
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R of S such that K=LR and RL#=0. Since K is a completely O-simple semigroup,
we have 0=K*=(LR)%. Q.e.d.

In order to prove a corollary of Theorem 1.7 analogous to Corollary 3.1 we
need an analogue of Proposition 1.2.

Corollary 3.2. (Cf. R. P. RicH [9].) If M is a completely simple ideal of a ring
A, then M=LR, where L and R are minimal left and right ideals of A, respectively,
and RL=0.

Proor. Let L be a minimal left ideal of the completely simple subring M of
A. Since M has no non-zero nilpotent left ideals, from Proposition 1.4 it follows
that L=Me (0#e=e2cL). On the other hand, by Proposition 1.5, eM =R is
a minimal right ideal of M. Since M is simple, we have LR=Me*M =M. Further-
more, RL=eM.Me=0. Evidentlyy, L=Me and R=eM are minimal left and
right ideals of A, respectively.

Corollary 3.3. The following conditions on a ring A are equivalent:

(1) A has at least one minimal right ideal R and at least one minimal left ideal
L such that (LR)*#0;

(2°) A has at least one minimal right ideal R and at least one minimal left ideal
L such that LR#0 and RL#0;

(3") A has at least one minimal right ideal R and at least one minimal left ideal
L such that RL#0;

(4') A has at least one completely simple ideal.

The prOOF runs similarly to that of Corollary 3.1, but the implication (4")=(1")
can be proved by Corollary 3.2 instead of Proposition 1.2.

In order to obtain another corollary of Theorems 1.3 and 1.7, respectively,
we need some known notions and results.

A ring (semigroup) A is called regular if every element a of 4 has the property
acada.

Proposition 3.4. (See J. A. GRreeN [4] and F. SzAsz [12].) A completely 0-
simple semigroup (completely simple ring) is regular.

Proposition 3.5. (See L. KovAcs [6] and K. ISEK1 [5].) A ring (semigroup)
A is regular if and only if
RL = R(L

Jor every right ideal R and every left ideal L of A.

A non-empty subset (an additive subgroup) Q of a semigroup (ring) A is called
a quasi-ideal of A if AQMQAZSQ.

A non-zero quasi-ideal Q of a ring (semigroup) 4 (with 0) is called minimal
(0-minimal) if Q does not contain properly any non-zero quasi-ideal of A.

Proposition 3.6. (See O. STeINFeLD [10] and [11].) The intersection R(L
of a minimal (0-minimal) right ideal R and a minimal (0-minimal) left ideal L of
a ring (semigroup) A (with 0) is either 0 or a minimal (0-minimal) quasi-ideal of A.

Now we are going to prove another corollary of Theorem 1.3.

Corollary 3.7. If the product RL of a O-minimal right ideal R and a 0-minimal
left ideal L of a semigroup S with 0 is not 0, then RL=RNL and RL is a O-minimal
quasi-ideal of S.
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ProOF. By Theorem 1.3 the assumption RL=0 implies that K=SRLS is
a completely O-simple subsemigroup of S and R, L are 0-minimal right and 0-min-
imal left ideals of K, respectively. From Propositions 3.4, 3.5 and 3.6 it follows
that RL=R(L and RL is a O-minimal quasi-ideal of S, indeed.

Similarly one can prove the analogous

Corollary 3.8. If the product RL of a minimal right ideal R and a minimal left
ideal L of a ring A is not 0, then RL=R(\L and RL is a minimal quasi-ideal of A.

REMARK. This result was proved in the paper O. STEINFELD [10] by a direct
method.

§ 4. Some remarks and examples

REMARK 4.1. The following example shows that there exists a semigroup §
with 0 with the following properties: S has 0-minimal left ideals L,, L, and 0-
minimal right ideals R,, R, such that R,L,+#0, L,R,=0 and R,L,=#0, L,R,=0.

ExAMPLE 4.1. Let S=(0,a,/,r,s) be a semigroup with the Cayley-table:

Drali fels
ojofofofofo
alololalo]r
1|{0|O|1]|Ofs
r|O|lala|rtr
A 1 0 2 | O O

Evidently, L,=(0, a, /), L,=(0, r, 5) are 0-minimal left ideals of Sand R,=(0, a, r),
R,=(0, /, s) are O-minimal right ideals of S such that R,L,=(0,a), L, R,=0 and
Ry Ly=(0,5), LyR;=S. By Theorem 1.3, SR,L,S=8aS=8S=8sS=8R,L,S is
a completely O-simple ideal of S, that is, S is a completely 0-simple semigroup.

REMARK 4.2. Let S be a semigroup with 0. From Corollaries 3.1 and 3.7 it
follows: if S contains at least one completely 0-simple ideal, then S has the following
properties

(5) S has at least one 0-minimal left ideal L and at least one O-minimal right
ideal R such that LR=0;

(6) S has at least one 0-minimal quasi-ideal;

(7) S has at least one 0-minimal left ideal L and at least one O-minimal right
ideal R such that L*=L and R*=R.

The following example shows that the conditions (5), (6) and (7) together do
not imply condition (4) of Corollary 3.1.

EXAMPLE 4.2. Let S=(0, a, b, ¢) be a semigroup with the Cayley-table:
Olalb

=l =0 =0 R

s |les|la |O
ocl|ec|e|o
oc|lo|s |
(=2 R=0 R~ N =]
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Evidently, L,=(0,a) and R=(0, ¢) are O-minimal left and O-minimal right ideals
of S, respectively, such that Li=L, and R*=R. Furthermore, L, and R are
0-minimal quasi-ideals of S, too.
On the other hand, L,=(0, b) is a O-minimal left ideal of S such that L,R=0.
Since S has no completely 0-simple ideals, conditions (5), (6) and (7) do not
imply condition (4) of Corollary 3.1.

REMARK 4.3. Let 4 be a ring containing at least one completely 0-simple ideal.
Corollaries 3.3 and 3.7 imply that 4 has the following properties:

(57) A has at least one minimal left ideal L and at least one minimal right ideal
R such that LR=0;

(6") A has at least one minimal quasi-ideal;

(7’) A has at least one minimal left ideal L and at least one minimal right ideal
R such that L*=L and R*=R.

The following example shows that these three conditions together do not
imply condition (4") of Corollary 3.3.

ExAaMPLE 4.3. Let D be a division ring and let 7 denote the ring of all triangular
matrices

dyy dye

0 an] (@115 Gy, A€ D).

Consider the matrices

e 0 0 e 00
E"=[0 o]’ Es = o] and Eﬂz:[o e]

where e denotes the identity element of D. Evidently, TE,,, TE,;, are minimal left
ideals of T, E,, T is a minimal right ideal of T and E,, TE,, is a minimal quasi-ideal
of T such that

(TEyn)* =TEyy, (EpT)* = E,T, TE,-E\,T #0.

These facts mean that 7 has the properties (5"), (6”) and (7°), but evidently T has
no completely simple ideals.
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