Some extended Hermite—Fejér interpolation processes
and their convergence

By V. KUMAR (Lucknow)

1. P. SzAsz [3] introduced an interpolation formula what he calls extended
Hermite—Fejér interpolation. According to him for given n+m distinct points

(l]) xlsxzo seey xu; élsézsv-wéms

there exists a unique polynomial S(x) of degree =2n+m—1 satisfying the follow-
ing conditions:

0 SG) =f(x), S’(x) =0, k=1,2,...,n,

SE) =1y, i=12...,m.

SzAsz himself constructed interpolatory polynomials when m=1, ;=1 and
x,’s are the zeros of P,(x), nth Legendre polynomial or P{!*~V®(x), nth Jacobi
polynomial and proved the convergence for any continuous function f(x).

Further SAXENA [4] has investigated the convergence in the case, when m=1,
¢, = —1 and x;'s are the zeros of P{~'*Y?(x), nth Jacobi polynomial.

In 1965 MERLI [2] constructed polynomials when m=1, {,=0 and x;’s are
zeros of T,(x), nth Tchebycheff polynomial of the first kind, » even, and proved
the convergence to f(x), which is given by

f(x) =c+x2P(x)

where C is any constant and @(x) is continuous function in [—1,1]. Later
FONTANELLA [1] proved the Merli’s theorem for the function f(x), where f(x)=
=c+ |x[*P(x), x=0.
The case when m=2, &,=1&¢&,=—1 has also been studied by SzAsz [5]. Now
it is interesting to consider the following cases:
i) When m=2, {,=1 and &,=0;
ii) When m=2, {,=—1 and &,=0;
and
iii) When m=3, {,=1, {=-1 and &;=0.

2. Case i) When m=2, {,=1 and ¢&;=0.
The interpolation polynomials R,(f, x) of degree =2n+1 satisfying the

properties
2.1 { R,(f,1)=f(1) R,(f,0)=0
[ ) R.(fs xu) =f(x;) R;(f, xk) =0, e llo o
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is given by
Wi (x)
R,(f, x) = f(1) == W’(l) x+

(2.2)

x(1—x) 1-2x, W' (x)

+ St i -ty g =) #e

where

W.(x) =tg(x-xx),
(2.3) W, (x)

k=12 .0

W) = G-
Theorem 1. Let f(x)=c+ |x[*®(x), where ¢ is any constant, a=2, P(x) is
continuous function in [—1, 1] and x,’s are the zeros of P{* ~1¥)(x), nth Jacobi pol-
ynomial.- Then the sequence of polynomials {R,(f, x)} given by (2.2), converges uni-
Sormly to f(x) in [—1,1].
The polynomial P{/*~V®(x) is identical with

iz sin(2n+1)0©/2
(2.4) W, (x) = const. [ sin 02 ey
having the zeros
2kI1
Xy = cosm, =120,

This polynomial W,(x) satisfies the differential equation
(1 =)W (x)—(1+2x)W, (x)+n(n+1)W,(x) = 0,

which reduces (2.2) as
W2(x) x(1=x)(2x,— xg—X)
R, %) = f) o i v+ 3 ) T P ),

In particular for') f(x)=|x|*®(x), «=2, we have

W2(x) x(1—=x)(2x, — x¢—x)
(2n+1)* (14x) (1 —x3)

Now a quasi Hermite—Fejér interpolation process of degree = 2n, satisfying
the conditions:

RS, D=f(), Ri(fix)=f(x), RY(f,ix)=0 k=12,..,n
is given by

1 (x).

@5) R, x) =0(1) m +*=2'1  (x,) xy =2

@6 R0 =0+ 3 10— 1+ {2~ e - e

xk ] —'xk

1) Without no loss of generality, now we will always take C=0.
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Using (2.4) and f(x)=|x]*®(x), x=2 we have at once

2
QN RO = 00t 3 o)1 bt (T2 hw.

Subtracting (2.5) from (2.7), we obtain

4 e (1 —=x)W,(x) Ixa|*—2*(1 —x)
ROA-RG.0=00"G0y & * PP e
Since 0=(1—-x)W2(x)=2? and |®(x)|=M in [-1,1], it followsbthat for a=2

F 2M 5 1
IR,.(f,x)—R,,(f, x)l‘:m'l'z’." Z (l-xﬁ)(l-!-xk)lfl’;’(xl) .

k=1

But®)
z". 1 2n
SO0 —x )W, (x) _ @n+lp

therefore,
28) lim R,(f, %) = lim R (f, %).

Further using the well known result of SzAsz [3] we have
(2.9) '!Lm R(f,x)=f(x), —1=x=1

for f(x)=|x|*®(x), continuous in [—1, 1]*). Combining (2.8) and (2.9) we have
the theorem 1.

Theorem 2. Let f(x)=c+ |x|*®(x) where C is any constant and ®(x) continuous
in [—1,1). Then for the sequence of polynomials (2.2) constructed on the zeros of
P,(x), nth Legendre polynomial, the relation

R,(f,x)=f(x) for —1<x=1
holds.

The proof of Theorem 2 runs exactly on the same lines as the proof of theo-
rem 1. So we omit the details.

30 CaSC ii) When m=2, €1= -"] and fs=0.
The interpolation polynomial H,(f, x) of degree =2n+1 with the properties:

Hn(f’_n =f(_'l) Hn(fso)=0
H;(f'!xk):f(xk) H;(f’xk)=0) k=1329--wn

is given by

(31) Hn(f9 x) s

4 w2 AGN x(1+x) 1+ 2x, W, (x)

Ehal W2(=1) x+x§1f( *u) x (14 x) _{x,‘(l+x,) W’(x)}(x x,J] K()

where W,(x) and /,(x) are given by (2.3).

) See SzAsz [3]

) See SzAsz (3]

%) See for example holds G. VitaL, G. Sausong, Moderna teoria delle funzioni di variabile
reale. Bologna (1952).
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Theorem 3. If ®(x) is continuous in [—1,1] and f(x)=C+|x|*P(x), a=2
and x,’s denote the zeros of Jacobi polynomial P{~V*'*)(x), then the sequence of
polynomials (3.1) converges uniformly to f(x) in [—1, 1].

The polynomial P{-V213)(x) is identical with

cos St (0]
(3.2) H/,,(X) = const W’ X =cos @
having the zeros
2k—1
Xy = cosmﬂ, Ee=1.2 4uen

The differential equation satisfied by W,(x) in (3.2) is
(I =x)W," (x) + (1 =2x)W, (x) +n(n+ D)W, (x) =
which reduces (3.1) for + (x)=|x[*®(x) as
(3.3)

H,(f,x) = ®(-1)

WE(x) x(14+x)x; |x,[*~2
—(2n+1)? (1+x)*(1 —x)

Now a quasi Hermite—Fejér polynomial satisfying the condition:

H( -1)=f(-1), H{x)=0 H'(f,x)=0, k=12 ...n

is given by
H () =D Bt 3 7 T [1-{ e+ e -

For W,(x) given by (3.2) and f(x)=|x|*®?(x), x=2 we have

x+ Z"P( Xy) (2x,—xi—x) 12 (x).

W’(x)

I+x[ { 1 W, (x:)

G HI(fn) = 0D i T -
SAXENA [4] proved that
(3.5) HI(f,x)~f(x), -1l=x=1
as n—co when f(x) is continuous in [—1, 1].
Equation (3.3) and (3.4) yield
+x)W(x) (1+x)

* = e (l x=-2
Hil (f: x)_Ha(f: x) 23 d)( l) (2 +1)z + Z‘p(xk)lxkl (1+xk)(l_x:)u/;2(x*) "

Since |®(x)|=M for —1=x=1, a=2 and®)

" . n 1 2n
0<1+WD) =2, 2 A= BATWe) — Gt

5) See SAXENA [4].
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Hence
(3.6) H,(f,x) = H/(f,x) as n — .
Equation (3.5) and (3.6) together completes the proof of theorem 3.
4. Case iii), when m=3, ¢ =1, {;=—1 and ¢;=0.
The interpolation polynomial Q,(f, x) of degree =2n+2 with the properties:

., D) =f1), Q.(f,00=0, Q.(f, -1 =f(-1)

4.1
ot C.(:x) =) QG %)=0, k=1,2,...n,
is given by
8 Wi(x) (1+x)x Wi(x) (x—1)x
4.2) 000 =10 gy ——7 WDy —7

n x(l xﬁ) 2x. W (x)
+ 3 o) 2020 [1 {xk P m,'(xf)}(""‘*’] 13),

where /. (x) and W,,(x) are given by (2.3).

Theorem 4. Let f(x)=C+ |x|*®(x), where C is any constant, =2, ®(x) con-
tinuous function in [—1, 1] and x;’s be the zeros of U,(x), nth Tchebycheff polynomial
of second kind, n even. Then the sequence of polynomials (4.2) converges uniformly
to f(x) in [—1, 1].

The differential equation satisfied by W,(x)=U,(x) is

(1=x)U, (x)=3xU,(x)+n(n+2)U,(x) =
from which we at once have

0.(f, x) =f(1)

UZ(x)(1+x)x
2(n+ 1)
. x(1—x*)(2x,—xi—X)
+k§_f(xk) xﬁ(l—xf)’ :'E(x).
Taking f(x)=|x|*®(x), x=2, we have
Uy (x) Uz (x)

Up(x)(x—1)x

HED) =Gy

5 0.(f, %) = O(1) 5 S5 x(L+2)+ B(= D)5 Bs x(x— 1)+
; n [ 2 —
+kg: D(x)|x, 2 2 x()l(—?ﬁ) x I (x).

Now the quasi-Hermite—Fejér interpolation polynomial Q@ (f, x) satisfying

the properties
(D =f1), Q(f,-D=I-D
Qa(fix) =f(xd), Q'(fix) =0, k=12,..,n,

is given by
w2 w}E
01 %) = 1) 5= i+ (D s
2x, W, (x0)

n I_xz o
+,§1 Fx) l—x,‘2[l+{l—x,‘2 £ W,,’(x,,)}(x_x")] i (x).

+
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Which for W,(x)=U,(x) & f(x)=|x|*®(x), a=2 takes the from

2 2
0i(fi%) = () = = o) 5

(4.4)
x)*(1—xx,)

< 1(1_ 2
+ 3 o) L0 ),
From (4.3) and (4.4), we get
3 h l 2 Uﬁ
0: (/. M)~ 0u(f. ) = B~ B(~ D5 Vi + 3 @l =2 L2052,

Further we have
(1-x*)Ur (x) = x)U3(x)

102, D=0/, %)| < [#() =S (=D "= lhZl<l5(x)!!xkl“"“ 1)

=M, a=2,0<=(1-x)U2(x)<1 for —1=x=1, therefore

(4.5) '!Lrg Qu(fs .X) = '!!P; Qn (f’ x)'
But theorem of SzAsz [5] gives
(4.6) Q. (f,x) = f(x) as n oo,

From (4.5) and (4.6) we have the theorem 4.

Theorem 5. If f(x)=C+ |x|*®(x) where C is any constant, a=2 and ®(x)
is continuous in [—1, 1], then the sequence of polynomials (4.2) constructed on the
zeros of P,(x), nth Legendre polynomial converges uniformly to f(x) in [—1,1].

The proof of this theorem runs exactly on the same lines as the proof of the
theorem 5. So we omit the details.

Acknowledgement: I am grateful to DrR. K. K. MATHUR for his help and
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