Inversion of block Toeplitz and Hankel matrices

By I. KATAI and E. RAHMY (Budapest)

1. Introduction. W. TRENCH [1] derived an algorithm for inverting a hermitian
Toeplitz matrix T, with O(n?®) operations rather than O(n®) as required by standard
matrix inversion methods, and stated a similar algorithm for the nonhermitian
case. ZOHAR [2] derived the extended algorithm in detail, and AKAIKE [3] generalized
Zohar’s derivation to block Toeplitz matrices.

TrENCH [4] modified his algorithm for the case when 7, is a Toeplitz band ma-
trix, by which we mean that it has the form

dy Bgiio, D
a, a - - 0
aq . QQ—I .
0 a, '
0 -
a, a, a,

The simplification yields a recursive method for computing the first row and
column of the inverse of this nth order Toeplitz band matrix with O(n) operations.

Our purpose is to generalize Trench’s algorithm for block matrices. Since
the multiplication of the block-elements in general is not a commutative operation,
we could not apply Trench’s method without any change.

2. Notations and definitions Greek small letters denote square matrices of
fixed (/x/, say) types, ¢ denotes the identity and ¢ the zero matrix among

them. Let
Po P-1 P2...0_,

(21) Tn= (pl Do ¢-1---¢_"+1
DPn Pn—1 Op—2 - @o
denote the Toeplitz matrix which we shall investigate. Let
Oy & ...0

(2.2) H=|%% "%&Gn

. Oy Cyggece Olge
be a Hankel matrix.
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We define the block-transpose, the block-symmetry and block-persymmetry
for matrices and especially for vectorials.
The block-transpose B' of a block matrix

B = [ﬂj,k]
1s defined as
B' = [By, ;]
A block-matrix B is block-symmetric, if B=B". Let J denote the matrix
P R
(o (O, R (Y
Loty 2
" il s o
B o
It is obvious that for a matrix
ﬁO,D ﬁﬂ,l ﬁﬂ,n
B = ﬁ:,n ﬁl.l ﬁl,n
ﬁn.l ﬁn,ﬂ ﬁn,n
we have
ﬁﬂ'.ll ﬂﬂ,u—l il ﬁD,O
BJ = Bin Bin-1 Bro
ﬂn.u ﬁn,n-l ﬁu.ll
and

ﬂn.o ﬁn.l eee ﬁn,u
JB = ﬂin-l,o ﬂjn—l.l"'gu-—l,x

Bu,o ﬁu.x Bﬂ.u

i.e. in BJ the rows of B and in JB the columns of B are reversed. Consequently

ﬁn.n ﬁn,n—l °--ﬁg,o
JBJ = ﬁn—l.u ﬁn'*l.n-l---ﬁn-l.ll Y

ﬁn.o ﬁn—l.o wes ﬁo,o
Definition. B is block-persymmetric if JBJ=B".
Note that all block-Toeplitz-matrices are persymmetric. If H, is a block Han-
kel matrix — see (2.2) — then

NN RS,

HJ=|%+1 % %
n . - .

' . G i oith
is a block-Toeplitz matrix.
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We observe that
Ji e

i

[0s «os 7)d = [Fas oovs 70l

Furthermore, it is clear that

and

3. Recursion formulas for two vectorials

Let
(3-']) Tm - [(Pr—s]:,ls=0

be defined for m=0, 1, ..., n. They are principal block minors of T,.
We assume that T, are regular.
For the sake of brevity we use the notation;

(3.2) Jo+ =015 ooy Quarls o= = [@-msrys vvs @-1s

(3.3) Sm=Ta'fm 4 Tm=T3 "S-

Let the block-elements of s,, and r,, denote by ¥, ., 0,,. respectively, i.e.
(3.4 =W ns s Vnult Pu={00ms+s Qe

We shall give a recursion formula for the computation of s,, and r,,. Suppose that
S and r, are known.
We can write T,,., in two hyper-block forms;

T | Jo- ]
(35) m+1 — =
Jm.+J
9 f»«,_—
(3'6) 2 fm,+ Tm ].

From (3.3) we get

Tos15m+1 =fm+1, +-
Hence, by (3.5) we get

wo.m-i-l
(3-7) Tm : +fm,- 'wm+l.m+l =fn,+’
'J’m.m-l-l
'pll,nn-l
(38) (fl'l. - J) : +(0u"1’m+1.m+1 = QPmsi2-

"’m.m-irl
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Multiplying by 7, in (3.7), we get

9&0.m+1
(39} - = Sm—rm'¢11|+l,m+l‘

Wm,m+l

We substitute this into (3.8) and get

(3'10) ((po_‘(f:n.+‘])rm)!l’m-hl.m+l = (Pm+2_(f;l.+ J)Sm'

From the regularity of 7,,., it follows that the equation 7,,.5,:1=/fs+1,+ has
a unique solution, therefore the solution of (3.10) (concerning Y, .1 ,+1) 1S unique.
Hence the matrix

(3.11) *m+1 = Po—(fo, + ) m
is invertible and

'lbu.m
(3.12) Vmst,m+1 = %mi1 [Pmra— (o, + | .
llbm,m

(3.9) and (3.12) are an explicite algorithm for the compution of s,,.,.
For the computation of r, ., we use (3.6). Since T}, _,*7ps1=fn+1,-. We have

O1,m+1
(313) ¢ogﬂ.ur+l+(fa:u.-—") = Q_mt2s
[Om+1,m+1
Q1,m+1
(3'14) fm.+90,m+1+Tm . zfm,—*
[ Om+1,m+1

From the last equation, multiplying it by 7', we deduce

21, m+1
$3.13) : =T Sm*Qo,m+1-

Qm+l,m+l
Substituting this into (3.13), we get easily that

(3.16) Qo,m+1 = ;';:-l(q,—(m+2)_(f;|,-J)rln)s
where

(.17) hms1 = Po— (2, ) 5m-
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4. The same vectorials for the transpose of T,,

For a general matrix A4 let AT denote the transpose of it. It is obvious that
N N L
@.1) TT = 0% 88 v RE s
L

which is a block Toeplitz matrix, too.
Let g, - and g, . be defined by

42) B - =[0L1, s Ol man)s 8+ = [Pms1s o5 01
Let x, and y, be defined from
4.3) DX = gy Ta Vs Bl s
Let ©,, and 1, , denote the block elements of x, and y,. respectively, i.e.
(4.4) - 1 PN | TR LI AL ) AT (W

To give recursion formulas for x, and y, we need to write into the formulas of
§3 @7, instead of ¢;, @, , instead of ¥, ., 7, , instead of ¢; , and we get

60,m+1
(45) = xm“.rm' C91'|-|-i-‘l..m+l’
Qm.m-i—l
where
em m =£;l (pll—-lll - :n—Jxm'
(46) +1l,m+1 +1( (m+2) (g s ) )

; En+1= 90 ~(8m —I) Vm-
Similarly we have

Ti,m+1
(4'7) .: = ym—xm.to.nrbls
Tm+1,m+1
@38 Tom+1 = 5;11(‘49:];4-2_(3:". +J)}"m)»
6m+1 o @I_(g‘n.+'!)xm'

5. Computation of the inverse of T,

Let

(5‘ l) TII_I = [ﬁr:]?,s:lh
and

(52) (Tnl)_l = [}'rs]:-'.s=o-
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First of all we observe that

(5.3) ﬁs]::?rs (r,s=0,1,...,n).
First we calculate the first column and row of 7,
Po| @1 P-n][Po] [
(54) ‘pl ﬁlo = |0 A
: Tn—l E
Pp ﬂno |0
Hence )
ﬁll:i‘|
(5.5) @0 Poot[P-15 s 04| | =1
B
P Pro 4
(3.6) P BotTaa|: | =1:]
(pn ﬁnﬂ o

Observing that T,_, is non-singular, and that T,_,s, ,=f,_,.., from the last
equation — multiplying it by 7,7}, — we get

10
(5.7) | =—5.-1B0,0-
n0

Substituting it into (5.5) we deduce that

= 1_1’
(5.8) o
o= @o—(fa-1,-J)Sp-1-
In the same way we get )
@y |1 23] [0 kS
(59) ‘le T '}:'10 - 0' 4
< I | P I P
Hence ; 3 3
0T, Y10 g
ot Ta-a|: | =]
q’{n, Yul). .0'

and multiplying by (7;L,)~! we have

-

Y10
(5.10) : | ==X3-21*Yo0-
j’nD
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We need not calculate y,,, since y9o=p%. From (5.10) and (5.3) we get

(5.11) Bor = —Poo* O] -1 @=1L2; i 0)

Now we consider two consecutive columns in 7. Let k, denote the block vector
the (s+1)’th block of which is ¢ and all of the others are zero, i.e.

5] - 0-th place
c
kg = |1| = (s+1)-th place.
c
g
If we take
fg]
|/
then
e 2 H
o
We have
‘P— ﬁl} 5s=1 ]
(5.12) Ponipan i
(Pll @y ﬂn s~1
and that

- R

Therefore, from (5.12) and (5.13) we get respectively, that

Bﬂs =3
Tn—l ] I lﬁus l‘_l

ﬁu
ﬁﬂs + TJ’I 1
\ ‘ 8 ﬂ,.,
Subtracting these equations

ﬁo s=1
Tn— ﬂn s=1"" ﬁUS'
_'ﬁn 1,5-1
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and so, multiplying the equation by 7,1, we get

[ﬁls’ [ 0,s=1
(514) 'I"rn—l'ﬁn.s—l—sn'ﬁﬂs'
ﬁm

Using this formula for s=1, ..., n we get all of the elements of 7.

n—1,5-1

6. Modification of the algorithm for band matrices.

Suppose that ¢,=¢ when r=—g¢ or r>p, and that ¢_, and ¢, are regular
matrices. In this case we can give a simplified algorithm for the computation of
Sms Fms Yms Xm. We shall consider only the computation of s, and r,

Assume that p+q"m Let s=max(p, g)—1. Suppose that %m« Wi
WikeniLiner #525 Vams Bhims 55< 5. Doimd Bumnd Lins >3 B 18VE hotn: cOMputnd. From
the relations (3 9), (3. 1]), (3.12), (3.15), (3 16), (3.17) we have immadiately

Yo, m+1 ':!’I.'I m Qo,m
: = = : 'lbm+l.m+l
lf’s m+1 ':’Js ] [ @5, m
01, m+1] [nu.m 1 ln!’tl,m
Vi 90.1n+19
s m+1 ﬂs-l.m_ _‘)bs—l,m

p
Zm+1 = Po— Z; PiOm—j+1,m
J=
. q
Lm+1 = Po— Z; (P—jd’j—l.m
=
1 r
la'l'Jrl't-I-l,i'n-'-l, =Hmir1l— Z; (pj'pm-l'l—j.m]!
=

q
Qﬂ.m-l-l = /‘r;}-l [_ Zl (p—ij—l.m] ]
J=

por ‘ !pmd 1,m+1

llbm s+ 1m+1] [’abm s+1,m Qm-—:+1,m

m,m‘rl _Qm.m

=1 [ Q0,m+1-

err+1 Sam+ ll {Qm S, m ":bm -8, m

Om,m [')bm, m

Om+1,m+1

For the corresponding components of x,,», we can deduce similar formulas.
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Now we give a simple recursion formula for the computation of the other
components of §,_;,y—15 Xy—15 Vu—1. For this we take

[

Po Py
R E 2
fﬁ"p—l '
?p .
y 4 ’ .
. P-q
| '. Pg+1
a . :
v Pp *+* Po

and corresponding to them
S:a-—l = (!llll,u—ly iy wp—l.n-lllpp.n-la 1419 tll’lt—l—ag.ie—].[w«—q,u—lw s wu—l)
fl:—l.-l- = ((Dl! shey (pplo-j ...,O'IO', LXLE | G)‘

From T,_;5,-1=/,-1,+ We get immediately that

P
2 OV¥r-in-1=06 (r=p,p+l,..,n—1-¢)

i=—gq

The same way we have

P
2 @il-1a-1=06 (r=p,p+l,...,n—-1-gq).
i=—g

Hence we have

a-1
Vin-1=—¢7" .Zp P-iWi-g+jin—1
j=-

g-1
Otn-1 = “"P:; 2 <P—jgx-q+J.n-l
i==p
for t=s+1.
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