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Onthe means of an entire function of several complex
variables represented by multiple Dirichlet series

By VINITA VIJAI (Lucknow)

1. Let

(11) f(81782) = Z Qm . n eXp(Sl)\m + SQ,Un)

m,n=1

(sj =05 +1it;, j=1,2), where a,,,, € C, the field of complex numbers,
and \,,’s, pp’s arereal; 0 < A < A < ... < Ay — 005 0 < g < o <
v < by — OQ.
It has been proved [1] that if
1 1
(1.2) lim OAgm —0, lim 28" _y,

m—0o0 m n— oo /’Ln

then the domain of convergence of the series (1.1) coincides with its domain
of absolute convergence. Also, SARKAR [2, pp.99] has shown that the
necessary and sufficient condition for the series (1.1) satisfying (1.2) to be
entire is that

]' m,n
(1.3) lm 08 lamal _

—OQ.
(m,n)—o0 )\m + Hn

Let the family of all double Dirichlet series of the form (1.1) satisfying
(1.2) and (1.3) be denoted by F. Then f € F denotes an entire function

over C2. The results can be extented to several complex variables.

Corresponding to an f € F', the maximum modulus M = My and the
maximum term g = py on R? are defined [2, pp.100] as

M(J):Mf(al,crg)zmax{|f(31,52)|, s1,82 € C, Res; = o7, Re82:02}

(o) = py(or,02) =  max  {|amn|exp(oidm + o2pn) },
(m,n)EN?
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where N is the set of natural numbers. The following two lemmas are due
to SARKAR [2, pp.101].

Lemma A. Let f € F be of finite order. Then p = (p1, p2) > (0,0)
is an order point of f iff

loglog M (o)
log(eUIPI + e%2p2

lim  Sup [

(01,02)—00

)]:1, o€ R?

Lemma B. Let f € F be of finite order. Then 7 = (11, 72) > (0,0)
is a type point of f iff

Sup [ log M (o)

7-160'191 _|_ 7-260'2P2

lim
(o1,02)—00

1=1, o€ R?.

We define
T To
. 1 . .
(1.4) Ip(al,dg):(Thggl_}OO AT T, / /|f((71 +’Lt1,0‘2+Zt2)|pdt1dt2
—Tn =Tz

g1 02

4
(1.5) myp q(01,02) = W//Ip(xl,azg)eqxleq“dxldxg,
0 0

where p and ¢ are any positive numbers. We shall study some growth and
asymptotic properties of I,(01,02) and my, 4(01, 02).

2. Theorem 1. If f(s1,s2), f € F is of finite order, then
(2.1) log M (01, 02) ~ log (o1, 02).

PROOF. From the definition of M (o, 02), we have

oo

M(01702) < Z |am,n|exp(01)\m + 0'2,un)
m,n=1
mo To oo no mo o0 o) [e’)
PIPIEEDIEDIED DD DD DI DI b
m=1n=1 m=mo+1 n=1 m=1 n=ng+1 m=mo+1 n=ng+1

X |@mn| exp(o1Am + o2pin)

(2.2) D IEPIED DD (say)
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Zl < A eXp(O'1>\m0 + O-QMno)

[e%e) no

Z2 - Z Z |@m n| exp(T1Am + o2pin)

m=mo+1 n=1
o)

< Bexp(oapin,) Z |G | €xp(01Am)

m=mgo-+1
o)

= Bexp(oatin,) Z |@m,.n| €xp(01 + 2) Ay exp(—2eA,) -

m=mg+1

Similarly

(e ¢]

>, < Coxp(a1dmy) D lamn|exp(os +22) exp(—2ep).
n=ng+1

Also

24 - Z Z |, n| exp(o1 A + o2ptn)

m=mgo+1n=ng+1

= Z Z |am n| exp{(c1 + 2¢)\p, } exp{ (o2 + 2¢) 1 }

m>mo n>ng
X exp(—2eAy,) exp(—2epy,) .

Using (1.2), we have for a given ¢ > 0,

o0

1
Zz < Bexp(oafing) Z |@m,n| exp{(o1 + 26)/\m}m

m=mqo+1
o)

1
23 < Cexp(o1Am,) Z | n | exp{ (o2 + 25)#11}?

m=ngo+1

and

24 < Z Z |am,n’ exp{ (o1 + 2¢) A\ } exp{ (o2 + 2€) i }

m>mg n>ng

1
<K1/J/(O'1+2€,0'2+26) Z Z W

m>mg N>ng

m2n2

Hence (2.2) gives



4 Vinita Vijai
(2.3) M(o1,02) < Aexp(01Amy + T2fing)

= 1
+ Bexp(oafin,) Y [am,n| exp{(c1 +22)Am} —;

m=mqo+1
o)

+ Cexp(o1Am,) Z |@mn

n=ng+1

1
+ Kip(o1 + 2,00 + 2¢) Z Z 22

m>mg N>ng

1
exp{(o2 + 2¢)pn} 5

(2.4) < 0(u(o1 +2¢,09 + 2¢)) .

We also note that u(oq,02) < M(o1,02). Hence log M(o1,02) ~
log pu(o1,02).

3. Theorem 2. If f(s1,$2), f € F is of finite order, then for p > 1,

(3.1) log I,(01,02) ~ plog M (o1, 02).

We first prove the following
Lemma 1. For f(s1,s2), f € F

1
3.2 m.n A n) = li
(3.2)  amnexp(o1Am + Oafin) (TIJESLOO AT\ T, X
T Ts
X / / [exp(—i(tl)\m + tgun)) X f(0‘1 +1t1,09 + itz)]dtldtg.
=Ty —T»

ProOoOF. We have

f(Sl,SQ) :f(O'l + it1, 09 + ’itg)

[ ]
= Z apr, N exp{(o1 + it1) Ay + (o2 +ita)un }
M,N=1

= A exXp{ (01 + it1) Ay + (02 + it2) pin }

-+ Z Z ap,N exp{(ol + it1>)\M + (0'2 + itz)ﬂN}
M+#m N#n

Also

exp{—i(tl/\m 4+ tg,un)}f(al -+ it1,0'2 + Ztg) =
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= A, €XP(T1Am + O24in) + Z Z an,n exp{ (1A + oapun)} X
M+#m N#n

x exp{it1 (A — Am) +it2(uN — pn) } -

Since the series on the right is uniformly convergent for any finite ¢; and to
ranges, therefore we may integrate term by term for finite ¢; and ¢5. Hence
on integration, all the terms, for which m # M, n # N, after dividing by
T1T5 vanish as Ty, T — oo and we obtain

T T
/ /exp{—z(tl)\m + tgun)}f(al + Ztl, (o] + Ztg)dtldtg
—T7 —To
= Qmn €XP(T1 A\, + O2n) -

lim
(T1,T2)—o0 4T1T2

PROOF of Theorem 2. From (1.4), we have

T, Ta

/ / |f 0'1 + Ztl,O'Q —+ Zt2)|pdt1dt2

-7y —

I lim
plon,oo) = lm 4T1T2

(3.3) <{M(o1,092)}".

Also from Lemma 1, we get

T T»

/ /|f(01+it1702+it2)|dt1dt2.

T =T

1
y
(T2 o) o0 AT, T

(3.4) p(o1,02) <

Applying Holder’s inequality for p > 1, we have

T 1>

/ / |f(o1 + it1, 00 + ita)|dt1dts
Ty —T;
T T p ¢ 1, 1—2
< / / | f(o1 +ity, 09 + it2)|Pdts / dto dt,
- | T
T T Ly P v

< / /!f(01+z't1,oz+z‘t2)\1”dt2 dt; | x
_Tl T2
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( [a) L
-1

T

1
= / /|f (01 + it1, 09 +ite)|Pdty p dty //dtg dt,

1—

3 |-

=T1 \-T> Ty —
1 1_
T, Tp P T Ts
= / / |f(o1 +it1, 00 + ite)|Pdt1dts / / dt,dts
—T1 —Tg _Tl —
Therefore,
1

3.5 < li
( ) Iu(al,og) - (Tl,ill’?n)q—mo 4T1T2

1_,

/ / |f o1+ ’Ltl,O'Q —+ Zt2)|pdt1dt2 / / dtldtg

-7 — Ty —

T T2 P

//|f(01+it1,02+it2)|pdt1dt2

=Ty =T>

1
36) = i
(3.6) (T2 o) oo | ATV T,

1

= {Ip(dl,dg)}p .
For, p =1, we have from (4.4)
(3.7) plor,02) < Ii(01,02)

Hence for p > 1, we have

3=

(3.8) (o, 09) < {Ip(dl,dg)} < M(oq,09),

and using (2.1), we get the theorem.

Corollary 1. If f(s1,s82), f € F, is of finite order p = (p1,p2)
> (0,0), then for p > 1

lim Sup{ log log Ip(al,ag))} =1.

(01,02)—00 log(efflm 4 eo2p2
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Corollary 2. If f(s1,s2), f € F is of finite order p = (p1,p2) >
(0,0) and type T = (71,72) > (0,0), then for p > 1

lim  Sup {( log Ip(01,92) } =p.

(01,02)—00 T1€91P1 + T9eT2P2 )

4. Theorem 3. If f(s1,82), f € F is of finite order p = (p1, p2) >
(0,0) then for p > 1

logl
(4.1) lim Sup 0g 108 mp,q(UhUQ) _
(01,02)—00 10g(ea1p1 + 6‘7292)

PrROOF. We use (3.8) in (1.5) and then with the help of (2.4) we get

g1 02

4
(4.2) myp q(01,02) = m//lp(xl,xg)eqzl e?2dx dxs
00

4 g1 02
0 0
4 M P
< { (0'170'2)} (eqol _ 1)(qu2 . 1)
ed91 402 q2

_ %{M(Ul, 02) P (1 — e=91)(1 — ¢=972)

(4.3) < %{,u(al +2e,00+2e)}P (1 —e 97 )(1 — e7192)

Also, using (3.8) in (1.5), we have for h > 0

h h
(44) mp’q<0'1—|——,0'2—|——)
P1 P2

_h_ _h
01+p1 02+p2

4 xr )
T a2 _gloat ) / / Ip(z1, 22)e?™ €T dxds
€ P2

r1’e
0 0
U1+ﬁ Uz-l-%

4
/ /{,u(xl,acg)}p e1®1e®2dx  dxgy
0

_elI(UH—ﬁ)GQ(Uﬂ‘%) /

_h _h
01+p1 02+p2

/ /{u(a:l,xg)}p e?™1e12 dyy dxy

o1 02

4

T palort ) paloet o)
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Hplor,02)}P 1 oyt b .
2 ot B aloat &) X q_Q{(eq( 1+57) _ ea 1)}><

€ rP1’E
h
X {6(1(0'2"‘5) —eqUZ}
4 h

g g
= atulono2)} (1—e Y1 — e 975 .
From (5.3) and (5.4), we obtain

log1 log1
lim  Supd 108108Mpal01,02) | g ] loglogp(an, o)
(01,02)—00 log(eolpl + 602/)2) (01,02)—00 log(eglpl + 60'2p2)

Using (2.1) and Lemma A, we get

i Sup { BB (01,7
(01,02)—00 log(eo‘lpl + eO'sz)

log log M
= lim Sup{Ogog (01"72)}:1

(‘71702)—>oo ]og(601p1_|_02p2)

and hence the result.

5. Theorem 4. If f(s1,s2), f € F is of finite order p = (p1,p2) >
(0,0) and type T = (71,72) > (0,0) then for p > 1

(5.1) lim  Sup { ( log my.q(01,02) )} =p.

(o1,02)—00 T1€91P1 | T5e02P2

Proor. We have

g1 02

4
mp7q(0']_,0'2) - €491 402 //Ip(x17x2)eqml eqm2d$1d$2
0 0
4 g1 02
S ot oaos /{M(wl,x2)}p 91 922 o iy
ed91 19
0 0
4
(5-2) < S{M(o1,02)}P(1 —e 97 )(1 — e~ 972).
q
Therefore
lim  Sup logmy,q(01,02) <p lim Su log M (o1, 02)
(01,02)—00 T1€91P1 4 T9e%2P2 | T (01,02)—00 T1€91P1 + T9e02pP2
Also
h h
mpqg(o1+ —, 004+ —) =

P1 P2
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h h
o1+-+ oot+--
1+p1 2+p2

4
= I, (21, x2)e?"" e¥"2dx1dxy
eCI(U1+%)eq(0’2+£) ) ) p( ! )

h h
o1+-+ oo+--
1+p1 2+p2

4
= a(or+2) g(o2+2) / / {u(z1, 22)} ¥ e*2 day dus
(& P2
0

P17 @ ,
4 o o
> q_g{ﬁb(ffl,ﬁz)}p(l —e %o )(1 —e qp2)_
Therefore
el lim

logmy,q(o1 + %,02 + p%)
SUD | et E) o, (et )
e P17+ Toe 2

(o1,02)—00 T

(01,02)—00 T1€91P1 4 T9e92P2

>p  lim Sup{ log p(o1,02) ]

or e lim Sup{

(01,02)—00

log my, 4(01,02)
T1€91P1 4 T9ed2P2

>p lim

(01,02)—00

Sup{ log j1(01, 02) ]

7-160'191 + 7‘260'2/32

Since h is arbitrary, we have

1
(53) lim Sup 08 mp,q(Uh 02)
(01702)_)00 T]_eo'lpl _|_ 7—260'2p2

>p lim

(01,02)—00

Supl log (01, 02) }

T1€91P1 + T9ed2pP2

Also log M (01, 02) ~ log u(01,02) and therefore from (5.2) and (5.3), we
get the theorem.

6. Theorem 5. For f(s1,$2), f € F andp>1,

1
6.1 li =0
( )(01,0151—>00 eq‘fl(1_a1)eq"2(1_0‘2)mp,q(01,02) —mp’q(OqO'l,OéQO'Q):|

where a1, as (0 < ag,as < 1) are constants.

We first prove the following lemma:
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Lemma 2. Let f(s1,s2), [f € F, then for (0 < 0] < 71 < 01), and
(0 < 0h < G9 < 02),
{1(T1, 05)}P (e — e171) (172 — ¢172)
T {10}, 32) P (5 — 1) (972 — 172

+ {H(51762)}p(€q01 _ eq51)(eq02 _ e(]@)}

q\? 5 tas o
= (5 1711972, (01,09) — €912 my, (51, 52)

< |:{M(0'1, a9)}P(e?7t — eq51)(€q52 —1)
+ {M(51,02) 1P (971 — 1)(e172 — ¢972)
+ {M(ULUQ)}p(equ — eq51)(eq02 _ efﬁz)}
where p > 1 and q is any positive number.
PROOF of Lemma 2. From (1.3), we have
1914402 qo1+qo2

€ mPaCI(O-h 02) —€ mP,Q(61’ 6-2)

o1 02 g1 02

:4//Ip(xl,l'g)eqxl+q$2d$1dx2+4//Ip($1,$2)€qm1+qm2d$1d$2
o1 O 0 o2

o1 02
+4//Ip(xl,xg)eqmﬁq“da:ldxg
01 02

Hence, using (3.8), we have for p > 1

(6.2) el71t9%2yy  (01,09) — 1711992, (51, 59)
o1 7o
24//{]\4(:1:1,:1:2)}7” ed¥1H4%2 oy daoy+
51 0
01 02
+4 / /{M(:L’l, x2) P e 192 gy diy
0 o2
o1 02
+4 / /{M(:L’l, x2) P e T 1T gy dipy
51 72
< S IM (1, )P (7 — e ) (e — 1)
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4 _ _
+ —2[M(61, 02)|P (€27t — 1) (%72 — e972)
q
4 _ _
+ —2[M(O'1, o9)]P(ed7t — e?91)(e172 — e992) .
q
Also
(6.3) 17192 my, o (01, 02) — 1717972 my, (51, 52)
o1 02
24//[u(x1,x2)]p e a2 (o oy
01 o
01 02
+ 4//[u(9:1,:62)]p 41+ a2 o dy
ol 02
o1 02
+ 4//[u(x1,x2)]p eI 42 oy g
01 02
4 — !/ o lod o ol
> 2 (G o (7 — 1) (e — 1)
q
4 _ p _
+ Splalot, a2 (7 — a7t — e
4 _ _
+ o, — ) (o — ).
q

Combining (7.2) and (7.3) we obtain the lemma.

PRrROOF of Theorem 5. If we put
o1 =001, 0y =101, Gy =002, 0= 09,
where 1 < a1, 2 < as in Lemma 2, we get
{001, Bo02) (77 — T (10277 — c%a)
+ (G101, 030) (e — B0 (1% — o)
+ 4{ (101, agos) P (e17t — 19191 ) (972 — eqo‘Q‘”)}
<q¢? [eq"1+q“2 my q(01,02) — 1411 T12%2 (a0, agag)]

<[40 (01, a202)}7(e00 — etr0n)(erveon 1)

11
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+ 4{M (o101, 02) P (e — 1)(e172 — e97272)
+4{M (01, 09)}P (17t — 1%171) (172 — £1%202)
Dividing by e?*17t e9%272, we obtain
[4{M(0410’1,5202)}1’(6‘1"1(1_“1) —1)(1 — et72(F2ma2))
+ 4{p(Bro1, agog) P (e972(1792) _ 1)(1 — o1 (Frma))
+ 4{p(ar 01, o) P (et (171 1) (g72(1m02) 1)}
<q’ [eq01(1—a1)eq02(1—a2)mp7q(01, o2) —my q(a101, ang)]
< [4{M(01, p02) P (97117 — 1)(1 — 7 9%272)
FA{M(a101,02)}(1 - eI (im0 1)
+4{M (o1, 0 PP (10 1) (se=1-02) _ 1)

Taking limits on both the sides, Theorem 5 follows from the above
inequalities.

I take this opportunity to express my thanks to Dr. S. N. SRIVASTAVA
for his valuable suggestions and guidance in the preparation of this paper.
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