Analytic solutions of Schrioder equation

By WILHELMINA SMAJDOR (Katowice)

Let £ be a Banach space over the field of complex numbers C.
Definition 1. ([1]) A mapping f; E—~E is called a homogeneous polynomial
of degree n if and only if there exists a n-linear symmetrical mapping f: E"—E

such that
F68) = J{x; o %)~ XEE.

We say that f is associated with f.

Let P,(E) be a space all continuous and homogeneous polynomials of E into
E of degree n (Py(E) denotes the set of constant mappings from E into E).

We shall investigate local analytic solutions of the Schréder equation

(N o[f(x)] = Ap(x),

where a function f of the type f: E—~FE and A< P,(E) are given and ¢ of the type
¢: E—~E is unknown function.

We assume that

(I) The function f is analytic in open set GCE, 0£G, and f(0)=0.

(IT) The mapping A:=f"(0) is invertible of the space E onto E and

2 41214~ < 1.

Definition 2. ([1]) A function f: G—E is called analytic in G if for every point
x€G there exist f,€P,(E), n=0,1,2, ..., such that

fec+h) = 3 f,(h)

n=0
for all 4 in a neighbourhood of O E.
For every n there exists n-th Frechét derivative D"f(x) of f at x¢G and

Df(x)=n'f,, for n=0,1,2,...,

where f, is associated with f (cf. [1]).
It follows by A=A"14A4 and (2) that

A3 s:= |4 = A7 [4]* < 1.

According to (2) there exists a number ¢, s<o<1, such that
. 1

@ 4 < .

2D
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Lemma 1. There exist numbers R=0 and K=0 such that
If(x)—Ax|| = K][x||* for |x| =R.

Proor. By virtue of hypothesis (I) and by [2] (Th. 6.2) there exist numbers
M=0 and R,, 0<R,<1 such that

fx) = =Zif,(x) for [|x| = Ry,

{x:|x| =R} G
and
IfG) =M for x| = R,.

For I|x||~:% R, we have

Il = 55, n=1
Hence
- 1 ]
S =5M for x| =5 Ro.
Let R be a fixed number such that
1
0 - R - —j-Ro_

We get

x X1

I [m"‘]” = M

> -1 -
Zuon=5(F)

for |x|=R. Thus
M :
[ f(x)—Ax| éﬁuxnz for |x| = R.

Putting K:= we get the assertion of this lemma.

A
2R?
Lemma 2. There exist positive numbers r and 3, s<3<a, such that
(3 If G < x| for x|l = r.
Proor. We have by Lemma 1
1FGN = 1lf(x)— Ax|| + || Ax]| = K]|[x||*+s|lx]| = (K[[x]| + )]l x]l.

Hence, it follows that there exists sufficiently small number »=0 such that inequality

(5) is fulfilled for | x| =r.
In virtue of (5) the function f transforms the ball {x:| x| <r} into itself, so
we may define n-th iterate of the function f:

@) =x, 1@ =ff"®), n=0,12,...
The functions f™, are analytic (cf. [2]) for |x|<r.
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Theorem 1. If hypotheses (1) and (11) are fulfilled, then the sequence {A~"f"(x)}
is uniformly convergent in some neighbourhood of zero and the function

®) 0(x) := lim A~"f"(x

is the analytic solution of Schroder equation (1).
Proor. By lemmas and by (4) we have

|-V 41 (x)— A= ()] = A= D(f*+ ()~ A" ()] =

K . [ N

o2

: o
= A=Y f* X — AP O = —grgy 1P = >

for ||x||=r. Hence, the sequence {4~"f"(x)} is uniformly convergent in the set
{x: |x|=r}. The functions A~"f"(x) are analytic. Thus, the function ¢ given by
(6) is analytic in {x: ||x|<r} (cf. [1]). Since

olf(x)] = lim A7"f"*1(x) = lim A="TVAf"*1(x) = Ao (x),
thus ¢ is the solution of (1). The proof is completed.

It is known that, if || 4| <1, that the mapping A-—!((A—I)(x):Ax—x) is in-
vertible. Therefore if ¢ is a solution of equation (1), then ¢(0)=0.

Theorem 2. If hypotheses (1) and (11) are fulfilled, then the solution of Schroder
equation given by (6) is invertible in an neighbourhood of zero.

PrOOF. At first, we shall prove that the sequence
Pn(x) = (47" ") (x)
is uniformly convergent in some neighbourhood of zero. We have
lpns1(x)—@nx)| = A= P f(f*(x) 0... of (x)=A~"f'(f*" (X)) 0... of ")l

1A= |(F " D= A @) 0. of ' (W))|| =

= A7 |F (@)= O || @) - 1 @l
for | x||=r, where r is defined in Lemma 2. There exists a number r,=r such that

If°G <8 for [Ix| = ry,

where 3 is the constant from Lemma 2. The function f”(x) is analytic therefore
(cf. [2])) there exist positive numbers M and r,=r, such that

IFGN =M for x| =r.

(1A

By mean value theorem we get

'if’(f"(x)) —f’(O)f] = M¥|x| for |x|| =r,.
Thus, we have

Mr, (9)"
0ia G-l = 22 (2] .

2=
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Hence the uniform convergence of {¢p,(x)} for |x]|=r, follows. In virtue of
Th. 8.6.3 from [3] we have

o'(x) = '!Ll’g A" (f"~U(x))o...of (x), and ¢’(0) = I

Hence, by Th. 10.2.5. from [3], the function ¢ is invertible in a neighbourhood
of zero.

Theorem 3. Let hypotheses (1) and (11) be fulfilled. If function s is an analytic
solution of Schroder equation (1) in a neighbourhood U of zero, then there exisis
linear and continuous mapping S: E-~E such that

A=AS and VY(x)= Sop(x),
where ¢ is given by (6).

Proor. We have ¢of=Ae, Yof=AY, f=¢~'0Adop, fop~*=¢ 04 in U
Let L: =yo¢~1. Hence

AL = AYop  =yYofop ! =yYop~lcAd =LoA.

Thus, the mapping L is analytic (cf. [4]) and commutable with 4. There exists a
neighbourhood ¥ of zero such that

L(x)=S8(x)+ S‘ Si(x), xe¥cl,
k=2

where S;<P,(E). We have equality

S(A@)+, > S,(A(x) = AS() + k S AS,(¥)
=2 =2

because L.4A=AL. Hence
SA=AS and S, A=AS;, k=2
From the last equality we get
ISel = A7 IISlNA4l*, &k = 2.
By virtue of hypothesis (II) and (3), S, =0 for k=2. Thus L(x)=S(x) and
(7 Y(x) = So(x) in V.
It follows by identity theorem that (7) holds in U.

Example. Let X be a Banach space over the field of complex numbers C and
let E=P;(X) be the Banach space of all continuous linear mappings of X into X.

Let w be an invertible element of E such that |w| <1, and D:= 3 lw|". We put
n=0
O = {uEE: ||u|!¢:%} and
f:G3u - f(u) = wu(I—u)"1€E,



Analytic solutions of Schrider equation 153

where I(x)=x for every x£X. The above defined function f may be given by
formula

fw) =u+u>+...
and it is analytic in G (cf. [2] Th. 5.2), A:=f"(0O)=wlg, A 'v=w"1v for vEE.
The function

oo

(8) o) = u[I-(I-w)~u]™! = Ju((J-w) tu)"?

n=]1
is analvtic solution of equation
@ [f(u)] = Ap(u)
in G. Indeed,

elfW)] = ou(I—w) " {I-(I-o) ' ou(I—u)""} 7 =
= ou(l—w) " H{(I- o) [(I-w)(I-u)—oul(I-u)~1} 1 =

=ou(l—u—o+ou—ou) ' (I-w) = ou(lI—u—w)"'(I-w)
and
Ap(u) = ou[I-(I—w) u] ! = ou{(/I-0) ' [(I-o)—u]}* =

=oull-o—u) ' (I-w).
1

For the mapping o(x)=w(x,x.):=

o N

0

vrl

[ ] we have |o|=
1] Lx,
4

= sup fcu(x)il=—.l,, o™ 1|=4 and |®|®|@~'|=1. Thus inequality (2) in hypo-
fixil=1 -
thesis (IT) is not necessary.
If |@|* /@' =1 then inequality (2) is fulfilled. In this case, we obtain formula
(8) by application formula (6). This solution is invertible in a neighbourhood of
zero by Theorem 2 and every analytic solution i of equation (1) in a neighbourhood

of zero has the form Y (u)= S¢(u), where ScP,(E) and SA=AS.
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