Categories of relations with standard factorizations

by ROBERT T. VESCAN (Iasi)

§ 1. Introduction. In [10], D. PuPppE calls a category K an I-category (““Kategorie
von Korrespondenzen™ in [2] and [3], § 6.6, also called category of relations in [1],
“catégorie ordonnée” in [6] or “‘catégorie a involution™ in [7]) if the following
conditions are fulfilled:

(a) For each pair of objects 4, B, the set of morphisms K(A4, B) is partially
ordered and the partial order is compatible with the composition, i.e. ficfi=
=/8C/.8.

(b) There exists a contravariant functor *: K—K such that

(bl) (fe)* =g*f*:

(b2) f** =1;
(b3) A* = 4;
(bd4) icfe=fF Cfr.

D. Puppe has defined a relation from the object A to the object B of an abelian
category =7 as a subobject of 4$ B and has given (§2 in [10]) a construction of
the category K(.o#) of relations over .o (“die /-Kategorie K(.«7) der Korrespondenzen
iiber einer abelschen Kategorie #”’) which satisfies the required (a) and (b) con-
ditions. He has imposed a set of six axioms KI—K6 on a category of relations
which give a characterization up to isomorphism of the category K(##) of rela-
tions over /.

In a previous paper [8], S. MACLANE considered a special sort of categories
of relations, namely “partially ordered categories’; a partially ordered category
2 in the sense of MacLane is defined by three groups of axioms (I), (II), (III)
(see [8]), from which we give here only the first one:

(I-a) To each morphism f: 4B there is a unique morphism f*: B—-A4
with f**=f=ff*f (fe)*=g*f*.

(I-b) Each set Rel (A4, B) of morphisms f: 4B is a modular lattice under
a partial order “c” such that, for f,g: A—-B, gcf implies g*cf*, ghcfh.

The axioms (a), (b) and K1—+KS5 due to D. Puppe, imply all axioms from
MacLane [8] and are clearly more restrictive than the latter, according to [10] § 6
(we must exclude the condition of modularity for the lattice Rel (4, B) from I-b).

In the preceding paper [14] we have shown that a partially ordered category
# can be embedded in a category of relations # in which every map of # has a
kernel and cokernel.
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In our present paper we show that if we require besides axioms (I), (II), (III)
of Maclane a natural condition of standard factorization of the morphisms, then
we obtain a system equivalent to (a), (b) and K1—-KS5 from [10]. Moreover, this
axiom of decomposition clearly valid for relations over an abelian category, allows
us to cancel from (I-a) the equalities f*#=f=ff*f, so that in the set of
formal axioms such obtained these conditions of involution and regularity become
theorems which we can prove (f=ff* f is regular in the sense of voN NEUMANN
or “‘difonctionelle” according to RIGUET [11]).

We note that the morphisms of a category of relations which satisfy simul-
taneously ff*—1 and f*f>1 are called maps (in [1], “Abbildungen™ in [2],
“eigentliche Morphismen™ in [10], ““graphs™ in [8]). The reason for this terminology
can be seen clearly from the typical examples of categories of relations given by
Puppe and Brinkmann (in [10], [1]. [3]), RS, RG, RAb, RMod: the objects
A. B, C, ... are all sets, all groups, abelian groups, left modules over a fixed ring,
respectively; the set of morphisms from 4 to B is the set of all relations
R—AXxB for RS and the set of all homomorphical relations Rc A< B for RG,
RAb, RMod.

Homomorphic relations have been first studied apparently by J. LAMBEK in
[5], defined as subalgebras of the direct product 4X B of two similar algebras
(also [4]); submodules R A< B of the direct product of two modules are called
additive relations in [8] and [9], “Korrespondenzen™ in [10] and [3] and linear rela-
tions in our paper [13]; homomorphic relations between vector spaces are called
linear relations in [12].

We have mentioned above that the axioms (a), (b), KI—K6 due to Puppe
characterize the category K(&Z) of relations over an abelian category .=7; let us
recall here that if K is a category which satisfies only axioms (a), (b), K1—K3
(called pseudoexact category of relations, in [1] and [3]) then the subcategory of
maps is merely exact and determines in the same way K up to isomorphism (we
speak of exactness in the sense of MITCHELL, see [3], no addition is required as in
the exact categories of BUCHSBAUM).

If we examine all the axioms imposed on a partially ordered category #, the
latter appears to satisfy essential properties of a bimodular category (“‘catégorie
bimodulaire™ [7]), all valid in the standard model RMod; but these axioms do not
suffice to characterize the relations in an abelian category (Beispiel 4 in § 7 from [10]),
so that it seems us natural to complete the system (1), (I1I), (III) in order to obtain
a supplemented system equivalent to (a), (b) and K1-+K6 (more precisely to (a),
(b) and K1—K35).

§ 2. Category of relations with standard factorizations.

Definition. A category R is called a category of relations with standard
factorizations if the following axioms are satisfied:

(I’) 1. Each R(A, B) is a lattice under a partial order relation < such that,
for f.gcR(A, B), g—fimplies ghcfh whenever the composites are defined.

2. There is a lattice isomorphism *: R(A, B)—~R(B, A) for each pair of
objects A, B such that (fg)¥=g* f+.

(IV) Every morphism f< R(A, B) may be expressed in the form f=m, e mie,
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where m; are faithful maps and e; onto maps in R; in this decomposition of f cach
factor is uniquely determined up to isomorphism.

Remark. We say that a morphism f<R(A, B) is

a) universally-defined iff f*f>1;

b) single-valued iff ff* cl;

c) faithful iff f*fc1,;

d) onto iff ff*>o1,.

f is called a map iff it is universally defined and single-valued.

Theorem 1. In a category of relations with standard factorizations, * is in-
volutive (f**=f) and each morphism is regular in the sense of von Neumann.

PROOF. Let A4 be an arbitrary object of R and 1, the corresponding identity.
Since *: R(A4, A)—R(A, A) is a lattice isomorphism, there is a unique f€R(A4, A)
such that f¥*=1,. Then we have

11, =15f*=(flp*=f*=1,
and also
151,=1%, hence 1% =1,.

Let now m be a faithful map in R, thatis m*m=1, mm*C1. We prove that
m*=*=m, by observing that (m=m)*=1% and then applying the above result
m* m** =1 which implies mm* m** =m, hence m=(mm*)m** Cm** ; conversely,

mE* = m**¥(m*m) =mM**m*)m = (mm*)*mc1*m = m.

Let next e be an onto map in R, that is e*e>1, ee*=1. The proof of the
equality e**=¢ is exactly dual to that of m*#=m, in the sense that all in-
clusions are reversed and the order of composition is changed.

Finally, if f is any morphism of R which can be factored as f=m,e; my ¢,
then

5% = (meeF mife))** = (ef mF* e * m3)¥ = (eff mye,m3)* =
= m§*eFmFel* = meefmfFe, =/.
There is no difficulty in proving ff* f=f, as
I f = (myed* m e))(eff mye;mz)(myed m e) =
= (myes mi¥)(e,ef)(mye.)(ms my)(es mi e)) =
= (myes’ mi*)(mye,) (eff me)) = (myed)(mf e,).

Corollary. In a category of relations with standard factorizations which sat-
isfies also (II-a, b, ¢) and (III) from [8], all axioms due to MacLane are valid
(again: we must exclude the condition of modularity from I-b).

Indeed, Theorem 1 shows that (I-a) is satisfied; obviously, (I-b) except
the condition of modularity for the lattice R(A, B), is contained in (1”). According
to Puppe [10], §6.1, the condition (II-d) from [8] can be proved using (I)
and (II-a, b).

Remark. Clearly, the preceding corollary shows that the system of axioms
(1), (11), (I11), (IV) is equivalent to (I), (II), (III), (1V) minus the condition of
modularity from (I-b).
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§ 3. Categories of relations with standard factorizations which satisfy axiom (111)
of MacLane.

Let R be a category of relations with standard factorizations and denote by
MR the subcategory of maps.

Lemma. Suppose R satisfies also (111) from [8)]: then there is a system of null
morphisms in MR.

PRrROOF. Denote by w4z the least element from R(A, B) for each pair of objects
A, B of R; similarly, denote by Q,5 the greatest element from R(A, B) (there exist
such morphisms since (II1) holds).

For given objects 4, B, C we put O, z=wcpQ2,ccR(A, B). Needless to say
that O g depends only on 4 and B and not on C, as (I11—2) is valid. Oz is a map:

0,405 = 0QQ%0* = 0QQw = Qo =wC 1.

0303 = Q¥ 0¥ = QR =Q D 1.
For every f=MR(B, D) we have

JO 3 =fcgR4c 2 WppWcgRuc = WcpQ4c = Oup
and also

fO 4 = focpQ4c = f0pp0cpRuc CffF 0cpQuc © 1p@epRac = O4p-

Thus fO,;=0,p, as required. Dually, using f*fo1; for all fc MR(E, A), we
have O 5 f=0Okg;.

Theorem 2. Let R be a category of relations with standard factorizations which
satisfies (111).

a) every map has a kernel and a cokernel in the subcategory MR.

b) me MR(X, A) is a kernel in MR of the map fc MR(A, B) iff m is faithful
and mm*=1,0f*wgp f.

c) eEMR(B. Y) is a cokernel in MR of the map fe MR(A, B) iff e is onto and
e*e=15UfQ, f*.

PROOF. a,) Let s=1,MNf*wgzp f 1, have the factorization s=m,e5 m; e,. Con-
sider m=mye; < R(X, A): the result will now follow from the fact that m is a faithful
map with mm* =s.

Indeed, mm* =ss* =sc1, and m*m=(e;m3')(m,ef)=e, e =1y.

a;) Now m*m=1y, hence m is a monomorphism in R; we have also

Sm = f(mm*m) =f(mm*)m =f(1 ;1 f*oggf)m < f(f*wggfIm =
= (f*)oppfm C 0ggfm C 0ppQ 5254 = WppQxp = Oxs,

hence fm=0y; (if ficf. are maps, then f,=£,!).
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Finally, we show that fh=0,; for nc MR(Y, A) implies n=mx for some
XEMR(Y, X). Take x=m*n; fun=0yg implies

nn* = (f*f)nn* = f*Oygn* = f* wpg(ppQyp)n* = f* wpp(fn)n* =
= (f*wppf)(nn*) C fFwppf:
then

x¥x = (m*n)*(m*n) = n*(mm*)n = n*(1,N fFwggf)n > n*(nn*)n =
=n*(nn*n)=n*n>ly
and
xx¥ = (m*n)(m*¥n)* = (m*n)(n*m) C m*=m = 1y,

so we conclude that x is a map; it remains to note that
mx=mm¥ncCl,n=n implies mx=n.

a;) Dually, one can prove that if g=1;UfQzg f* =myel m* e,, then e=e,m3
1s an onto map and it is a cokernel im MR for f.
b) By a,) if m is a faithful map with mm* =1, f* wg f, then m is a kernel
of f in MR. Conversely, if n is a kernel of f in MR, then by a) there exist a
kernel m of f with mm* =1, f*wggf and we have necessarily n=mi, where
i is an isomorphism. Now ii~'=1, i~'i=1 imply
i*i=(iti)i*i= i (it =ili=1
and
fi* = ii* (i~ = (ii*h)it=iit=1,
i.c. i is a faithful and onto map. Therefore n=mi as the composite of two faithful
maps is also a faithful map and

nmn* = mi(mi)* = mii*m = mm* =1, f* w0z f.
¢) The proof is dual to that of b).

Corollary. If a non-empty category R of relations with standard factorizations
satisfies (111) then K1 and K4 from [10] are valid.

Indeed 1,-R(A, A) is an identity and m< MR(X, A) its kernel in MR, so X
is a null object in MR; moreover, (IIT) assures that X satisfies all conditions from K1.
Clearly, K4 is contained in (I").

§ 4. Theorem 3. In a non-empty category of relations with standard factorizations
which satisfies also the conditions (Il-a, b, c) and (I1l) from [8], axioms K1, K2,
K3, K4, K5 due to Puppe are all valid.

Proor. Axioms K1 and K4 are fulfilled according to the corollary of Theorem 2.

Axiom K2 is also valid; by the corollary of Theorem 1 all conditions (1), (II),
(II) of Mac Lane are fulfilled, so that one can prove the validity of K2 (see [10],
§6, 3, this proof makes use esentially of Il-c!).

The proof of K3-a; for u€R(0O, A) one can construct, just as in a,) from the
proof of Theorem 2, a faithful map me MR(X, A) with mm* =s=uu*11,C1,;
then

mQoy > mm*u = (uu* N1, )u = (I1l-a)u
and
mQox = mMm*mQox C uu*mQpx = utlg = u, sothat mQyy = u.
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The proof of K3-b: for u€R(0, A) one can construct, as in a;) from the
proof of Theorem 2, an onto map e MR(A,Y) with e*e=¢g=15_wuu= > 15; then

e*woy C e*eu = (13U uu*)u = (II-b)u
and
e*woy = e¥ee*woy D uuFe*woy = ulpg = u, sothat e*wyy = u.

For axiom K35; if K1, K2, K3, K4 are fulfilled K5 is equivalent to
(I1-a)+(II-b) (see [10], § 6.10).

Corollary. The system of axioms (1), (I1I), (III), (IV) is equivalent 1o conditions
(a), (b) from the Introduction together with axioms K1—-KS5 of D. PUPPE.

Proor. Clearly, by Theorem 3, (I'), (II-a, b, c), (III), (IV) imply (a), (b),
K1-KS5.

Conversely, (a), (b), K1 -K5=(I-a, b), (Il-a, b, ¢), (IIl) according to Puppe
and (I-a, b)=(I").

Theorem 4.7 from [10] shows that if we have (a), (b), K1, K2, K3, then every
morphism f can be factored as f=mj e,m,e;, where m; are I—D—K regular
and e; are I—D—B regular; but I—D—K regularity is equivalent to the definition
of faithful maps and I—D—B regularity is equivalent to the definition of onto
maps (1.18 in [10]); hence if we take the factorization of f* in the form
f*=mi e;mye;’, we obtain f=e,ms es m; as in axiom (IV).
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